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Abstract
In this paper, we investigate the existence and concentration of solutions to a (p, N )-
Laplace equation inRN involving a discontinuous nonlinearity and critical exponential
growth. To establish the existence of solutions, we employ a penalization technique
in the sense of Del Pino and Felmer adapted to a locally Lipschitz functional. Fur-
thermore, by combining variational methods with Moser-type iteration techniques,
we obtain the concentration behavior of the solutions. Our results contribute to the
study of nonlinear elliptic problems with irregular nonlinearities and critical growth
phenomena.
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1 Introduction

Our aim is to study the following problem

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−ε p�pu − εN�N u + V (x)(|u|p−2u + |u|N−2u) = H(u − β) f (u) in RN ,
∫

RN
V (x)|u|pdx <+ ∞,

∫

RN
V (x)|u|Ndx < +∞, and

u ∈ W 1,p(RN ) ∩ W 1,N (RN ),

(Pε,β )
where 2 < p < N , ε, β > 0, �r u = div(|∇u|r−2∇u) for r ∈ {p, N }, and H is the
Heaviside function. More assumptions on f and V will be followed. Many authors in
recent decades have focused on Schrödinger equation

ιε
∂ψ

∂t
= −ε2�ψ + (V (x)+ E)ψ − f (ψ) in RN ,

where ε > 0.We note the corresponding steady-state problem be described as

−ε2�u + W (x)u = f (u) in RN ,

which is equivalently written as under the change of variable x �→ εx :

−�u + W (εx)u = f (u) in RN .

In del Pino and Felmer (1996), for p = 2 < N , the authors explored that the solutions
of the equation concentrate on the local minimum of V (x) in a bounded domain. Later,
as a general case, many authors have also studied the quasilinear problem

− ε p�pu + W (x)|u|p−2u = f (u) in RN . (1.1)

In the case when ε = 1, the problem (1.1) models several steady state cases for non-
Newtonian fluids and pseudo-plastic fluids. When p = 2, i.e., in the problem (1.1)
when ε → 0, the solutions concentrate at global minimum points of W (see Wang
(1993)). In Alves and Figueiredo (2005, 2006), the authors discussed the existence,
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multiplicity and concentration of positive solutions when 1 < p < N . Moreover, in
Alves and Figueiredo (2009), the authors considered the following equation

− εN�N u + W (x)|u|N−2u = f (u) in RN . (1.2)

Where the source term arises from the Moser-Trudinger type inequality (Do 1997).
For continuous nonlinearities with (p, N )-Laplace operator, we also refer to Li et al.
(2025). In addition to other significant works related to the concentration of solutions
involving the (p, q)-Laplace operator, we also refer to Zhang et al. (2022). We also
refer to Chen and Tang (2025) for a comprehensive review on Schrödinger equation.
So far, the literature reviewed above has mainly treated the source term as continuous.

Now, in the direction where the source term could exhibit discontinuous nonlinear-
ity, we recall some notable works. In Gazzola and Rădulescu (2000), the authors have
considered the existence of a solution for the following class of problem

Lu + W (x)u = f (x, u) in RN

u > 0 in RN ,

where L is a general second-order elliptic operator, W is coercive and continuous, and
f is discontinuous function with subcritical growth. Among the other notable works,
with discontinuous nonlinearities we refer to Alves and Nascimento (2013), Alves
et al. (2002, 2011, 2014, 2021), Badiale (1993), Ambrosio (2023, 2024a), Alves and
Mukherjee (2021), Kim (2018), dos Santos et al. (2020), Zhang and Jia (2021), Liu
et al. (2022), Ambrosio and Di Donato (2023) and Ankit and Sarkar (2026) and the
references therein.

Motivated by the works mentioned above, we consider the problem (Pε,β ) and
study the existence and concentration phenomena of solutions corresponding to the
information available about V .

The function V : RN → R verifies the following conditions:

(V1) V is positive continuous function and V (x) ≥ V0 > 0, for all x ∈ R
N .

(V2) There exists an open bounded set � ⊂ R
N such that

V0 = inf
x∈� V (x) < min

x∈∂� V (x).

Furthermore, the source-term f satisfies following assumptions:

(f1) f is continuous and has critical exponential growth, i.e., there exists α0 > 0
such that

lim|t |→+∞| f (t)|exp(−α|t | N
N−1 ) =

{
0 if α > α0,

+∞ if α < α0.

(f2) There exists ζ > 0 such that F(t) ≥ ζ |t |N+1 for all t ∈ R, where F(s) =∫ s
0 f (t)dt .
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(f3) lim sup
t→0

f (t)
t N−1 = 0.

(f4) The map t �→ f (t)
|t |N−2t

is an increasing function for all t > 0 and decreasing for
all t < 0.

(f5) There exists δ > 1 such that δG (t) ≥ G (st) for all t ∈ R, s ∈ [0, 1] and
G (s) = s f (s)− N F(s).

Remark 1.1 Note that, (f2) implies lim|t |→∞
F(t)
|t |N = +∞, where F(s) = ∫ s

0 f (t)dt .

Example 1.2 Here, we give two examples of the functions that satisfy all the conditions
(f1)–(f5). We define f : R → R as follows:

(i) f (t) = sgn(t)|t |N−1+a exp
(
α0|t | N

N−1

)
, a ∈ (0, 1], α0 > 0.

(ii) f (t) = t |t |N−2(
√

t +�1(t)), where �1 defined in (1.3).

Definition 1.3 (Weak Solution) We say u ∈ Xε (defined in Sect. 3) is a weak solution
of problem (Pε,β ), if there is ρ0 ∈ L�̃1(RN )(defined in Sect. 2) such that

∑

t∈{p,N }

∫

RN

(|∇u|t−2∇u · ∇v + V (εx)|u|t−2uv)dx −
∫

RN

ρ0vdx = 0, ∀ v ∈ Xε

and ρ0(x) ∈ [ fH (u(x)), fH (u(x))] a.e. in RN where fH (t) = H(t − β) f (t) and

fH (t) = lim
δ→0

ess inf|s−t |<δ fH (s) and fH (t) = lim
δ→0

ess sup
|s−t |<δ

fH (s),

with

�1(t) = exp(|t | N
N−1 )−

N−2∑

j=0

|t | N j
N−1

j ! , (1.3)

and �̃1 is defined in Definition 2.5.

Now we state our main theorem.

Theorem 1.4 (Existence and Concentration) Assume that conditions (V1)–(V2) and
(f1)–(f5) are fulfilled. Then, there exists positive ε̃,β̃ such that for all ε ∈ (0, ε̃) andβ ∈
(0, β̃), problem (Pε,β ) possesses a weak solution uε,β ∈ Xε . Furthermore, if xε,β ∈
R

N denotes a point at which uε,β achieves its maximum, then lim
(ε,β)→(0,0)

V (εxε,β) =
V0.

The present work establishes new existence and concentration results for a class of
(p, N )-Laplace equations with discontinuous nonlinearities and critical exponential
growth inRN . By combining Clarke’s nonsmooth critical point theory with variational
tools associated with the Moser–Trudinger inequality, we develop a unified analyti-
cal framework for treating mixed-growth (p, N ) operators under critical exponential
conditions. In addition, we demonstrate that the solutions concentrate near the global
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minima of the potential. To the best of our knowledge, this is the first contribution
addressing such a mixed-growth, discontinuous, critically exponential problem in the
absence of the Ambrosetti–Rabinowitz condition.

This type of result remains new even when replacing the (p, N )-Laplace operator
by the pure N -Laplacian. In this sense, our theorem extends and complements the
study carried out in Alves et al. (2014), as we consider a more general operator and
employ new arguments that are necessary due to the absence of the Ambrosetti–
Rabinowitz condition, the generality of the operator, and the presence of critical
exponential growth.

There has been a growing interest in the analysis of nonlinear partial differential
equations featuring discontinuous nonlinearities, due to their significance in several
free-boundary problems in mathematical physics. Key examples of these issues are
the obstacle problem, the seepage surface problem, and the Elenbaas equation. We
refer to Chang (1981) and the references cited there for more such applications.

This article is organized as follows. In Sect. 2, we recall some results that are crucial
in our proofs. The Sect. 3 dealswith the existence of solutions for the auxiliary problem
(Pa

ε,β ). Section 4 is concerned with the study of the autonomous problem related to
(Pε,β ). Finally, Sect. 5 contains the proof of the main theorem.

Notations: Throughout the paper, we will use the following notations:

• X ↪→ Y denotes the continuous embedding of X into Y .
• X ↪→↪→ Y denotes compact embedding of X into Y .
• on(1) denotes on(1) → 0 as n → +∞.
• C1,C2,C3, · · · all are positive constants andmay have different values at different
places.

• ⇀ denotes weak convergence,
∗
⇀ denotes weak� convergence and → denotes

strong convergence.

• αN = Nω
1

N−1
N−1, where ωN−1 is volume of N − 1 dimensional unit sphere.

• [u > d] := {x ∈ R
N : u(x) > d}.

• ∂ f (x) denote Clarke’s generalized gradient of function f at x .

• ‖u‖L p = (∫

RN |u|pdx
) 1

p , 1 ≤ p < ∞.

• BR ⊂ R
N denote the ball of radius R > 0 centered at origin.

• m(S) denotes the N -dimensional Lebesgue measure for S ⊂ R
N .

• X∗ denotes the dual space of X .

2 Preliminaries

In this section, we recall some important existing results useful for our arguments.

Definition 2.1 (Generalized Directional Derivative) The generalized directional
derivative of J at x in the direction h is given by

J o(x; h) = lim sup
y→x,λ→0

J (y + λh)− J (y)

λ
.
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The function h �→ J 0(x, h) is a subadditive, continuous, and convex function. Hence,
its generalized gradient in the Clark sense is given by

∂ J (x) = {x∗ ∈ X∗ : 〈x∗, h〉X ≤ J 0(x; h), ∀ h ∈ X}.

For each x ∈ X , ∂ J (x) is non empty, convex and weak*-compact subset of X∗.
Moreover, the function

λ(x) = min
x∗∈∂ J (x)

‖x∗‖X∗ (2.1)

exists and is lower semi-continuous. If J ∈ C1(X ,R), then ∂ J (x) = {J ′(x)}.A point
x0 ∈ X is called a critical point for J if 0 ∈ ∂ J (x). For more details on this topic, we
refer to the monograph (Clarke, 1983).

Definition 2.2 (Cerami Condition–Non Smooth Version Stuart 2011) Let X be a
Banach space and φ : X → R be a locally Lipschitz functional. Then one say that φ
satisfies the non smooth Cerami condition at level c ∈ R, denoted as (C)c, if every
sequence {xn} ⊆ X such that

φ(xn) → c and (1 + ‖xn‖X )λ(xn) → 0,

has a strongly convergent subsequence.

Definition 2.3 (Orlicz space) The Orlicz space associated with � (an N -function) as

L�(RN ) =

⎧
⎪⎨

⎪⎩
u ∈ L1

loc(R
N ) :

∫

RN

�

( |u|
λ

)

dx < +∞ for some λ > 0

⎫
⎪⎬

⎪⎭
.

The space L�(RN ) is Banach space endowed with following norm

‖u‖� = inf

⎧
⎪⎨

⎪⎩
λ > 0 :

∫

RN

�

( |u|
λ

)

dx ≤ 1

⎫
⎪⎬

⎪⎭
.

For more on Orlicz spaces, we refer to Rao and Ren (1991).

Definition 2.4 We have E�(RN ) as a subspace of L�(RN ) in the following way,

E�(R
N ) = {

u ∈ L1
loc(R

N ) : u having bounded support on RN
}‖·‖�

.

Then, equivalently, we also have

E�(R
N ) = C∞

c (RN )
‖·‖�

.
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Definition 2.5 (Complementary/conjugate of a function) The Complementary func-
tion �̃ associated with � is given by

�̃(s) = sup
t≥0

{st −�(t)}, s ≥ 0.

Next, we recall some Lemmas without proof, which will be crucial for establishing
our arguments.

