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Abstract

In this paper, we investigate the existence and concentration of solutions to a (p, N)-
Laplace equationin R" involving a discontinuous nonlinearity and critical exponential
growth. To establish the existence of solutions, we employ a penalization technique
in the sense of Del Pino and Felmer adapted to a locally Lipschitz functional. Fur-
thermore, by combining variational methods with Moser-type iteration techniques,
we obtain the concentration behavior of the solutions. Our results contribute to the
study of nonlinear elliptic problems with irregular nonlinearities and critical growth
phenomena.
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1 Introduction
Our aim is to study the following problem
—ePApu — N Ayu + V) (ul”2u + [ulN"2u) = Hw — B) f(u) in RV,

/ V(x)|ulPdx < +oo,/ V(x)|ulNdx < 400, and
RN RN

uewh?@®YynwhN®Y),

(f@e,ﬁ)
where 2 < p < N, €, >0, Ayu = div(|Vu| ~2Vu) for r € {p, N}, and H is the
Heaviside function. More assumptions on f and V will be followed. Many authors in
recent decades have focused on Schrodinger equation

zeaa—‘f =AY + (V) + E)y — f(¥) inRY,
where € > (0. We note the corresponding steady-state problem be described as
—2Au+ Wx)u = fu) inRY,
which is equivalently written as under the change of variable x — €x:
—Au+ W(ex)u = f(u) in RV,

In del Pino and Felmer (1996), for p = 2 < N, the authors explored that the solutions
of the equation concentrate on the local minimum of V (x) in a bounded domain. Later,
as a general case, many authors have also studied the quasilinear problem

— P Apu+ W) |ulP"u = f(u)inRY. (1.1
In the case when € = 1, the problem (1.1) models several steady state cases for non-
Newtonian fluids and pseudo-plastic fluids. When p = 2, i.e., in the problem (1.1)

when € — 0, the solutions concentrate at global minimum points of W (see Wang
(1993)). In Alves and Figueiredo (2005, 2006), the authors discussed the existence,
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multiplicity and concentration of positive solutions when 1 < p < N. Moreover, in
Alves and Figueiredo (2009), the authors considered the following equation

— eV Ayu+ W) uN?u = f(u) inRY. (1.2)

Where the source term arises from the Moser-Trudinger type inequality (Do 1997).
For continuous nonlinearities with (p, N)-Laplace operator, we also refer to Li et al.
(2025). In addition to other significant works related to the concentration of solutions
involving the (p, g)-Laplace operator, we also refer to Zhang et al. (2022). We also
refer to Chen and Tang (2025) for a comprehensive review on Schrodinger equation.
So far, the literature reviewed above has mainly treated the source term as continuous.

Now, in the direction where the source term could exhibit discontinuous nonlinear-
ity, we recall some notable works. In Gazzola and Radulescu (2000), the authors have
considered the existence of a solution for the following class of problem

Lu+ W@)u = f(x,u)in RV

u>0in]RN,

where L is a general second-order elliptic operator, W is coercive and continuous, and
f is discontinuous function with subcritical growth. Among the other notable works,
with discontinuous nonlinearities we refer to Alves and Nascimento (2013), Alves
etal. (2002, 2011, 2014, 2021), Badiale (1993), Ambrosio (2023, 2024a), Alves and
Mukherjee (2021), Kim (2018), dos Santos et al. (2020), Zhang and Jia (2021), Liu
et al. (2022), Ambrosio and Di Donato (2023) and Ankit and Sarkar (2026) and the
references therein.

Motivated by the works mentioned above, we consider the problem (& g) and
study the existence and concentration phenomena of solutions corresponding to the
information available about V.

The function V : RY — R verifies the following conditions:

(V1) V is positive continuous function and V(x) > Vp > 0, forall x € RY,
(V2) There exists an open bounded set A C R such that

Vo = inf V(x) < min V(x).
xeA xedA

Furthermore, the source-term f satisfies following assumptions:

(f1) f is continuous and has critical exponential growth, i.e., there exists og > 0
such that

0 if ,
lim |f()lexp(—eft|v1)={° "% =%
— 400

It] +o00 ifa < «ap.