Lemma 2.1 (Moser-Trudinger Inequality Do 1997, Lemma 1) For any α > 0, N ≥ 2
and u ∈ W 1,N (RN ), ∫

RN

�(α|u| N
N−1 )dx < +∞.

Moreover, if ‖∇u‖N ≤ 1 and ‖u‖N ≤ M < +∞ and α < αN there exist a constant
C > 0 such that

sup
‖∇u‖N ≤1,‖u‖N ≤M

∫

RN

�
(
α|u| N

N−1

)
dx ≤ C,

where �(t) = exp(t)−
N−2∑

j=0

t j

j ! , αN = Nω
1

N−1
N−1 and ‖u‖N = (

∫

RN

|u|Ndx)
1
N .

Here we would like to note that �1(t) = �(t
N

N−1 ).

Lemma 2.2 (Ambrosio 2024b) Let Y be a Banach space and I ∈ C1(Y ,R). Let
{un}n≥1 ∈ N0 such that I (un) → u0. Then {un}n≥1 has a strongly convergent subse-
quence in Y , where N0 denote Nehari manifold associated with functional I , defined
as

N0 := {u ∈ W 1,p
V0
(RN ) ∩ W 1,N

V0
(RN ) \ {0} : 〈I

′
V0
(u), u〉 = 0}.

Lemma 2.3 (Alves et al. 2014, Proposition 2.2) Let X be a real Banach space. Suppose
that ϕ ∈ Liploc(X ,R). Let {xn}n≥1 ⊂ X and {ρn}n≥1 ⊂ X∗ with ρn ∈ ∂ϕ(xn). If

xn → x in X and ρn
∗
⇀ρ0 in X∗, then ρ0 ∈ ∂ϕ(x).

Lemma 2.4 (Ankit and Sarkar 2026, Lemma 2.5) Let ς(t) = max{t, t N } and �̃1 be
conjugate function associated with �1. Then, the following inequalities are satisfied:

(i) �̃1(
�1(r)

r ) ≤ �1(r), ∀ r > 0.

(ii) �̃1(tr) ≤ ς(t)�̃1(r), ∀ t, r ≥ 0.

Hence, �̃1 ∈ �2 and E�̃1
(RN ) = L�̃1(RN ).

Lemma 2.5 (Ankit and Sarkar 2026, Lemma 2.6) Let E�1(R
N )(defined in Definition

2.4) be a subspace of an Orlicz space L�1(RN ) . Then, the following embeddings
hold:

(i) Xε ↪→ E�1(R
N ), and

(ii) E�1(R
N ) ↪→ L N (RN ).
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3 Auxiliary Problem

Now, in this section, we will study the auxiliary problem instead of the (Pε,β ). The
auxiliary problem is found under the change of variable x �→ εx . Our motivation
to study under these circumstances is based on the findings of del Pino and Felmer
(1996) and Alves et al. (2014).

To begin with, first, we fix k, a, β >0 such that β < a < k and f (a)
aN−1 = V0

k , and we
define

f̃ (s) =
{

f (s) , s < a
V0s N−1

k , s ≥ a.

Note that f̃ is a continuous function on R. Define

g(x, t) = χ�(x) f (t)+ (1 − χ�(x)) f̃ (t). (3.1)

One can easily observe that the function g : RN × R → R is Carathéodory function
such that it satisfy following properties:

(g1) g(x, t) also having critical exponential growth i.e. there exist α0 > 0 such that

lim|t |→+∞|g(x, t)|exp(−α|t | N
N−1 )

=
{

0 if α > α0,+∞ if α < α0. uniformly a.e. in x ∈ R
N .

(g2) There exists ζ > 0 such that G(x, t) ≥ ζ |t |N+1, for all t ∈ R and for all x ∈ R
N ,

where G(x, t) = ∫ t
0 g(x, s)ds.

(g3) lim sup
t→0

g(x,t)
t N−1 = 0, uniformly a.e. in x ∈ R

N .

(g4) The map t �→ g(x,t)
|t |N−2t

is an increasing function for all (x, t) ∈ R
N × (0,+∞)

and decreasing for all (x, t) ∈ R
N × (−∞, 0).

(g5) There exists δ > 1 such that δG (x, t) ≥ G (x, st), for all (x, t) ∈ R
N × R ,

s ∈ [0, 1], where G (x, t) = t f (x, t)− N G(x, t).

Remark 3.1 We note that (g2) implies lim|t |→∞
G(x,t)
|t |N = +∞ uniformly a.e. in x ∈ R

N ,

where G(x, t) = ∫ t
0 g(x, s)ds.

So the auxiliary problem is reduced to the following problem under the transformation
x �→ εx

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−�pu −�N u + V (εx)(|u|p−2u + |u|N−2u) = H(u − β)g(εx, u) in R
N ,

∫

RN
V (εx)|u|pdx <+ ∞ ,

∫

RN
V (εx)|u|Ndx < +∞, and

u ∈ W 1,p
Vε
(RN ) ∩ W 1,N

Vε
(RN ),

(Pa
ε,β )
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where Vε(x) := V (εx). For the auxiliary problem, our working space will be

Xε = W 1,p
Vε
(RN ) ∩ W 1,N

Vε
(RN )

equipped with the norm

‖u‖Xε = ‖u‖
W 1,p

Vε
+ ‖u‖W 1,N

Vε
,

where

‖u‖W 1,r
Vε

=
(∫

RN
|∇u|r dx +

∫

RN
V (εx)|u|r dx

) 1
r

for r ∈ {p, N }.

We say that u ∈ Xε is weak solution to (Pa
ε,β ), if there is ρ0 ∈ L�1(RN ) such that

∑

t∈{p,N }

∫

RN

(|∇u|t−2∇u · ∇v + V (εx)|u|t−2uv)dx −
∫

RN

ρ0vdx = 0, ∀ v ∈ Xε,

and ρ0(x) ∈ [gH (εx, u(x)), gH (εx, u(x))] a.e. in R
N with gH (x, t) = H(t −

β)g(x, t), where

gH (x, t) = lim
δ→0

ess inf|s−t |<δ gH (x, s) and gH (x, t) = lim
δ→0

ess sup
|s−t |<δ

gH (x, s).

Remark 3.2 If u ∈ Xε is weak solution of (Pa
ε,β ) with u(x) < a for all x ∈ �c

ε , where

�ε = {x ∈ R
N : εx ∈ �}, then u is weak solution to (Pε,β ).

3.1 Mountain Pass Geometry of the Energy Functional

Define the functional Iε,β : Xε → R

Iε,β(u) = 1

p

∫

RN

(|∇u|p + V (εx)|u|p)dx + 1

N

∫

RN

(|∇u|N

+ V (εx)|u|N )dx −
∫

RN

G H (εx, u)dx, (3.2)

where G H (x, t) = ∫ t
0H(s − β)g(x, s)ds.

Next, we will consider

Iε,β(u) = Qε(u)− ϒε,β(u),

123
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where

Qε(u) = 1

p

∫

RN

(|∇u|p + V (εx)|u|p)dx + 1

N

∫

RN

(|∇u|N + V (εx)|u|N )dx

and

ϒε,β(u) =
∫

RN

G H (εx, u)dx .

In the next Lemma, we discuss the mountain pass geometry for the energy func-
tional.

Lemma 3.1 (Mountain Pass Geometry) Assume that (g1)–(g3) hold. Then

(i) Iε,β(0) = 0 and the functional Iε,β ∈ Liploc(Xε,R).
(ii) there exist � > 0 and r > 0 such that Iε,β(u) ≥ r for all ‖u‖Xε = �.

(iii) there is ϑ ∈ Xε such that Iε,β(ϑ) < 0.

Proof (i) Iε,β(0) = 0 and second subpart follows fromLemma 3.1 of Ankit and Sarkar
(2026).

(ii) From (g1) and (g3), it follows that for any τ > 0 and ν > N , there exist a
constant C1(τ ) (depends only on τ ) and α0 > 0 such that

|g(x, t)| ≤ τ |t |N−1 + C1(τ )|t |ν−1�α0,N−2(t),

and therefore, we get

|G(x, t)| ≤ τ

N
|t |N + C1(τ )|t |ν�α0,N−2(t), (3.3)

where

�α,N−2(t) = exp(α|t | N
N−1 )−

N−2∑

j=0

(α|t | N
N−1 ) j

j ! .

Using (3.3), we have

∫

RN

G H (εx, u)dx ≤
∫

RN

G(εx, u)dx ≤ τ

N

∫

RN

|u|Ndx + C1(τ )

∫

RN

|u|ν�α0,N−2(u)dx .

(3.4)

Let κ ∈ (0, 1) such that ‖u‖Xε ≤ κ . Choose α > α0 close to α0 such that α‖u‖
N

N−1
Xε

<

αN . So using (Do et al., 2009, Lemma 2.3) and Sobolev embedding, we obtain

C1(τ )

∫

RN

|u|ν�α0,N−2(u)dx ≤ C̃‖u‖νXε . (3.5)
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From (3.4) and (3.5), we get

∫

RN

G H (εx, u)dx ≤ τ

N
‖u‖N

Xε + C1(τ )‖u‖νXε . (3.6)

Finally, combining (3.2) and (3.6), we have

Iε,β(u) ≥ 1

p
‖u‖p

W 1,p
Vε

+ 1

N
‖u‖N

W 1,N
Vε

− τ

N
‖u‖N

Xε − C1(τ )‖u‖νXε

≥

(

‖u‖p

W 1,p
Vε

+ ‖u‖N
W 1,N

Vε

)

N
− τ

N
‖u‖N

Xε − C1(τ )‖u‖νXε

≥ 21−N

N

(

‖u‖
W 1,p

Vε
+ ‖u‖W 1,N

Vε

)N

− τ

N
‖u‖N

Xε − C1(τ )‖u‖νXε

= 21−N

N
‖u‖N

Xε − τ

N
‖u‖N

Xε − C1(τ )‖u‖νXε
=
(
21−N

N
− τ

N

)

‖u‖N
Xε − C1(τ )‖u‖νXε .

Choose τ = 1
2N , then

Iε,β(u) ≥ 1

N2N
‖u‖N

Xε − C1(τ )‖u‖νXε ≥ 1

N2N+1 ‖u‖N
Xε − C1(τ )‖u‖νXε .

Using the basic calculus, we obtain that 1
N2N+1 ‖u‖N

Xε
−C1(τ )‖u‖νXε attain its maxima

at some point say � ∈ (0, κ]. So for all u ∈ Xε such that ‖u‖Xε = �, we have

Iε,β(u) ≥ r , ∀ ‖u‖Xε = �.

(iii) Define �ε = {x ∈ R
N : εx ∈ �}. Choose η ∈ C∞

c (RN ) \ {0} such that
supp(η) ⊂ �ε. For t > 0, we set u = tη, and then we obtain

Iε,β(tη) = t p

p
‖η‖p

W 1,p
Vε

+ t N

N
‖η‖N

W 1,N
Vε

−
∫

RN ∩ supp(η)

G H (εx, tη)dx .

Due to (g2) (Remark 3.1), for any M̃ > 0 there is CM̃ > 0 such that

G(x, t) ≥ M̃ |t |N − CM̃ , ∀ (x, t) ∈ R
N × R.

Therefore, we get the following estimate

Iε,β(tη) ≤ t p

p
‖η‖p

W 1,p
Vε

+ t N

N
‖η‖N

W 1,N
Vε

− M̃t N
∫

RN ∩supp(η)
ηNdx + CM̃ m(supp(η) ∩R).
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Choose M̃ > 0 such that 1
N ‖η‖N

W 1,N
Vε

− M̃
∫

RN ∩supp(η)
ηNdx < 0. Now for large enough

t , we have Iε,β(tη) → −∞ and hence the proof of (iii) follows.
��

3.2 Compactness of the Energy Functional–Cerami Condition

In this subsection, we discuss the compactness of the energy functional Iε,β . Before
we begin, we first recall a Lemma that ensures the existence of a Cerami sequence.