(f2) There exists ¢ > 0 such that F(r) > ¢|t|N*t! for all t € R, where F(s) =
Jo f)dz.
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(f3) lim sup-5=r (’) =0.

t—0
(f4) The map ¢ — \z|j;"(*)2z is an increasing function for all # > 0 and decreasing for
allt < 0.
(f5) There exists § > 1 such that §4(t) > ¥(st) forallt € R, s € [0, 1] and
YG(s) =sf(s) — NF(s).

Remark 1.1 Note that, (f2) 1mphes 11 # 400, where F(s) = fos f(®)dz.

Example 1.2 Here, we give two examples of the functions that satisfy all the conditions
(f1)—(f5). We define f : R — R as follows:

N
() (1) = sen()]r]V 1+ exp (ao|t|ﬁ) Lac 1], ap> 0.
(i) f@t) = t|t|N"2(/7 + @1 (1)), where ®; defined in (1.3).
Definition 1.3 (Weak Solution) We say u € X (defined in Sect. 3) is a weak solution

of problem (¢ p), if there is pg € L1 (RV)(defined in Sect. 2) such that

Z (|Vu|172Vu - Vv + V(ex)|u|’72uv)dx — /povdx =0, VveX
te{p,N} RN RN
and pg(x) € [f_H(u(x)), f_H(u(x))] a.c. in RN where fu(@)=H(t — B)f(t) and

Ju(@) = hm essmf fu(s)and fy(t) = hn}) esssup fg(s),

|s—t]<d
with
N N=2 |;|%
@1(1) = exp(1|F1) = ) ——, (1.3)
—0 J:

and @, is defined in Definition 2.5.

Now we state our main theorem.

Theorem 1.4 (Existence and Concentration) Assume that conditions ( V1)-(V2) and
(£1)—(15) are fulfilled. Then, there exists positive €, such that for all € € (0, €) and €
(0, B), problem (P g) possesses a weak solution uc g € X¢. Furthermore, if xc g €

RN denotes a point at which u. g achieves its maximum, then — lim  V(exeg) =
(€,$)—(0,0)
V.

The present work establishes new existence and concentration results for a class of
(p, N)-Laplace equations with discontinuous nonlinearities and critical exponential
growth in RY . By combining Clarke’s nonsmooth critical point theory with variational
tools associated with the Moser—Trudinger inequality, we develop a unified analyti-
cal framework for treating mixed-growth (p, N) operators under critical exponential
conditions. In addition, we demonstrate that the solutions concentrate near the global
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minima of the potential. To the best of our knowledge, this is the first contribution
addressing such a mixed-growth, discontinuous, critically exponential problem in the
absence of the Ambrosetti—Rabinowitz condition.

This type of result remains new even when replacing the (p, N)-Laplace operator
by the pure N-Laplacian. In this sense, our theorem extends and complements the
study carried out in Alves et al. (2014), as we consider a more general operator and
employ new arguments that are necessary due to the absence of the Ambrosetti—
Rabinowitz condition, the generality of the operator, and the presence of critical
exponential growth.

There has been a growing interest in the analysis of nonlinear partial differential
equations featuring discontinuous nonlinearities, due to their significance in several
free-boundary problems in mathematical physics. Key examples of these issues are
the obstacle problem, the seepage surface problem, and the Elenbaas equation. We
refer to Chang (1981) and the references cited there for more such applications.

This article is organized as follows. In Sect. 2, we recall some results that are crucial
in our proofs. The Sect. 3 deals with the existence of solutions for the auxiliary problem
(@é‘, ). Section 4 is concerned with the study of the autonomous problem related to
(Ze, p)- Finally, Sect. 5 contains the proof of the main theorem.

Notations: Throughout the paper, we will use the following notations:

e X < Y denotes the continuous embedding of X into Y.

e X <>« Y denotes compact embedding of X into Y.

e 0,(1) denotes 0, (1) — O asn — +o0.

e (1, Cy, C3, - - - all are positive constants and may have different values at different
places.