Lemma 3.2 (Livrea and Marano 2009, Theorem 3.1) Let X be a real Banach space
and φ : X → R be a locally Lipschitz functional. Suppose we have

max{φ(0), φ(x1)} < inf‖x‖X ≤ρφ(x)

for some x1 ∈ X with ‖x1‖X > ρ. Let

c = inf
γ∈ max

t∈[0,1]J (γ (t)),

where  is the collection of paths joining 0 and x1. Then there is a non-smooth Cerami
sequence for the functional φ.

By the virtue of Lemmas 3.1 and 3.2, we obtain a Cerami sequence {un} ⊂ Xε such

Iε,β(un) → cε,β and (1 + ‖un‖Xε )λ(un) → 0, (3.7)

where λ defined in (2.1) and

cε,β = inf
γ∈ ε,β

max
t∈[0,1]Iε,β(γ (t)),

and
 ε,β = {γ ∈ (C[0, 1],Xε) : Iε,β(0) = 0, Iε,β(γ (1)) < 0}.

The next lemma establishes that such a sequence is bounded. We are influenced by
the methods discussed in (Fang and Liu, 2009, Lemma 2.2) and (Lam and Lu, 2013,
Lemma 3.2) to prove the preceding lemma.

Lemma 3.3 Let (g1), (g2) and (g5) hold, then the Cerami sequence {un} is bounded
in Xε .

Proof On contrary suppose that the sequence {un} is not bounded in Xε . This means

‖un‖Xε → +∞ as n → +∞.
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Define vn = un‖un‖Xε . Then vn is bounded in Xε as ‖un‖Xε = 1, for all n ∈ N. So, up
to a subsequence still denoted by itself, we can assume that

{
vn⇀v in Xε,
vn(x) → v(x) a.e. in R

N .

Claim: v = 0 a.e. in RN .

Consider the set S = {x ∈ R
N : v(x) �= 0} such that m(S) �= 0. If x ∈ S, then, we

have |un(x)| = |vn(x)|‖un‖Xε → +∞, for x ∈ S as n → +∞. From assumption
(g2) (Remark 3.1), for each x ∈ S, we get

lim
n→+∞

G(x, un(x))

|un(x)|N

|un(x)|N

‖un‖N
Xε

= lim
n→+∞

G(x, un(x))

|un(x)|N
|vn(x)|N = +∞ (3.8)

and G(x, t) ≥ K1, for all (x, t) ∈ S × R, for some constant K1. So

G(x, un)− K1

‖un‖N
Xε

≥ 0, ∀ x ∈ S and ∀ n ∈ N.

That is
G(x, un)|vn(x)|N

|un(x)|N
− K1

‖un‖N
Xε

≥ 0, ∀ x ∈ S and ∀ n ∈ N.

From (3.7), it follows that as n → ∞, we obtain

cε,β = Iε,β(un)+ on(1),

≥ 1

N

(

‖un‖p

W 1,p
Vε

+ ‖un‖N
W 1,N

Vε

)

−
∫

RN

G H (εx, un)dx + on(1).

Hence
∫

RN

G H (εx, un)dx ≥ 1

N

(

‖un‖p

W 1,p
Vε

+ ‖un‖N
W 1,N

Vε

)

−cε,β+on(1) as n → +∞. (3.9)

Similarly,

∫

RN

G H (εx, un)dx ≤ 1

p

(

‖un‖p

W 1,p
Vε

+ ‖un‖N
W 1,N

Vε

)

−cε,β+on(1) as n → +∞. (3.10)

We have G H (εx, un) ≤ G(εx, un), for large n, and then by (3.8) and Fatou’s Lemma,

+ ∞ =
∫

S

lim inf
n→+∞

G(εx, un)

|un|N
|vn|Ndx ≤ lim inf

n→+∞

∫

S

G(εx, un)

‖un‖N
Xε

dx . (3.11)
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Since
‖un‖Xε = ‖un‖

W 1,p
Vε

+ ‖un‖W 1,N
Vε

→ +∞, as n → +∞.

Hence, three cases arise:

(i) Both ‖un‖
W 1,p

Vε
and ‖un‖W 1,N

Vε
are unbounded.

(ii) ‖un‖
W 1,p

Vε
is bounded and ‖un‖W 1,N

Vε
are unbounded.

(iii) ‖un‖
W 1,p

Vε
is unbounded and ‖un‖W 1,N

Vε
are bounded.

Suppose case(i) holds. Then there exists N0 ∈ N such that ‖un‖
W 1,p

Vε
> 1 and

‖un‖W 1,N
Vε

> 1 for all n ≥ N0. This implies ‖un‖p

W 1,p
Vε

≤ ‖un‖N
W 1,N

Vε

. As n → ∞,

from (3.9), we have

cε,β ≥ 1

N

(

‖un‖p

W 1,p
Vε

+ ‖un‖N
W 1,N

Vε

)

−
∫

RN

G H (εx, un)dx + on(1)

≥ 1

N2p−1 ‖un‖p
Xε

−
∫

RN

G H (εx, un)dx + on(1).

From (3.11), and ‖un‖p

W 1,p
Vε

≤ ‖un‖N
W 1,N

Vε

for all n ≥ N0, we have

+∞ ≤ lim inf
n→+∞

∫

S

G(εx, un)

‖un‖N
Xε

dx ≤ lim inf
n→+∞

∫

S

G(εx, un)

‖un‖p
Xε

dx

= lim inf
n→+∞

∫

S
G(εx, un)dx

N2p−1(cε,β + ∫

S
G(εx, un)dx − on(1))

.

As n → +∞, we have

+∞ ≤ 1

N2p−1 .

which is not possible. So v = 0 a.e. in R
N .

Now, consider the case (ii) holds. This means there exists M > 0 such that
‖un‖

W 1,p
Vε

≤ M . Then, as n → ∞, we get

cε,β ≤ 1

p

(

‖un‖p

W 1,p
Vε

+ ‖un‖N
W 1,N

Vε

)

−
∫

RN

G H (εx, un)dx + on(1),

≤ M p

p
+ 1

p
‖un‖N

W 1,N
Vε

−
∫

RN

G H (εx, un)dx + on(1). (3.12)
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Therefore, as n → ∞, we derive

1

p
‖un‖N

Xε ≥ cε,β − M p

p
+
∫

RN

G H (εx, un)dx + on(1).

As n → ∞, we have

‖un‖N
Xε ≥ pcε,β − M p + p

∫

RN

G H (εx, un)dx + on(1).

Again, using a similar argument for case (i), we have

+∞ ≤ 1

p
,

which is absurd. So v = 0 a.e. in R
N . One can repeat this argument for the case (iii)

also. Therefore, we have proven that v = 0 almost everywhere in RN in all cases.
Next, we define a continuous function Kn : [0, 1] → R such that Kn(t) =

Iε,β(tun). Since Iε,β is locally Lipschitz is also continuous, Kn is also continuous
on the compact interval [0, 1].

For each n ∈ N, there is a t (depends on n), say tn such that

Iε,β(tnun) = max
t∈[0,1] Iε,β(tun). (3.13)

Note that, tn ∈ (0, 1] for all n. Indeed, if tn = 0 for some n ∈ N, as Iε,β(un) → cε,β ,
so there is n0 ∈ N such that Iε,β(un) ≥ cε,β

2 for all n ≥ n0, and there holds

0 <
cε,β
2

< Iε,β(un) ≤ max
t∈[0,1] Iε,β(tun) = max

t∈[0,1] Iε,β(tnun) = Iε,β(0) = 0,

which is a contradiction. So tn ∈ (0, 1] for all n. Let {rk} be a sequence of positive
real numbers such that rk > 1 and lim

k→+∞rk = +∞. Then ‖rkvn‖Xε = rk for any k

and n. For each k ∈ N and due to (g1) and (g2) (Remark 3.1), we have

|G H (εx, rkvn)| ≤ τr N
k |vn|N + C1(τ )|rk |ν |vn|ν�α,N−2(r

N
N−1

k v
N

N−1
n ).

For fixed k ∈ N, the following hold a.e. in RN, as k → ∞

rkvn(x) → 0 and G H (εx, rkvn) → 0.

So, by the Lebesgue dominated convergence theorem, we deduce

lim
n→+∞

∫

RN

G H (εx, rkvn)dx = 0 for each fixed k ∈ N. (3.14)
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For large n, we note rk‖un‖Xε ∈ (0, 1) because ‖un‖Xε → +∞ as n → +∞. By the
definition in (3.13), we have

Iε,β(tnun) ≥ Iε,β

(
rkun

‖un‖Xε

)

= Iε,β(rkvn)

= 1

p
‖rkvn‖p

W 1,p
Vε

+ 1

N
‖rkvn‖N

W 1,N
Vε

−
∫

RN

G H (εx, rkvn)dx

≥ 1

N

(
N

p
‖rkvn‖p

W 1,p
Vε

+ ‖rkvn‖N
W 1,N

Vε

)

−
∫

RN

G H (εx, rkvn)dx

≥ 1

N
r p

k

(

‖vn‖N
W 1,p

Vε

+ ‖rkvn‖N
W 1,N

Vε

)N

−
∫

RN

G H (εx, rkvn)dx

≥ 1

N2N−1 r p
k −

∫

RN

G H (εx, rkvn)dx . (3.15)

Now by using (3.14) and (3.15), we deduce

lim sup
n→+∞

Iε,β(tnun) = +∞. (3.16)

For ωn ∈ ∂ Iε,β(tnun), we obtain

Iε,β(tnun) = Iε,β(tnun)− 1

N
〈ωn, tnun〉 + on(1)

= t p
n

p
‖un‖p

W 1,p
Vε

+ t N
n

N
‖un‖N

W 1,N
Vε

−
∫

RN

G H (εx, tnun)dx

− t p
n

N
‖un‖p

W 1,p
Vε

− t N
n

N
‖un‖N

W 1,N
Vε

+ 1

N

∫

RN

ρn(tnun)dx + on(1),

where

ρn(x) ∈ [gH (εx, un(x)), gH (εx, un(x))] =

⎧
⎪⎨

⎪⎩

0, un(x) < β

[0, g(εx, β)], un(x) = β

{g(εx, un(x))}, un(x) > β

, a.e. in RN .

Now thanks to (g5) and for large enough n, we get

Iε,β (tnun) = t p
n

p
‖un‖p

W 1,p
Vε

+ t N
n

N
‖un‖N

W 1,N
Vε

−
∫

RN

G(εx, tnun)dx − t p
n

N
‖un‖p

W 1,p
Vε

− t N
n

N
‖un‖N

W 1,N
Vε
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+ 1

N

∫

RN

g(εx, un(x)tn)(tnun)dx + on(1)

= t p
n

p
‖un‖p

W 1,p
Vε

+ t N
n

N
‖un‖N

W 1,N
Vε

− 1

N

∫

RN

[N G(εx, tnun)− g(εx, un(x)tn)tnun]dx

− t p
n

N
‖un‖p

W 1,p
Vε

− t N
n

N
‖un‖N

W 1,N
Vε

+ on(1)

≤ t p
n

p
‖un‖p

W 1,p
Vε

+ t N
n

N
‖un‖N

W 1,N
Vε

− δ

∫

RN

G H (εx, un)dx − t p
n

N
‖un‖p

W 1,p
Vε

− t N
n

N
‖un‖N

W 1,N
Vε

+ δ

N

∫

RN

g(εx, un(x))(un)dx + on(1)

≤ Iε,β (un)−
⎛

⎜
⎝

t p
n

N
‖un‖p

W 1,p
Vε

+ t N
n

N
‖un‖N

W 1,N
Vε

− δ

N

∫

RN

g(εx, un(x))(un)dx

⎞

⎟
⎠ + on(1).