*
e — denotes weak convergence, — denotes weak* convergence and — denotes
strong convergence.
1

ey =N a)ﬁ, where wy_1 is volume of N — 1 dimensional unit sphere.
[u>d]:={xeRN :ukx) > d.
d f (x) denote Clarke’s generalized gradient of function f at x.

1
lullLr = (fgn [ulPdx)?, 1 < p < oo.
Br C RY denote the ball of radius R > 0 centered at origin.
m(S) denotes the N-dimensional Lebesgue measure for S ¢ RV .
X* denotes the dual space of X.

2 Preliminaries

In this section, we recall some important existing results useful for our arguments.

Definition 2.1 (Generalized Directional Derivative) The generalized directional
derivative of J at x in the direction 4 is given by

J M) —J
J%(x; h) = limsup (v + M) (y).
y—>x,A—0 A
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The function & +—> JO (x, h) is a subadditive, continuous, and convex function. Hence,
its generalized gradient in the Clark sense is given by

AJ(x) ={x* e X*: (x*, h)x < J°(x; h), Vh € X).

For each x € X, dJ(x) is non empty, convex and weak*-compact subset of X*.
Moreover, the function
A(x) = min [lx*] - 2.1
x*e€dJ(x)

exists and is lower semi-continuous. If J € C'(X, R), then 3J (x) = {J(x)}. A point
xp € X is called a critical point for J if 0 € d.J (x). For more details on this topic, we
refer to the monograph (Clarke, 1983).

Definition 2.2 (Cerami Condition—-Non Smooth Version Stuart 2011) Let X be a
Banach space and ¢ : X — R be a locally Lipschitz functional. Then one say that ¢
satisfies the non smooth Cerami condition at level ¢ € R, denoted as (C),, if every
sequence {x,} € X such that

¢ (xp) — cand (1 + [lx,[|x)A(xn) — 0,

has a strongly convergent subsequence.

Definition 2.3 (Orlicz space) The Orlicz space associated with ® (an N-function) as
L°RMy={uelL] RY): /@ <|Z—|) dx < o0 for some A > 0
RN

The space L?(RY) is Banach space endowed with following norm

lullo = inf A>o:/®(%)dx§1

RN
For more on Orlicz spaces, we refer to Rao and Ren (1991).

Definition 2.4 We have Eg(R") as a subspace of L® (R") in the following way,

e
Eo@®") = {u € L} (RV) : u having bounded support on RN}” °.

loc

Then, equivalently, we also have

I-lle

Eo(RY) = C(RY)
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Definition 2.5 (Complementary/conjugate of a function) The Complementary func-
tion ® associated with @ is given by

A(s) = sup{st — O(1)}, 5 > 0.

t>0

Next, we recall some Lemmas without proof, which will be crucial for establishing
our arguments.

Lemma 2.1 (Moser-Trudinger Inequality Do 1997, Lemma 1) For any o« > 0, N > 2
andu € WHN(RN),
<I>(a|u|%)dx < 400.
RN
Moreover, if ||Vully < 1 and |lully < M < 400 and o < ay there exist a constant

C > 0 such that

N

sup /¢(a|u|ﬁ>dxgc,
IVully<1,|lully<M

RN
N-2 j 1 1
where ®(t) = exp(t) — > t]—, ay =Ny and |lully = ([ |[u/Ndx)¥.
j=0 RN

Here we would like to note that & (¢) = @(t%).

Lemma 2.2 (Ambrosio 2024b) Let Y be a Banach space and I € C LY, R). Let
{untn>1 € No such that I (u,) — ug. Then {u,},>1 has a strongly convergent subse-
quence in Y, where Ny denote Nehari manifold associated with functional 1, defined
as

17 s ’