Due to condition (1 + ‖un‖Xε )λ(un) → 0 as n → +∞, the sequence

{
t p
n

N
‖un‖p

W 1,p
Vε

+ t N
n

N
‖un‖N

W 1,N
Vε

− δ

N

∫

RN

g(εx, un(x))undx

}

is bounded. So as n → +∞, we have

lim
n→+∞Iε,β(tnun) ≤ C2,

for some constant C2 > 0, which contradicts to (3.16). Hence sequence {un}n≥1 is
bounded in Xε . ��
Lemma 3.4 Assume that (g1)–(g3) and (g5) hold. Let {un} be a Cerami sequence such
that lim sup

n→+∞
‖un‖N ′

W 1,N <
αN
α0
. Then, there exists uε,β ∈ Xε such that ∇un → ∇uε,β

a.e. in R
N .

Proof Using Lemma 3.3, up to a subsequence still denoted by itself, we can assume
that ⎧

⎪⎨

⎪⎩

un⇀uε,β in Xε,
un(x) → uε,β(x) a.e. in R

N ,

un → uε,β in Lq(BR), ∀ q ∈ [1,∞) and for some R>0.

Due to the boundedness of the sequence {un}, we obtain(1 + ‖un‖Xε )λ(un) →
0, as n → +∞ which is equivalent to assume λ(un) → 0 as n → +∞. Fix R > 0.
Let ψ ∈ C∞

c (RN ), 0 ≤ ψ ≤ 1 and

ψ ≡ 1 in BR and ψ ≡ 0 in Bc
2R
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and ‖∇ψ‖∞ ≤ C3, where C3 does not depend on R. Now for each un , there is a
ωn ∈ ∂ Iε,β(un) such that as n → +∞, we get

〈ωn, (un − uε,β)ψ〉 = on(1)

〈Q′
ε,β(un)− ρn, (un − uε,β)ψ〉 = on(1)

(3.17)

where ρn(x) ∈ [gH (εx, un(x)), gH (εx, un(x))] a.e. inRN .Due to Simon’s inequality
(Bahrouni and Rădulescu, 2018, Lemma 4.2), we get

C−1
N

∫

B2R

|∇un − ∇uε,β |N dx ≤ C−1
N

⎛

⎜
⎝

∫

B2R

|∇un − ∇uε,β |N dx + V (εx)|un − uε,β |N dx

⎞

⎟
⎠

≤
∑

t∈{p,N }

∫

B2R

[ (
|∇un |t−2∇un − |∇uε,β |t−2∇uε,β

)
· (∇un − ∇uε,β

)

+ V (εx)
(
|un |t−2un − |uε,β |t−2uε,β

) (
un − uε,β

)
]

dx . (3.18)

From Eqs. (3.17) and (3.18), we have

C−1
N

∫

B2R

|∇un − ∇uε,β |N dx ≤ −
∑

t∈{p,N }

[
∫

RN

(
|∇un |t−2∇un − |∇uε,β |t−2∇uε,β

)
(un − uε,β )∇ψdx

+
∫

RN

ρnψ(un − uε,β )dx
] + on(1). (3.19)

Now using the Hölder’s inequality, compact embedding W 1,N (B2R) ↪→↪→ L p(B2R)

for all p ∈ [1,+∞), and boundedness of un , for t ∈ {p, N }, we have
∣
∣
∣
∣
∣
∣
∣

∫

RN

(
|∇un |t−2∇un − |∇uε,β |t−2∇uε,β

)
(un − uε,β )∇ψdx

∣
∣
∣
∣
∣
∣
∣

≤ ‖∇ψ‖∞
(
‖∇un‖t−1

t + ‖∇uε,β‖t−1
t

)

×
⎛

⎜
⎝

∫

B2R

|un − uε,β |t ′dx

⎞

⎟
⎠

t ′

. (3.20)

We observe that the RHS of (3.20) tends to 0 as n tends to ∞. Now, we also have

∣
∣
∣
∣
∣
∣
∣

∫

RN

ρnψ(un − uε,β)dx

∣
∣
∣
∣
∣
∣
∣

≤
∫

B2R

|ρn||un − uε,β |dx . (3.21)

From (g1) and (g3), it follows that for any τ > 0 and ν > N there exist a constant
C1(τ ) (depends on τ ) and α0 such that

|g(x, t)| ≤ τ |t |N−1 + C1(τ )|t |ν−1�α0,N−2(t). (3.22)
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Then, from (3.21) and (3.22), we get

∫

B2R

|ρn ||un − uε,β |dx ≤
∫

B2R

(
τ |un |N−1 + C1(τ )|un |ν−1�α0,N−2(un)

)
|un − uε,β |dx =: I1 + I2

(3.23)
where

I1 =
∫

B2R

(
τ |un |N−1

)
|un−uε,β |dx and I2 =

∫

B2R

C1(τ )|un |ν−1�α0,N−2(un)|un−uε,β |dx .

Using Hölder’s inequality one can easily show that I1 → 0 as n → +∞. Now for I2,
Choose t > 1 and α > α0 such that αt‖un‖N ′

W 1,N < αN for all n ≥ N0, and 1
t + 1

t ′ = 1.

This is possible only due to the assumption lim sup
n→+∞

‖un‖N ′
W 1,N <

αN
α0
.Next, we estimate

I2 and we obtain

I2 =
∫

B2R

C1(τ )|un |ν−1�α,N−2(un)|un − uε,β |dx

≤ C1(τ )

⎛

⎜
⎝

∫

B2R

|un |(ν−1)t ′ |un − uε,β |t ′dx

⎞

⎟
⎠

1
t ′
⎛

⎜
⎝

∫

B2R

(
�α,N−2(un)

)t dx

⎞

⎟
⎠

1
t

≤ C1(τ )

⎛

⎜
⎝

∫

B2R

|un |(ν−1)t ′ |un − uε,β |t ′dx

⎞

⎟
⎠

1
t ′
⎛

⎜
⎝

∫

B2R

(

�
αt‖un‖N ′

W1,N ,N−2

(
un

‖un‖W 1,N

))

dx

⎞

⎟
⎠

1
t

≤ C3

⎛

⎜
⎝

∫

B2R

|un |(ν−1)t ′ |un − uε,β |t ′dx

⎞

⎟
⎠

1
t ′

.

Choose ν = t ′N + 1 and apply again Hölder’s inequality, we obtain

I2 ≤ C3

⎛

⎜
⎝

∫

B2R

|un|t ′2N |un − uε,β |t ′dx

⎞

⎟
⎠

1
t ′

≤ C3

⎛

⎜
⎜
⎝

⎛

⎜
⎝

∫

B2R

|un| t ′2N2
N−1 dx

⎞

⎟
⎠

N−1
N

⎛

⎜
⎝

∫

B2R

|un − uε,β |Nt ′dx

⎞

⎟
⎠

1
N
⎞

⎟
⎟
⎠

1
t ′

≤ C4

⎛

⎜
⎜
⎝

⎛

⎜
⎝

∫

B2R

|un − uε,β |Nt ′dx

⎞

⎟
⎠

1
N
⎞

⎟
⎟
⎠

1
t ′

→ 0 as n → +∞. (3.24)
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From equations (3.18), (3.20)–(3.24), we have

lim
n→+∞

∫

B2R

|∇un − ∇uε,β |Ndx = 0.

Since R > 0 was arbitrary, we get ∇un(x) → ∇uε,β(x) a.e. in RN . ��
Lemma 3.5 Assume that (V1) and (g2) hold. Then mountain pass level cε,β satisfies

0 < cε,β < c0 =: N − p

pN

(
αN

α0
(min{1, V0}) N2

N−1 − M
N

N−1

) p(N−1)
N

(3.25)

where, M = max{M1, M2} such that ‖un‖Xε ≤ M1 and we choose M2 such that
(
αN
α0

) N−1
N
(min{1, V0})N > M2. Moreover the sequence {un} satisfies

lim sup
n→+∞

‖un‖N ′
W 1,N <

αN

α0
. (3.26)

Proof Let ξ ∈ C∞
c (RN ) such that 0 ≤ ξ ≤ 1,

ξ ≡ 1 in B 1
2
and ξ ≡ 0 in Bc

1,

and m({tξ > β}) > 0 for t > 0. For such ξ , we get

Iε,β(tξ) = t p

p
‖ξ‖p

W 1,p
Vε

+ t N

N
‖ξ‖N

W 1,N
Vε

−
∫

{tξ>β}
G H (εx, tξ)dx .

From assumption (g2), we have ζ > 0 such that

Iε,β(tξ) ≤ t p

p
‖ξ‖p

W 1,p
Vε

+ t N

N
‖ξ‖N

W 1,N
Vε

− ζ t N+1
∫

RN

|ξ |N+1dx .

There is ζ1 such that tξ ∈  for all ζ > ζ1 and using the elementary calculus, we
obtain

0 ≤ cε,β ≤ max
t∈[0,1] Iε,β(tξ) = A

(
A

B(N + 1)ζ

) p
N−p+1

(
1

p
− 1

N + 1

)

.
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where A = ‖ξ‖p

W 1,p
Vε

+ ‖ξ‖N
W 1,N

Vε

and B = ∫

RN

|ξ |N+1dx . Hence A
(

A
B(N+1)ζ

) p
N−p+1

(
1
p − 1

N+1

)
→ 0 as ζ → +∞. Due to this, there is a ζ0 > 0 such that for all

ζ > ζ0 > ζ1, (3.25) holds. As n → +∞, we have

cε,β + on(1) ≥
(
1

p
− 1

N

)

‖un‖p
WVε

,

and

lim sup
n→+∞

‖un‖
W 1,p

Vε
≤
(

cε,βN p

N − p

) 1
p

.

Since the sequence {un} is bounded in Xε, we deduce

‖un‖
W 1,p

Vε
+ ‖un‖W 1,N

Vε
≤ M and lim sup

n→+∞
‖un‖W 1,N

Vε
≤ M −

(
cε,βN p

N − p

) 1
p

.

Due to assumption (V1), by embedding W 1,N
Vε

(RN ) ↪→ W 1,N (RN ), it follows that

lim sup
n→+∞

‖un‖
N

N−1

W 1,N ≤
(

(min{1, V0})−N lim sup
n→+∞

‖un‖W 1,N
Vε

) N
N−1

=
(

(min{1, V0})−N2
N−1

(

M −
(

cε,βN p

N − p

) 1
p
)) N

N−1

≤ (min{1, V0})−N2
N−1

(

M
N

N−1 +
(

cε,βN p

N − p

) N
p(N−1)

)

.

Hence, we obtain (3.25) and conclude the proof.
��

Lemma 3.6 Let {un} be a Cerami sequence for Iε,β . Then for all ξ > 0, there exist
R = R(ξ) > 0 such that

lim sup
n→+∞

∑

t∈{p,N }

⎛

⎜
⎝

∫

Bc
R

|∇un|t + V (εx)|un|tdx

⎞

⎟
⎠ < ξ. (3.27)

Proof For R > 0, consider ψ̃R ∈ C∞
c (RN ) such that 0 ≤ ψ̃R ≤ 1 with

ψ̃R ≡ 0 in B R
2
and ψ̃R ≡ 1 in Bc

R,
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and |∇ψ̃R | ≤ C
R , where C > 0 is a constant independent of R > 0. Next, choose

R > 0 such that�ε ⊂ B R
2
.The boundedness of {un}n≥1 in Xε implies that {unψ̃R}n≥1

is also bounded in Xε . As n → +∞, from 3.7, it follows that

〈wn, unψ̃R〉 = on(1),

〈Q′(un)− ρn, unψ̃R〉 = on(1),

〈Q′(un), unψ̃R〉 − 〈ρn, unψ̃R〉 = on(1),

where wn ∈ ∂ Iε,β(un) = Q′(un)− ρn . Further, we deduce

∑

t∈{p,N }

∫

RN

|∇un |t−2∇un ·∇(ψ̃Run)+V (εx)|un |t−2un(ψ̃Run)dx = on(1)+
∫

RN

ρnunψ̃Rdx,

and this implies

∑

t∈{p,N }

∫

RN

|∇un |t−2(∇un · ∇un)ψ̃R + |∇un |t−2un∇un · ∇ψ̃R + V (εx)|un |t−2un(ψ̃Run)dx

= on(1)+
∫

RN

ρnunψ̃Rdx .