No = {u € WyPRY) n Wy N @RY)\ {0} 1 {1y, (). u) =0}
Lemma 2.3 (Alves etal. 2014, Proposition 2.2) Let X be a real Banach space. Suppose
that ¢ € Lipjoc(X,R). Let {xn}nzl C X and {pn}nzl C X* with p, € dp(xy). If
X, — x in X and ,on—*\,oo in X*, then pg € 0¢(x).
Lemma 2.4 (Ankit and Sarkar 2026, Lemma 2.5) Let ¢ (t) = max{z, 1N} and | be
conjugate function associated with ®1. Then, the following inequalities are satisfied:
(i) ®1(22) < @1(r), Vr > 0.
(ii) ®1(tr) < c(OP1(r), Y1, 7 = 0.
Hence, &1 € A, and E&)I(RN) = L&”(RN).
Lemma 2.5 (Ankit and Sarkar 2026, Lemma 2.6) Let Eg, (RN)(defined in Definition

2.4) be a subspace of an Orlicz space L®'(RN) . Then, the following embeddings
hold:

(i) Xe = Eg,(RY), and
(ii) E¢,(RY) — LN(RV).
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3 Auxiliary Problem

Now, in this section, we will study the auxiliary problem instead of the (% g). The
auxiliary problem is found under the change of variable x +— ex. Our motivation
to study under these circumstances is based on the findings of del Pino and Felmer
(1996) and Alves et al. (2014).

To begin with, first, we fix k, a, 8 >0 such that 8 < a < k and afh§—f)1 = %, and we
define

<
f()—{f(s) e
k £

s >a.

Note that f is a continuous function on R. Define

g0r. 1) = XA () f (1) + (1= xa () f (). 3.1
One can easily observe that the function g : R¥ x R — R is Carathéodory function
such that it satisfy following properties:

(gl) g(x,t) also having critical exponential growth i.e. there exist op > 0 such that

lim |g(x, )lexp(—at| V1)
[t]—+o00

= {O ifa > ap, +00 ifa < ap. uniformly a.e.inx € RV,

(g2) There exists { > 0 such that G(x, 1) > ¢|¢t|V*!, forallr € Randforall x € RV,
where G(x, 1) = [; g(x, 5)ds.

(g3) lim sup &3 &0 — 0, uniformly a.c.in x € RV,
t—0
(g4) The map ¢ — l(lif 2) is an increasing function for all (x, ¢) € RY x (0, +00)

and decreasing for all (x,1) € RN x (—o0, 0).
(g5) There exists § > 1 such that 84 (x, 1) > ¥ (x, st), for all (x,7) € RN xR,
s € [0, 1], where 9 (x,t) =tf(x,t) — NG(x,1).

Remark 3.1 We note that (g2) implies | ‘1im Glg)lcli’t ) = 400 uniformly a.e. in x € RV,
t|—o00

where G(x, 1) = [; g(x, 5)ds.

So the auxiliary problem is reduced to the following problem under the transformation
X > €x

—Apu — Ayu + V(ex)(JulP 2u + lulN"u) = H@u — B)g(ex, u) in RY,
[ V(ex)|u|Pdx < +oo,f V(ex)|u)Ndx < +oo, and
RN

we wyP®Y) nwyN®RY),
(22 )
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where V¢ (x) := V (ex). For the auxiliary problem, our working space will be
Xe = Wy ®Y) 0wy RY)

equipped with the norm
lullx, = IIMIIWW + IIMIIWkN,

where

||u||W‘l/,r = (/RN |Vul" dx +./]RN V(ex)|u|" dx)r forr € {p, N}.

We say that u € X is weak solution to (@g’ ﬁ), if there is pg € L®'(RV) such that

Z (Vul'2Vu - Vv + V(ex)u| " >uv)dx — /,oovdx =0, VveX,

tE{[J,N} RN RN

and po(x) € [gu(ex,u(x)), gu(ex,u(x))] a.e. in RY with gu(x,t) = H(t —
B)g(x, 1), where

gu(x,t) = alirr}) |essinf gu(x,s)and gy (x,t) = gim esssup gg (x,s).
— —

s—t|<é =V |s—t|<8

Remark 3.2 If u € X, is weak solution of (ﬁzg’ﬂ) withu(x) < aforallx € A¢, where
Ac={x € RN s ex e A}, then u is weak solution to (Z g).