Further, we have

∑

t∈{p,N }

∫

RN

|∇un |t−2(∇un · ∇un)ψ̃Rdx +
∑

t∈{p,N }

∫

RN

|∇un |t−2un∇un · ∇ψ̃R

+ V (εx)|un |t−2un(ψ̃Run)dx = on(1)+
∫

RN

ρnunψ̃Rdx .

Since ∫

RN

ρnunψ̃Rdx ≤
∫

RN

gH (εx, un)unψ̃Rdx ≤
∫

RN

g(εx, un)unψ̃Rdx,

we obtain

∑

t∈{p,N }

∫

RN

|∇un |t−2(∇un · ∇un)ψ̃R + V (εx)|un |t−2un(ψ̃Run)dx

≤
∑

t∈{p,N }

∫

RN

|∇un |t−2|un ||∇un ||∇ψ̃R |dx

+
∫

RN

g(εx, un)unψ̃Rdx + on(1)

≤ C

R

∑

t∈{p,N }

∫

RN

|∇un |t−1|un |dx +
∫

RN

g(εx, un)unψ̃Rdx
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+ on(1).

Using the fact that�ε ⊂ B R
2
with definition in 3.1 and boundedness of un ∈ Xε with

Hölder’s inequality, there exist a constant C1 > 0 such that we have

(

1 − 1

k

) ∑

t∈{p,N }

⎛

⎜
⎝

∫

RN

|∇un|t + V (εx)|un|t
⎞

⎟
⎠ ψ̃Rdx ≤ C1

R
.

So choose R > 0 large enough such that

lim sup
n→+∞

∑

t∈{p,N }

⎛

⎜
⎝

∫

Bc
R

(|∇un|t + V (εx)|un|t) ψ̃Rdx

⎞

⎟
⎠ ≤ C1

R
< ξ.

This completes the proof. ��

3.3 Existence of Critical Point of the Energy Functional Corresponding to the
Auxiliary Problem

We begin this subsection by proving the existence of nontrivial critical points for the
energy functional corresponding to the problem (Pa

ε,β ).

Lemma 3.7 Assume that (V1), (g1)–(g3), and (g5) hold. Then the sequence {un} sat-
isfies non-smooth Cerami c-condition for 0 < c < c0 and uε,β is a non trivial weak
solution for problem (Pa

ε,β ). Here c0 is the same number defined in Lemma 3.5.

Proof By the virtue of Lemma 3.4 and 3.5, it follows that ∇un → ∇uε,β a.e. in R
N .

For t ∈ {p, N }, the sequence {|∇un|t−2∇un} is bounded in L
t

t−1 (RN ). So,

|∇un|t−2∇un⇀|∇uε,β |t−2∇uε,β in L
t

t−1 (RN ), |∇un|t−2∇un

→ |∇uε,β |t−2∇uε,β a.e. in RN .

Using density arguments for t ∈ {p, N }, one can prove that

lim
n→+∞

∫

RN

|∇un|t−2∇un · ∇vdx =
∫

RN

|∇uε |t−2∇uε,β · ∇vdx, ∀v ∈ Xε, (3.28)

and

lim
n→+∞

∫

RN

V (x)|un|t−2unvdx =
∫

RN

V (x)|uε,β |t−2uε,βvdx, ∀v ∈ Xε . (3.29)
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Claim: For each ρn ∈ ∂t G(εx, un(x)), there is ρ0 ∈ L�̃1(RN ) such that

∫

RN

ρnvdx →
∫

RN

ρ0vdx, ∀v ∈ Xε . (3.30)

Note that �1 is an increasing and convex function and there is α > α0 such that

∫

RN

�̃1(ρn)dx ≤
∫

RN

�̃1

(
τ1|un|N−1 + C1(τ )|un|ν�N−2,α(u)

)
dx,

∫

RN

�̃(ρn)dx ≤ 1

2

∫

RN

ς(2τ)�̃1(|un |N−1)dx + ς(2C1(τ ))

2

∫

RN

�̃1

(
|un |ν�1

(
α

N−1
N |un |

))
dx .

By Lemma 2.4, there exist constant C1 > 0 and C2 > 0 such that

∫

RN

�̃(ρn)dx ≤ C1

2

∫

RN

ς(|un|N−1)dx + C2

2

∫

RN

ς(|un|ν�1(α
N

N−1 |un|))dx .

By using ς(t) = max{t, t N }. Now two cases arise:
Case 1:

∫

RN

�̃1(ρn)dx ≤ C1

⎛

⎜
⎝

∫

RN

|un|N−1dx

⎞

⎟
⎠ + C2

⎛

⎜
⎝

∫

RN

(|un|ν
)
�1

(
α

N−1
N |un|

)
dx

⎞

⎟
⎠ .

(3.31)

Case 2:

∫

RN

�̃1(ρn)dx ≤ C1

⎛

⎜
⎝

∫

RN

|un|N (N−1)dx

⎞

⎟
⎠ + C2

⎛

⎜
⎝

∫

RN

|un|Nν�1

(
α

N−1
N |un|

)
dx

⎞

⎟
⎠ .

(3.32)

By Hölder’s inequality and by Lemma 3.5, we obtain

⎛

⎜
⎝

∫

RN

(|un|ν
)
�1

(
α

N−1
N |un|

)
dx

⎞

⎟
⎠ ≤ C3, ∀n ∈ N, (3.33)

and ⎛

⎜
⎝

∫

RN

(
|un|Nν

)
�1

(
α

N−1
N |un|

)
dx

⎞

⎟
⎠ ≤ C4, ∀n ∈ N. (3.34)
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Suppose case 1 holds, then by the definition of ς , 0 < |un(x)| < 1. We have
embedding

Xε ↪→ W 1,p
Vε

↪→ Lq(RN ), ∀q ∈ [p, p∗].
If N − 1 < p∗, we have

‖un‖N−1
N−1 ≤ ‖un‖N−1

Xε
≤ C5, (3.35)

and if N − 1 > p∗, we have

‖un‖N−1
N−1 ≤ ‖un‖p∗

p∗ ≤ C6. (3.36)

For Case 1, from equation (3.31), (3.33)–(3.36), we conclude that

∫

RN

�̃1(ρn)dx ≤ C7, ∀n ∈ N. (3.37)

For Case 2, from equation (3.32) and embedding of Xε in Ls(R)N for s ∈ [N ,+∞),

we conclude that ∫

RN

�̃1(ρn)dx ≤ C8, ∀n ∈ N. (3.38)

From equation (3.37) and (3.38), it follows that {ρn}n≥1 is bounded in L�̃1(RN ).

So the sequence of functionals ρ̃n ⊂ ∂ϒ(un) ⊂ (E�1(R
N ))∗ corresponding to {ρn}

is also bounded in (E�1(R
N ))∗. So there is ρ̃0 ∈ (E�1(R

N ))∗ such that ρ̃n
∗
⇀ρ̃0 in

(E�1(R
N ))∗ i.e.,

∫

RN

ρnvdx = 〈ρ̃n, v〉 → 〈ρ̃0, v〉 =
∫

RN

ρ0vdx, ∀v ∈ Xε, (3.39)

for some ρ0 ∈ L�̃1(RN ). From equation (3.28), (3.29) and (3.39), we have

∑

t∈{p,N }

∫

RN

|∇uε |t−2∇uε,β ·∇vdx +
∫

RN

V (x)|uε,β |t−2uε,βvdx =
∫

RN

ρ0vdx, ∀v ∈ Xε .

(3.40)
Set υ = un − uε,β . Due to Brézis-Lieb-type results (see Mahanta et al. (2025a)), we
have ⎧

⎨

⎩

‖un‖p

W 1,p
Vε

= ‖uε,β‖p

W 1,p
Vε

+ ‖υn‖p

W 1,p
Vε

+ on(1),

‖un‖N
W 1,N

Vε

= ‖uεβ‖N
W 1,N

Vε

+ ‖υn‖N
W 1,N

Vε

+ on(1).
(3.41)

So,

‖uε,β‖p

W 1,p
Vε

+ ‖υn‖p

W 1,p
Vε

+ ‖uεβ‖N
W 1,N

Vε

+ ‖υn‖N
W 1,N

Vε

−
∫

RN

ρnundx = on(1), (3.42)
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and

‖uε,β‖p

W 1,p
Vε

+ ‖uεβ‖N
W 1,N

Vε

−
∫

RN

ρ0uε,βdx = 0. (3.43)

From equation (3.42) and (3.43), we get

on(1) = ‖υn‖p

W 1,p
Vε

+ ‖υn‖N
W 1,N

Vε

−
∫

RN

ρnundx +
∫

RN

ρ0uε,βdx .

Now define R := max{R1, R2} where R1 and R2 are taken in (3.47) and (3.48),
respectively. For large enough R > 0, we get

on(1) = ‖υn‖p

W 1,p
Vε

+‖υn‖N
W 1,N

Vε

−
∫

BR

(ρnun−ρ0uε,β)dx−
∫

Bc
R

(ρnun−ρ0uε,β)dx . (3.44)

We have
∫

BR

(ρnun − ρ0uε,β)dx =
∫

BR

ρn(un − uε,β)dx +
∫

BR

(ρn − ρ0)uε,βdx .

Due to (3.39), we deduce

∫

BR

(ρn − ρ0)uε,βdx → 0 as n → ∞. (3.45)

Due to assumption (g1), Hölder’s inequality, boundedness of {un} inXε and Compact
Embedding of Sobolev spaces for a bounded domain, we have

∫

BR

ρn(un − uε,β)dx → 0 as n → ∞. (3.46)

Since {ρ0uε,β} ∈ L1(RN ), so for large R1 > 0 such that for any ξ1 > 0, we have

∫

Bc
R1

ρ0uε,βdx < ξ1. (3.47)

From Lemma 3.6, one can easily prove the tightness of the Cerami sequence {un}n≥1
for Iε,β . This implies that for any ξ2 > 0, there is R2 > 0, and there holds

∫

Bc
R2

ρnundx < ξ2. (3.48)
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From equations (3.44)–(3.48), it follows that

‖υn‖p

W 1,p
Vε

+ ‖υn‖N
W 1,N

Vε

→ 0 as n → +∞.

This implies υn → 0 in Xε . Hence, un → uε,β in Xε . So,

0 ∈ ∂ Iε,β(uε,β). (3.49)

From equations (3.43), (3.49) and Lemma 2.3, it follows that uε,β is a non-trivial weak
solution for (Pa

ε,β ). ��

4 Autonomous Problem

In this section, we consider an autonomous problem related to (Pε,β ) and compare
the critical level of both problems. We are motivated by the methods discussed in
(Fiscella and Pucci, 2021, Fiscella and Pucci) and (Costa and Figueiredo, 2022, Costa
and Figueiredo). The autonomous problem related to (Pε,β ) is as follows:

{ −�pu −�N u + V0(|u|p−2u + |u|N−2u) = f (u) in R
N ,

u ∈ W 1,p
V0
(RN ) ∩ W 1,N

V0
(RN ).

(PV0 )

Denote Y = W 1,p
V0
(RN ) ∩ W 1,N

V0
(RN ), with norm

‖u‖Y = ‖u‖
W 1,p

V0

+ ‖u‖W 1,N
V0

and F(t) = ∫ t

0
f (s)ds. The energy functional associated with the autonomous prob-

lem, denoted as IV0 : W 1,p
V0
(RN ) ∩ W 1,N

V0
(RN ) → R, is defined as

IV0(u) = 1

p

∫

RN

(|∇u|p + V0|u|p)dx + 1

N

∫

RN

(|∇u|N + V0|u|N )dx −
∫

RN

F(u)dx .

Hence

IV0(u) = 1

p
‖u‖p

W 1,p
V0

+ 1

N
‖u‖N

W 1,N
V0

−
∫

RN

F(u)dx .

IV0 is well defined and belongs to C1(Y ,R). Using the similar strategy in (Lam and
Lu, 2013, Lemma 2) and by invoking the Mountain Pass theorem for C1 functional,
we obtained a Cerami sequence {ûn}n≥1 ⊂ Y i.e.