3.1 Mountain Pass Geometry of the Energy Functional

Define the functional /. g : X — R

1 1 N
Ie () = —/(|w|f’ + V(ex)ul)dx + Nfuw
pRN RN

+ V(ex)|u|N)dx — /GH(ex, u)dx, (3.2)
RN

where Gy (x, 1) = [(H(s — B)g(x, s)ds.
Next, we will consider

Ie,ﬂ(“) = Qc(u) — Te,ﬁ(u),
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where

Qc(u) = %/(Wulp + V(ex)|ul?)dx + %/(IVMIN + V(ex)|ulV)dx

RN RN

and
Yep(u) = /GH(GX, u)dx.
RN

In the next Lemma, we discuss the mountain pass geometry for the energy func-
tional.

Lemma 3.1 (Mountain Pass Geometry) Assume that (g1)—(g3) hold. Then

(i) Ic,g(0) = 0 and the functional Ic g € Lipjoc(Xe, R).
(ii) there exist ¢ > 0 and v > 0 such that I. g(u) > r for all |lulx, = o.
(iii) thereis v € X¢ such that I g(¥) < 0.

Proof (i) Ic,s(0) = 0 and second subpart follows from Lemma 3.1 of Ankit and Sarkar
(2026).

(ii) From (gl) and (g3), it follows that for any 7 > 0 and v > N, there exist a
constant C(7) (depends only on 7) and op > 0 such that

lge, )] < |tV 4+ CrL) ] T D v —2(1),

and therefore, we get
T N v
|G(x,1)] < Nlll + C1(D)1]" Py, N-2(2), (3.3)

where

N—
(x|t| N N-T )/
By (1) = explalt] 7T Z

Using (3.3), we have

/GH(ex,u)dx < /G(ex,u)dx < %/lmNdx + Cl(t)/|u|”<ba0,N_2(u)dx.

RN RN RN RN
(3.4)
N

Let« € (0, 1) such that [u||x, < «x.Choose o > «g close to «p such thata||u||g <
an. So using (Do et al., 2009, Lemma 2.3) and Sobolev embedding, we obtain

€1 [l g v-200dx = Clul, (3.5)
RN
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From (3.4) and (3.5), we get

T
f Gr(ex, widx = - al, + @l (3.6)
RN

Finally, combining (3.2) and (3.6), we have

1 1 T
I > _ 14 . N _ N _ v
e pu) > pnunw + N”M”W\I/EN lulx, = Cr@lul,
(nuu” ot ||u||N1.N>
WVe WVe N v
> v =y X, = Ci@llullx,
1-N N
T N v
> — (nunw + ||u||W¢.€~) =y X, = Ci@llullx,
1-N

N T N
N lulx, — NIIMIIXG = C1(lullx,

21N ¢
=< ~ ‘N) lull§, — Cr(o)ullx, -

1
Choose T = N then

I p(u) > #nunN - Ci(lullk, = ;nunN - C1(D)|lully
&p - N2N Xe 1 Xe = N2N+1 Xe 1 Xe*

Using the b.asic calculus, we obtain that W |lu ||§E —Ci1(v)||u ||§(6 attain its maxima
at some point say o € (0, k]. So for all u € X¢ such that |Ju|x, = o0, we have

lep(u) =1, ¥V llullx. = o

(iii) Define A = {x € RV : ex € A}. Choose n € C(RV) \ {0} such that
supp(n) C A¢. Fort > 0, we set u = tn, and then we obtain

I g(tn) = —tpll 1”2 +—tN|| [ / Gpu(ex, tn)d

— €X, X.

e,p\In D n W‘l/;p N n W‘l/;N H n
RN supp (1)

Due to (g2) (Remark 3.1), for any M > 0 there is C7 > 0such that
Gx,t) = M[t|]N —Cp, ¥ (x,1) e RN x R.
Therefore, we get the following estimate
e NN o N N
leg(tn) = ;Ilnllwéf + N”"”w;f — Mt n"dx + Cym(supp(n) NR).
RN Nsupp(1y)
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Choose M > 0 such that + N ||n||N -M f nVdx < 0. Now for large enough
RN mSuppw)
t, we have I g(tn) — —oo and hence the proof of (iii) follows.