IV0(ûn) → cV0 and ‖1 + ûn‖Y I ′
V0
(ûn) → 0 as n → +∞, (4.1)
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where
cV0 = inf

γ∈ max
t∈[0,1]IV0(γ (t)),

and
 = {γ ∈ C([0, 1],Y) : γ (0) = 0 , IV0(γ (1)) < 0}.

By adapting the strategy found in (Lam and Lu, 2013, Lemma 5), one can prove the
boundedness of {ûn}n≥1 in Y . So up to a subsequence still denoted by itself, we can
assume that {

ûn⇀u0 in Y ,

ûn(x) → u0(x) a.e. in R
N .

4.1 Existence of Critical Point

In the following Lemma, we will show the existence of critical point for the functional
corresponding toPV0 .

Lemma 4.1 Let the assumption (V1) and (f1)–(f5) hold. Then the function u0 is a
non-trivial critical point for the IV0 .

Proof As n → ∞, from (4.1), it follows that

IV0(ûn) = cV0 + on(1) and 〈I ′
V0
(ûn), ûn〉 = on(1). (4.2)

Using arguments as in Sect. 3, as n → ∞, for v ∈ Y , it implies

∇ûn → ∇u0 a.e. in RN

∑

t∈{p,N }

∫

RN

|∇ûn|t−2∇ûn · ∇vdx →
∑

t∈{p,N }

∫

RN

|∇u0|t−2∇u0 · ∇vdx, (4.3)

and
∑

t∈{p,N }

∫

RN

V0|ûn|t−2ûnvdx →
∑

t∈{p,N }

∫

RN

V0|u0|t−2u0vdx . (4.4)

Claim:
∫

RN

f (ûn)vdx → ∫

RN

f (u0)vdx for all v ∈ Y .

Due to assumption (f1), (f2), Remark 1.1 and Lemma 3.5, the sequence { f (ûn)v}n≥1
is bounded in L1(RN ). This also implies that the sequence { f (ûn)v} is uniformly
integrable over RN and f (ûn)v → f (u0)v a.e. in R

N . Let R > 0 such that ψR ∈
C∞

c (RN ), 0 ≤ ψR ≤ 1 in RN and

ψR ≡ 0 in B R
2
and ψR ≡ 1 in Bc

R, (4.5)
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with |∇ψR | ≤ C
R , where C is constant independent of R. Consider U = vψR , from

equation (4.2), as n → ∞, we have

∣
∣
∣
∣

∫

RN

f (ûn)vψRdx

∣
∣
∣
∣ ≤

∣
∣
∣
∣

∑

t∈{p,N }

∫

RN

|∇ûn |t−2∇ûn · ∇(vψR)dx +
∑

t∈{p,N }

∫

RN

V0|ûn |t−2ûn(vψR)dx

∣
∣
∣
∣

+ on(1)

=
∣
∣
∣
∣

∑

t∈{p,N }

∫

RN

|∇ûn |t−2∇ûn · (ψR∇v + v∇ψR)dx

+
∑

t∈{p,N }

∫

RN

V0|ûn |t−2ûn(vψR)dx

∣
∣
∣
∣ + on(1)

≤
∑

t∈{p,N }

∫

RN

|∇ûn |t−2|∇ûn · ∇v|dx + C

R

∑

t∈{p,N }

∫

RN

|∇ûn |t−2|∇ûn ||v|dx

+
∑

t∈{p,N }

∫

RN

V0|ûn |t−2|ûn ||v|dx + on(1).

Since v ∈ Y , so for large enough R > 0, for any given ε1 > 0 and ε2 > 0 we have

∫

Bc
R

|∇v|tdx < ε1 and
∫

Bc
R

|v|tdx < ε2.

Now using boundedness of {ûn}, we have
∫

Bc
R

f (ûn)vdx < ξ∗ for large enough R > 0

and any ξ∗ > 0. This concludes that { f (ûn)v}n≥1 is tight over RN . Hence, by Vitali’s
Convergence theorem,

∫

RN

f (ûn)vdx →
∫

RN

f (u0)vdx for all v ∈ Y . (4.6)

From Eqs. (4.3), (4.4) and (4.6) it follows that u0 is critical point of IV0 and using
similar arguments in Lemma 3.7, we can prove that ûn → u0 in Y . Hence, u0 is non
trivial critical point. ��

4.2 Relationship Between BothMountain Pass Levels

In the next Lemma, we establish a relation between cε,β and cV0 , which plays crucial
role in our arguments for proving the main theorem.

Lemma 4.2 Assume that (V1) and (f1)–(f5) hold. Then

lim
ε,β→0

cε,β = cV0

where cε,β and cV0 are mountain pass level for (Pε,β ) and (PV0 ), respectively.
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Proof Due to assumption (V1) and H(t) ≤ 1, we obtain

lim inf
ε,β→0

cε,β ≥ cV0 . (4.7)

Next, we will prove that
lim sup
ε,β→0

cε,β ≤ cV0 . (4.8)

Let u0 be the solution of (PV0 ) with IV0(u0) = cV0 and I ′(u0) = 0. Consider
φ ∈ C∞

c (RN ) such that 0 ≤ φ ≤ 1 in RN and

φ ≡ 1, x ∈ B1 and φ ≡ 0, x ∈ Bc
2 .

Let R > 0, define u R(x) = φ( x
R )u0 and B2R ⊂ �ε. Since |u R | ≤ u0, so by virtue of

the Lebesgue dominated convergence theorem, it follows that

u R → u0 in W 1,t (RN ) as R → +∞ for t ∈ {p, N }. (4.9)

It follows that u R → u0 a.e. in R
N .We now define the function h : [0,∞) → R as

follows:
h(t) = IV0(tu R).

It can be proved that h(t) > 0 for sufficiently small t and h(t) < 0 for large t . As
h is a continuously differentiable function so there exist tR > 0 such that h′(tR) =
IV0(tRu R)u R = 0. This implies that for every R > 0 there exist tR > 0 such that
tRu R ∈ N0. Now we claim the following.
Claim: The sequence {tR} is bounded and upto a subsequence still denoted by itself
we have,

lim
R→+∞tR = 1.

Suppose, on the contrary, that tR → +∞ as R → +∞. Since tRu R ∈ N0, this implies
that

t p
R‖u R‖p

W 1,p
V0

+ t N
R ‖u R‖N

W 1,N
V0

=
∫

RN

f (tRu R)tRu Rdx (4.10)

Using assumptions (f2) and (f5), we obtain

t p
R‖u R‖p

W 1,p
V0

+ t N
R ‖u R‖N

W 1,N
V0

=
∫

RN

f (tRu R)tRu Rdx ≥
∫

RN

N F(tRu R)dx .

That is,
1

t N−p
R

‖u R‖p

W 1,p
V0

+ ‖u R‖N
W 1,N

V0

≥ Nξ tR

∫

RN

|u R |N+1dx . (4.11)

As R → +∞, we obtain ‖u0‖N
W 1,N

V0

≥ +∞, which is not possible. Hence {tR} is

bounded.
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Again, suppose that lim
R→+∞tR �= 1. This means either lim

R→+∞tR = t1 > 1 or

lim
R→+∞tR = t1 < 1. As R → +∞, we get

1

t N−p
1

‖u0‖p

W 1,p
V0

+ ‖u0‖N
W 1,N

V0

=
∫

RN

f (t1u0)t1u0dx . (4.12)

Since u0 ∈ N0, it follows that

‖u0‖p

W 1,p
V0

+ ‖u0‖N
W 1,N

V0

=
∫

RN

f (u0)u0dx . (4.13)

Now, by subtracting the (4.13) from (4.12), we get

(
1

t N−p
1

− 1

)

‖u0‖p

W 1,p
V0

=
∫

RN

(
1

t N
1

f (t1u0)t1u0 − f (u0)u0

)

dx

=
∫

RN

(
1

t N−1
1

f (t1u0)− f (u0)

)

u0dx .

Using assumption (f4), it follows that in both cases we obtained that ‖u0‖p

W 1,p
V0

< 0,

which is not possible. Hence, the claim follows, and this implies that tRu R → u0 as
R → +∞ in Y . Similar to Lemma 3.1, there is t̂ > 0 such that Iε,β(t̂ tRu R) < 0.
Define g(t) = t t̂ tRu R for t ∈ [0, 1]. Clearly g ∈  ε,β . Hence, it holds

cε,β ≤ max
t∈[0,1]Iε,β(g(t)) ≤ max

t≥0
Iε,β(t̂ t tRu R) = Iε,β(t∗tRu R), (4.14)

for some t∗ = t∗(ε, β, R).Without loss of generality, we can take V (0) = V0. Due to
which V (εx) → V0 as ε → 0 i.e. for any ε′ > 0, there is ε0 > and a ball centered at
0 say (B2R in RN )such that

|V (εx)− V0| < ε′, ∀ ε ∈ (0, ε0) and x ∈ B2R . (4.15)

The above equation implies that V (εx) < ε′ + V0. From equation (4.14), we get

cε,β = 1

p

∫

RN

(
t p∗ t p

R |∇u R |p + V (εx)t p∗ t p
R |u R |p) dx

+ 1

N

∫

RN

(
t N∗ t N

R |∇u R |N + V (εx)t N∗ t N
R |u R |N

)
dx

−
∫

RN

G H (εx, t∗tRu R)dx
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≤
∑

s∈{p,N }

1

s

∫

RN

(
t s∗ t s

R |∇u R |s + V0t s∗ t s
R |u R |s) dx +

∑

s∈{p,N }

ε′t s∗ t s
R

s

∫

RN

|u R |sdx

−
∫

RN

H(t∗tRu R − β)G(εx, t∗tRu R)dx .

For β → 0, we have

cε,β ≤ IV0(t∗tRu R)+ ε′ ∑

s∈{p,N }

t s∗ t s
R

s

∫

RN

|u R |sdx .

Next, for large enough R > 0, the above equation leads to lim sup
ε,β→0

cε,β ≤ cV0 .

Therefore, from (4.7) and (4.8), we can conclude that the limit exists and lim
ε,β→0

cε,β =
cV0 . ��

4.3 Compactness Result

In the next lemma, we will prove the compactness result using the Lions Compactness
principle Lions (1984).

Lemma 4.3 Assume that (V1)–(V2) and (f1)–(f5) hold. Let εn and βn → 0 as n → ∞
and un = {uεn ,βn }n≥1 ⊆ Xε be a non negative sequence such that 0 ∈ ∂ Iεn ,βn (un),

Iεn ,βn (un) → cV0 and lim sup
n→+∞

‖un‖N ′
W 1,N (RN )

<
αN
α0

. Then there exits a sequence

{yn}n≥1 ⊆ R
N such that sequence

wn(x) = un(x + yn)

has a convergent subsequence in Y . In addition, upto a subsequence an = {εn yn} →
y0 as n → +∞ for some y0 ∈ � and V (y0) = V0.

Proof From Lemma 3.3 and Assumption (V1), it follows that {un}n≥1 is bounded in
Y .
Claim 1:There exists {yn} ⊆ R

N , R > 0 and σ̂ > 0 such that lim inf
n→+∞

∫

BR(yn)

|un|Ndx ≥
σ̂ .

Suppose that the above claimdoesn’t hold. Thismeans lim inf
n→+∞ sup

y∈RN

∫

BR(y)
|un|Ndx =

0. From Lions (1984) and Alves and Figueiredo (2009), it follows that un → 0 in
Lσ (RN ) for any σ ∈ (N ,∞). Since 0 ∈ ∂ Iεn ,βn (un), this implies that

‖un‖p

W 1,p
Vεn

+ ‖un‖N
W 1,N

Vεn

=
∫

RN

ρnundx + on(1) as n → +∞.
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From assumption (f1), (f2) (Remark 1.1) and lim sup
n→+∞

‖un‖N ′
W 1,N (RN )

<
αN
α0

, it follows

that for any τ > 0 ∣
∣
∣
∣
∣
∣
∣

∫

RN

ρnundx

∣
∣
∣
∣
∣
∣
∣

≤ M1τ, as n → +∞.