3.2 Compactness of the Energy Functional-Cerami Condition

In this subsection, we discuss the compactness of the energy functional /. g. Before
we begin, we first recall a Lemma that ensures the existence of a Cerami sequence.

Lemma 3.2 (Livrea and Marano 2009, Theorem 3.1) Let X be a real Banach space
and ¢ : X — R be a locally Lipschitz functional. Suppose we have

max{¢(0), ¢(x1)} < inf ¢(x)
Ixllx<p

for some x1 € X with ||x1||x > p. Let
¢ = inf max J(y(t)),
yeltel0,1] v ®)

where T is the collection of paths joining 0 and x1. Then there is a non-smooth Cerami
sequence for the functional ¢.

By the virtue of Lemmas 3.1 and 3.2, we obtain a Cerami sequence {u, } C X, such
le g(un) = cep and (1 + [unllx )2 (un) — 0, (3.7)
where A defined in (2.1) and

= inf I t
Cep = Vér} ,2{3" e.p(y (1)),

and
Fe,ﬁ ={y € (C[0, 1], X¢) : 16,13(0) =0, Ie,ﬂ(y(l)) < 0}.

The next lemma establishes that such a sequence is bounded. We are influenced by
the methods discussed in (Fang and Liu, 2009, Lemma 2.2) and (Lam and Lu, 2013,
Lemma 3.2) to prove the preceding lemma.

Lemma 3.3 Ler (gl), (g2) and (g5) hold, then the Cerami sequence {u,} is bounded
in Xe.

Proof On contrary suppose that the sequence {u,} is not bounded in X.. This means
lunllx, = 400 as n — +oo.
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Define v,, = Ton e ”X . Then v, is bounded in X¢ as |lu,|lx, = 1, foralln € N. So, up
to a subsequence still denoted by itself, we can assume that

v,—v in X,
v, (x) = v(x) a.e. in RV,

Claim: v = 0 a.e. in RV,

Consider the set § = {x € RY :v(x) # 0} such that m(S) # 0. If x € S, then, we
have |u, (x)| = v, (x)||lunllx, = 400, for x € S as n — 4o00. From assumption
(g2) (Remark 3.1), for each x € S, we get

G (x, un (X)) lun )N L 2 & 4 ()

N
= v, (x =400 3.8
n—+00 |un(x)|N ||1,¢n||gE n—+00 |un(x)|N | n( )| (3-8)

and G(x,t) > Ky, for all (x,1) € S x R, for some constant K{. So

G(x,u,) — K

~ ! >0,VxeSandVn eN.
””"”Xe

That is
G(x, tn) v (x) [V K

N
[un ()] ”’/‘n”xE

>0,VxeSandVn e N.

From (3.7), it follows that as n — 00, we obtain

Ce,p = Ie,ﬁ(“n) +on(1),

1
p N
> — u _|_ u
= (” n”W‘]/,Ep ” n”Wl,N

N L )— /Gy(ex,u,,)dx—i—on(l).

RN

Hence

v

/GH(ex, u,)dx

RN

1
N <||un||€vl,p + llun ||]V\:,1.N>_Ce,ﬂ+0n(1) asn — +oo. (3.9)
Ve Ve

Similarly,

IA

/GH(ex, u,)dx

RN

1
> <||un||§;l,p + ||un||’vVV1,N)—ce,ﬁ+on(1>as n— +o0. (3.10)

Ve Ve

We have Gy (ex, u,) < G(ex, u,), for large n, and then by (3.8) and Fatou’s Lemma,

G G b
+oo= /hmmf (ex, ”")| valV dx <11m1nf/de. 3.11)

n—+o00 n——+00 [| 227, ||%
€
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Since
lunllx, = ”Mn”W‘l/w + ”un”W‘l/N — +00, asn — +00.
€ €

Hence, three cases arise:

(i) Both ||u,,|| Lp and ””"”W‘ ~ are unbounded.
(>ii) ||u,1|| L 7 is bounded and ||un||W1 ~ are unbounded.

(iii) |lun || 1.p 1s unbounded and ||u,,||W| ~ are bounded.