So for sufficiently small τ > 0 we deduce that ‖un‖p

W 1,p
Vεn

+ ‖un‖N
W 1,N

Vεn

→ 0 as n →
+∞.

This means un → 0 in Xεn as n → +∞. It follows that Iεn ,βn (un) → 0 as
n → +∞ which contradicts Lemma 4.2. Hence, our claim follows.

Definewn(x) = un(x + yn). Since ‖.‖Y is invariant under translation. This implies
that {wn}n≥1 is bounded in Y . So up to a subsequence

⎧
⎪⎨

⎪⎩

wn⇀w in Y ,

wn → w in Ls(BR) for s ≥ 1,

wn(x) → w(x) a.e. in RN .

From Claim 1, there holds
∫

BR(0)
|w|Ndx ≥ σ̂ > 0.

This means w �≡ 0.
Next, we will show that {an} = {εn yn}n≥1 is bounded in R

N . If we are able to show
that lim

n→+∞dist(an,�) = 0,

thenwecandeduceboundedness of {an}n≥1.On the contrary,we assume that it is not
true, then there exists δ∗ > 0 and a subsequence of {an} such that dist(an,�) ≥ δ∗
for all n ∈ N. This implies there exists r > 0, such that Br (an) ⊂ �c. Define
φn(x) = ψ( x

n )w(x), where ψ is defined in Lemma 3.4. Note that, φn → w in Y as
n → +∞. Since, 0 ∈ ∂ Iεn ,βn (un) and assumption (V1) with a change of variable
z �→ x + yn , we obtain

∑

t∈{p,N }

∫

RN

(|∇wn|t−2∇wn∇φn + V0|wn|t−1φn)dx ≤
∫

RN

g(εnx, wn)φndx

=
∫

B r
εn

g(εnx, wn)φndx +
∫

Bc
r
εn

g(εn x, wn)φndx .
(4.16)

Since m(Bc
r
εn
) → 0 as n → +∞, by the Lebesgue dominated convergence theorem

∫

Bc
r
εn

g(εn x, wn)φndx → 0 as n → +∞.
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Now
∫

B r
εn

g(εnx, wn)φndx =
∫

B r
εn

f̃ (wn)φndx ≤
∫

B r
εn

f (wn)φndx + V0

k

∫

B r
εn

|wn|N−1φndx .

Using Hölder’s inequality one can show that

V0

k

∫

B r
εn

|wn|N−1φndx → 0 as n → +∞.

From assumptions (f1), (f2) and lim sup
n→+∞

‖un‖N ′
W 1,N (RN )

<
αN
α0

, we get

∫

B r
εn

f (wn)φndx → 0 as n → +∞.

Therefore, as n → +∞ it follows that w ≡ 0, which is absurd. Hence {an} is
bounded inRN .So up to a subsequence, still denoted by itself, such that an → y0 ∈ �.

Claim 2: The sequence wn → w in Y .
For each n ∈ N, there is a tn > 0 such that tnwn ∈ N0 and using similar arguments as
in Lemma 4.2, it can be proved that {tn}n≥1 is bounded and up to a subsequence we
can assume that tnwn → t0w a.e. in R

N . So by a change of variable, (V1) and using
gH (x, t) ≤ f (t), we get,

cV0 ≤ IV0(tnwn) ≤ Iεn ,βn (tnun) ≤ Iεn ,βn (un) = cV0 + on(1) as n → +∞. (4.17)

Consequently, IV0(tnwn) → cV0 as n → +∞. Now using Lemma 2.2, we conclude
our claim.
Claim 3: V (y0) = V0 and y0 ∈ �.

Suppose that the above claim is not true. This implies that V (y0) > V0. Once that
tnwn → t0w in Y , by Fatou’s lemma with the invariance of RN by translation we
obtain that

cV0 = IV0(t0w) <
∑

s∈{p,N }

1

s
(|∇t0w|s + V (y0)|t0w|s)dx −

∫

RN

F(t0w)dx

≤ lim inf
n→+∞

∑

s∈{p,N }

1

s
(|∇tnwn|s + V (εn x + an)|tnwn|s)dx −

∫

RN

F(tnwn)dx

≤ lim inf
n→+∞ Iεn ,βn (tnun) ≤ cV0 .

which is not possible. Therefore V (y0) = V0 and thanks to (V2), it follows that
y0 /∈ ∂�. Hence y0 ∈ �. ��
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4.4 Moser Iteration Argument

In the next Lemma, we will show the L∞ estimate of {wn}n≥1 using Moser iteration
arguments.

Lemma 4.4 Assume that (V1)–(V2) and (f1)–(f5) hold. Let {wn}n≥1 be defined in
Lemma 4.3. Then there exist a constant K > 0 such that

‖wn‖L∞(RN ) ≤ K , for all n ∈ N.

Moreover, we have

lim|x |→+∞wn(x) = 0, uniformly in n ∈ N.

Proof From Lemma 4.2, it follows that lim
n→+∞Iεn ,βn (un) = cV0 . Furthermore, there

exist {yn}n≥1 ⊆ R
N satisfies wn(x) = un(x + yn) and {εn yn} → y0 ∈ �. For

L > 0 and γ > 1, define

g(wn) = wnw
N (γ−1)
L,n and vL,n = wnw

γ−1
L,n (4.18)

where wL,n = min{wn, L}. On using g(wn) as a test function in equation (3.40) and
a simple change of variable leads to

∑

s∈{p,N }

∫

RN

(
|∇wn|s−2∇wn · ∇g(wn)

+V (εn x + an)|wn|s−2wng(wn)
)
dx =

∫

RN

ρn(x + yn)g(wn)dx,

then

∑

s∈{p,N }

∫

RN

(|∇wn |swL,n + N (γ − 1)|∇wn |s−2∇wn · ∇wL,nwnw
N (γ−1)−1
L,n dx

+ V (εn x + an)|wn |s−2wng(wn))dx

=
∫

RN

ρn(x + yn)g(wn)dx .
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Therefore, we have

∑

s∈{p,N }

∫

RN

(|∇wn|swL,n)dx + N (γ − 1)
∫

wn≤L

wnw
N (γ−1)−1
L,n |∇wL,n|sdx

+
∫

RN

V (εn x + an)|wn|s−2wng(wn)dx =
∫

RN

ρn(x + yn)g(wn)dx . (4.19)

Set

%(t) =
∫

0

t

(g′(τ ))
1
N dτ and θ(t) = |t |N

N
. (4.20)

since g is an increasing function, therefore (s − t)(g(s)− g(t)) ≥ 0 for all s, t ∈ R.

Further, applying Jensen’s inequality, one has

|θ(s)− θ(t)| ≤ %′(s − t)(g(s)− g(t)), ∀ s, t ∈ R. (4.21)

From Eq. (4.20), it follows that

1

γ
w
γ−1
L,n wn ≤ %(wn) ≤ w

γ−1
L,n wn . (4.22)

Due to equivalent normand continuous embeddingW 1,N
V0

(RN ) ↪→ Ls(RN ) for s > N ,
i.e., there is a best constant C∗ > 0 such that

1

γ N
C N∗ ‖wnw

γ−1
L,n ‖N

Ls (RN )
≤ C N∗ ‖%(wn)‖N

Ls (RN )
≤ ‖%(wn)‖N

W 1,N
V0

(RN )
. (4.23)

Then, (4.19) and assumptions (f1), (f2) (Remark 1.1) lead us to the following

‖%(wn)‖N
W 1,N

V0
(RN )

≤
⎛

⎜
⎝τ

∫

RN

|wn |Nw
N (γ−1)
L,n dx +

∫

RN

C(τ )|wn |ν−1wnw
N (γ−1)
L,n �α0,N−2(wn)dx

⎞

⎟
⎠ .

(4.24)
From equation (4.23), we obtain

‖%(wn)‖N
W 1,N

V0
(RN )

≤ τγ N C N∗ ‖%(wn)‖N
W 1,N

V0
(RN )

+
∫

RN

C(τ )|wn|ν−1wnw
N (γ−1)
L,n �α0,N−2(wn)dx . (4.25)

Choose τ > 0 such that 0 < τ < γ−N C−N∗ and using generalizedHölder’s inequality,
boundedness of wn , Lemmas 3.5 and 2.1, one leads to

‖wnw
γ−1
n,L ‖N

Ls (RN )
≤ C̃γ N ‖wnw

γ−1
n,L ‖Nμ

L Nμ(RN )
(4.26)
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for some μ > 1. Since wn,L ≤ wn and as L → +∞, Fatou’s lemma implies that

‖wn‖Lγ s (RN ) ≤ (C̃)
1

Nγ γ
1
γ ‖wn‖μ

L Nμγ (RN )
. (4.27)

Choose γ = s
Nμ , then γ

2Nμ = γ s. Replace γ by γ 2 and using equation(4.27) we
obtained that

‖wn‖
Lγ 2s (RN )

≤ (C̃)
1

Nγ 2 γ
1
γ 2 ‖wn‖μ

Lγ s (RN )
≤ (C̃)

1
N (

1
γ

+ 1
γ 2
)
γ
( 1
γ

+ 1
γ 2
)‖wn‖μ

L Nμγ (RN )
.

On repeating the same arguments k times, we obtain

‖wn‖
Lγ k s (RN )

≤ (C̃)
1
N

∑k
j=1(

1
γ j )γ

∑k
j=1(

1
γ j )‖wn‖μ

L Nμγ (RN )
.

As k → ∞ in above equation, for any n ∈ N, we get ‖wn‖L∞(RN ) ≤ K .
for some constant K > 0. Now we will show that

lim|x |→+∞wn(x) = 0, uniformly in n ∈ N.

Due to embedding W 1,p
Vε
(RN )∩ W 1,N

Vε
(RN ) ↪→ W 1,p

V0
(RN )∩ W 1,N

V0
(RN ), we deduce

that {wn}n≥1 is bounded in Y . Moreover, wn → w in Lt (RN ), ∀ t ∈ [p, p∗] ∪
[N ,+∞) and wn → w a.e. in RN . It can be observed that wn solves

−�pwn −�Nwn +V0(w
p−1
n +wN−1

n ) ≤ τwN−1
n +C(τ )wν−1

n �α0,N−2(wn) (4.28)

in the weak sense. Using the arguments used in Liu and Van Rooij (1969) it can be
proved that

τwN−1
n + C(τ )wν−1

n �α0,N−2(wn) ∈ L
N

N−1 (RN ) ⊂ Y ∗

where Y∗ denotes the dual space of Y . Define the operator T : Y → Y∗

〈T (u), v〉 =
∑

s∈{p,N }

∫

RN

|∇u|s−2∇u · ∇v + V0|u|s−2uvdx (4.29)

for all u, v ∈ Y . By following the arguments used in Mahanta et al. (2025b), we
can show that T is surjective. Due to which we have zn ∈ Y such that T (zn) =
τwN−1

n + C(τ )wν−1
n �α0,N−2(wn). This means for all v ∈ Y

∑

s∈{p,N }

∫

RN

|∇zn|s−2∇zn · ∇v + V0|zn|s−2znvdx

=
∫

RN

(
τwN−1

n + C(τ )wν−1
n �α0,N−2(wn)

)
vdx . (4.30)
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Assume v = z−
n as a test function in equation (4.30), then we obtain z−

n = 0 a.e. in
R

N . Hence zn ≥ 0 a.e. in R
N . On using equations (4.28), (4.30) and (Brasco et al.,

2022, Theorem 4.1), we conclude that

0 ≤ wn ≤ zn a.e. in RN . (4.31)

By using the Young’s inequality (i.e. for any ϑ > 0 and a, b ≥ 0 with 1
s + 1

s′ = 1,

ab ≤ ϑas + C(ϑ)bs′
,

where C is a constant depends only on ϑ . Hölder’s inequality and Lemma 2.1 we
can obtain the boundedness of {zn}n≥1 in Y . Consequently, up to a subsequence still
denoted by itself

zn⇀z in Y and zn → z a.e. in RN .

So,

‖z‖p

W 1,p
V0

(RN )
+ ‖z‖N

W 1,N
V0

(RN )
=

∫

RN

(
τwN−1 + C(τ )wν−1�α0,N−2(w)

)
zdx . (4.32)

Next we will show that lim
n→+∞

∫

RN

wN−1
n zndx = ∫

RN

wN−1zdx .

Since wN−1 ∈ L
N

N−1 (RN ) and using the weak convergence of zn in L N (RN ), we
have

lim
n→+∞

∫

RN

wN−1(zn − z)dx = 0. (4.33)

On the other side, due to wn → w in L N (RN ) and Lebesgue dominated convergence
theorem, we have

lim
n→+∞

∫

RN

|wN−1
n − wN−1| N

N−1 dx = 0.

Now

∫

RN

(wN−1
n zn − wN−1z)dx =

∫

RN

(wN−1
n zn − wN−1zn + wN−1zn − wN−1z)dx

=
∫

RN

(wN−1
n zn − wN−1zn)dx +

∫

RN

(wN−1zn − wN−1z)dx .

Using Hölder’s inequality and boundedness of {zn} in Y , we have

lim
n→+∞

∫

RN

(wN−1
n zn − wN−1zn)dx = 0. (4.34)

123



Concentration Phenomena for (p,N)-Laplace Equation… Page 39 of 43    19 

From Eqs. (4.33) and (4.34) it follows that

lim
n→+∞

∫

RN

wN−1
n zndx =

∫

RN

wN−1zdx . (4.35)

Similarly, it follows that

lim
n→+∞

∫

RN

wN−1
n zn�α0,N−2(wn)dx =

∫

RN

wN−1z�α0,N−2(w)dx . (4.36)

By virtue of equations (4.35) and (4.36)

‖zn‖p

W 1,p
V0

(RN )
+ ‖zn‖N

W 1,N
V0

(RN )
= ‖z‖p

W 1,p
V0

(RN )
+ ‖z‖N

W 1,N
V0

(RN )
+ on(1)

as n → +∞. From Brézis-Lieb lemma (Brézis and Lieb 1983), it follows that zn → z
in Y . Since 0 ≤ wn ≤ zn a.e. in R

N , again using Moser iteration argument as in the
first part of this lemma, we have

‖zn‖L∞(RN ) ≤ C

for some constant C > 0. Hence from Tong et al. (2025) and (4.31), it follows that

lim|x |→+∞wn(x) = 0, uniformly in n ∈ N.

This completes the proof. ��

5 Proof of TheMain Theorem

Now we are empowered enough to conclude the proof of the main Theorem of this
article.

Proof of Theorem 1.4 We will prove that there exists ε̃, β > 0 such that for every
ε ∈ (0, ε̃), β ∈ (0, β̂) and every solution uε,β of problem (Pa

ε,β ) satisfies

‖uε,β‖L∞(�c
ε )
< a. (5.1)

On contrary suppose that (5.1) does not hold, i.e., for some subsequence εn, βn → 0
we have {un}(:= {uεn ,βn }) such that Iεn ,βn (un) = cεn ,βn , 0 ∈ ∂ Iεn ,βn (un) and

‖uε,β‖L∞(�c
ε )

≥ a. (5.2)
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From Lemma 4.3, we have (yn) ⊂ R
N such that wn(x) = un(x + yn) → w in Y and

εn yn → y0 with V (y0) = V0. Set r > 0 such that Br (y0) ⊂ B2r (y0) ⊂ � and hence

B r
εn

(
y0
εn

)

⊂ �εn .

So, for all y ∈ B r
εn
(yn) ,

∣
∣
∣
∣y − y0

εn

∣
∣
∣
∣ ≤ |y − yn| +

∣
∣
∣
∣yn − y0

εn

∣
∣
∣
∣ <

2r

εn

for large n and in that case, there holds

�c
εn

⊂ Bc
r
εn
(yn). (5.3)

By Lemma 4.4, we have

wn(x) → 0 as |x | → +∞ uniformly in n.

Hence there isR > 0 such that

|wn(x)| < a, ∀ |x | ≥ R, n ∈ N.

So un(x) < a for x ∈ Bc
R(yn) and from (5.3) there exist n0 ∈ N such that

�c
εn

⊂ Bc
r
εn
(yn) ⊂ Bc

R(yn), ∀ n ≥ n0.

This means un(x) < a for all x ∈ �c
εn

and n ≥ n0, which contradicts (5.2). Hence,
our claim holds. Since uε,β is solution for problem (Pa

ε,β ) and satisfies

‖uε,β‖L∞(�c
ε )
< a. (5.4)

From Remark 3.2, it follows that uε,β is also a solution for main problem (Pε,β ) for
all ε ∈ (0, ε̃), and β ∈ (0, β̂). Next, we will explore the behaviour of the maximum
points of uε,β for small enough ε and β. From assumption (g3), one can conclude that
there is τ ∈ (0, a) such that

|g(εx, s)s| ≤ V0

2
s N , ∀ x ∈ R

N and s ≤ τ. (5.5)

From (5.4) we have
‖un‖L∞(Bc

R(yn)) < τ.

Also, we can assume that
‖un‖L∞(BR(yn)) ≥ τ. (5.6)
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Suppose (5.6) does not hold. Then, using the fact that 0 ∈ ∂ Iεn ,βn (un) and from (5.5),
we have

0 <
∫

RN

(|∇un|p + V0|un|p) dx +
∫

RN

(
|∇un|N + V0|un|N

)
dx ≤ V0

2

∫

RN

|un|Ndx

which leads to un → 0 as n → ∞. Consequently Iεn ,βn (un) → 0; which is not
possible. Hence (5.6) holds. Let xn be the global maximum point of un . This means
xn ∈ BR(yn). Set xn = yn + zn for some zn ∈ BR. So εn xn = εn yn + εnzn → y0 as
n → +∞.Now, using the continuity of the function V , we have lim

n→+∞V (εn xn) = V0,

which concludes the proof. ��

Author Contributions All the authors contributed equally to the completion of this research article.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

References

Alves, C.O., Bertone, A.M., Gonçalves, J.V.: A variational approach to discontinuous problems with critical
Sobolev exponents. J. Math. Anal. Appl. 265, 103–127 (2002)

Alves, C.O., Figueiredo, G.M.: Multiplicity of positive solutions for a quasilinear problem in R
n via

penalization method. Adv. Nonlinear Stud. 5, 551–572 (2005)
Alves, C.O., Figueiredo, G.M.: Existence and multiplicity of positive solutions to a p-Laplacian equation

in Rn . Differ. Integral Equ. 19, 143–162 (2006)
Alves, C.O., Figueiredo, G.M.: On multiplicity and concentration of positive solutions for a class of quasi-

linear problems with critical exponential growth in R
N . J. Differ. Equ. 246, 1288–1311 (2009)

Alves, C.O., Mukherjee, T.: Existence of solution for a class of elliptic problems in exterior domain with
discontinuous nonlinearity. SN Partial Differ. Equ. Appl. 2, 13 (2021)

Alves, C.O., Santos, J.A., Gonçalves, J.V.: On multiple solutions for multivalued elliptic equations under
Navier boundary conditions. J. Convex Anal. 18, 627–644 (2011)

Alves, C.O., Nascimento, R.G.: Existence and concentration of solutions for a class of elliptic problems
with discontinuous nonlinearity in R

N . Math. Scand. 112, 129–146 (2013)
Alves, C.O., Figueiredo, G.M., Nascimento, R.G.: On existence and concentration of solutions for an elliptic

problem with discontinuous nonlinearity via penalization method. Z. Angew. Math. Phys. 65, 19–40
(2014)

Alves, C.O., Yuan, Z., Huang, L.: Existence andmultiplicity of solutions for discontinuous elliptic problems
in RN . Proc. R. Soc. Edinb. A Math. 151(2), 548–572 (2021)

Ambrosio, V.: Concentration phenomenon for a fractional Schrödinger equation with discontinuous non-
linearity. Discrete Contin. Dyn. Syst. Ser. S 16, 2919–2944 (2023)

Ambrosio, V., Di Donato, D.: An Existence result for a fractional critical (p, q)-Laplacian problem with
discontinuous nonlinearity. Mediterr. J. Math. 20, 288 (2023)

Ambrosio, V.: Existence and concentration for a (p, q)-Laplacian problem with a general critical nonlin-
earity. J. Math. Anal. Appl. 539, 2 (2024)

Ambrosio, V.: Multiple concentrating solutions for a fractional (p, q)-Choquard equation. Adv. Nonlinear
Stud. 24(2), 510–541 (2024)

Ankit, S.A.: On (p, N )-Laplace multivalued equations with critical exponential nonlinearity in R
N . J

Elliptic Parabol. Equ. (2026). https://doi.org/10.1007/s41808-026-00431-1

123

https://doi.org/10.1007/s41808-026-00431-1


   19 Page 42 of 43 Ankit et al.

Badiale, M.: Critical exponent and discontinuous nonlinearities. Differ. Integral Equ. 6, 1173–1185 (1993)
Bahrouni, A., Rădulescu, V.D.: On a new fractional Sobolev space and applications to nonlocal variational

problems with variable exponent. Discrete Contin. Dyn. Syst. Ser. S 11(3), 379–389 (2018)
Brasco, L., Prinari, F., Zagati, A.C.: A comparison principle for the Lane-Emden equation and applications

to geometric estimates. Nonlinear Anal. Theory Methods Appl. 220, 41 (2022)
Brézis, H., Lieb, E.: A relation between pointwise convergence of functions and convergence of functionals.

Proc. Am. Math. Soc. 88(3), 486–490 (1983)
Chang, K.C.: Variational methods for nondifferentiable functionals and their applications to partial differ-

ential equations. J. Math. Anal. 80, 102–129 (1981)
Chen, S., Tang, X.: A comprehensive review on the existence of normalized solutions for four classes of

nonlinear elliptic equations. OpusculaMath. 45(6), 739–763 (2025). https://doi.org/10.7494/OpMath.
2025.45.6.739

Clarke, F.H.:Optimization andNonsmoothAnalysis. CanadianMathematical Society Series ofMonographs
and Advanced Texts. Wiley, New York (1983)

Corrêa, F.J.S.A., Figueiredo, G.M.: On a p-Kirchhoff equation via Krasnoselskii’s genus. Appl. Math. Lett.
22(6), 819–822 (2009)

Costa, G.S.S., Figueiredo, G.M.: On a critical exponential p & N equation: existence and concentration of
changing solutions. Bull. Braz. Math. Soc. 53, 243–280 (2022)

del Pino, M., Felmer, P.L.: Local mountain passes for semilinear elliptic problems in unbounded domains.
Calc. Var. Partial. Differ. Equ. 4, 121–137 (1996)

do Ó, J.M.B.: N -Laplacian equations in R
N with critical growth. Abstr. Appl. Anal. 2, 301–315 (1997)

do Ó, J.M., Medeiros, E., Severo, U.: On a quasilinear nonhomogeneous elliptic equation with critical
growth in. J. Differ. Equ. 246(4), 1363–1386 (2009)

dos Santos, G.G., Figueiredo, G.M., Nascimento, R.G.: Existence and behavior of positive solution for a
problem with discontinuous nonlinearity in via a nonsmooth penalization. Z. Angew. Math. Phys. 71,
71 (2020)

Fang, F., Liu, S.: Nontrivial solutions of superlinear p–Laplacian equations. J. Math. Anal. Appl. 351,
138–146 (2009)

Fiscella, A., Pucci, P.: (p, N ) equations with critical exponential nonlinearities inRN . J. Math. Anal. Appl.
501(1), 2021 (2021)

Gasinski, L., Papageorgiou, N.S.: Nonsmooth Critical Point Theory and Nonlinear Boundary Value Prob-
lems. CRC Press, Boca Raton (2004)
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