VE

Suppose case(i) holds. Then there exists Ng € N such that lwnllyp > 1 and

Ve
||u,,||W| v > 1 for all n > Ny. This implies ||u,1||[‘jv ||u,,||%l,,v. Asn — o0,
Vg Ve

from (3.9), we have

1 N
CepZ (”“””5@;’ + IIunIIW¢;N> - /GH(Ex, up)dx + 0, (1)
RN
1 P
z W”u””Xe — [ Gr(ex, uy)dx + o,(1).

RN

From (3.11), and |u,,||” |u,,||Nl v forall n > Ny, we have

1p—|

Ve Ve
G G
+oo < lirninf/M < liminffM
n—>+00 ||un||x n—>+00 ||un||x
JG(ex, uy)dx
S
= lim inf

n—+o0o N2P~(cc g + fG(ex uy)dx — o, (1))’

As n — 400, we have

0= Nt
which is not possible. So v = 0 a.e. in RV
Now, consider the case (ii) holds. This means there exists M > 0 such that
||un||W|,p < M. Then, as n — oo, we get
Ve

1 < N
= Nuall® 1+ Nl
p "y "wy

) — fGH(ex, uy)dx + 0, (1),

RN

o
o
=
IA

MP 1
— + —lunll v — [ Grlex, up)dx + o0n(1). (3.12)
P P

Ve

IA

RN

@ Springer



Concentration Phenomena for (p, N)-Laplace Equation... Page 15 of 43 19

Therefore, as n — oo, we derive

. MP
;Ilunllxe > Cep— s + [ Gu(ex, uy)dx + 0, (1).

RN
As n — oo, we have
luall¥. = pees — MP + prH(ex, n)dx + 0, (1).
RN

Again, using a similar argument for case (i), we have

+00 <

)

S| =

which is absurd. So v = 0 a.e. in R". One can repeat this argument for the case (iii)
also. Therefore, we have proven that v = 0 almost everywhere in R" in all cases.
Next, we define a continuous function K,, : [0,1] — R such that K,(t) =
Ic g (tuy). Since I g is locally Lipschitz is also continuous, K, is also continuous
on the compact interval [0, 1].
For each n € N, there is a ¢ (depends on n), say #, such that

Ie,ﬁ(tnun) = trEI%(E)Di] Ie‘ﬁ(tun) (3.13)

Note that, #, € (0, 1] for all n. Indeed, if £, = 0 for some n € N, as I g(u,) — ce g,
so there is ng € N such that /¢ g(u,) > QT"S for all n > ng, and there holds

C
0< ;"3 < Jeplan) < max Tepliun) = max I plinitn) = Iep(0) =0,

which is a contradiction. So t, € (0, 1] for all n. Let {r;} be a sequence of positive

real numbers such that r, > 1 and . lim ry = +o0. Then |ryv,llx, = r for any k
— 400

and n. For each k € N and due to (g1) and (g2) (Remark 3.1), we have

N
Ni. N T N1
|G p(ex, rpvn)| < Try |vg] +Cl(f)|rk|v|vn|v®a,N—2(VkN Yoy ).

For fixed k € N, the following hold a.e. in RN ask — oo
rivy(x) = 0 and Gy (ex, ryv,) — O.

So, by the Lebesgue dominated convergence theorem, we deduce

lim Gy (ex, rpv,)dx = 0 for each fixed k € N. (3.14)

n——+00
RN
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For large n, we note ﬁ € (0, 1) because ||u,|lx, = +00 asn — +o0o. By the
nliXe

definition in (3.13), we have

Tkln

llenlIx.

Ie,ﬂ(tnun) > Ie,ﬂ < > = Ie,ﬁ(rkvn)

1 1
Sl 4 S lnenly = f G (ex, revn)dx

Ve Ve
RN
1 (N » N G d
z ;Ilrkvnllw‘zp + ”rkvn”W‘l/;N - H(€x, rgvp)dx
RN
1 N
> = ,ﬁ’(uvnnyvl,p + ||rkvn||yvl.N) - /Gmex,rkvn)dx
Ve Ve BN
1 p
> er — GH(E)C, rkvn)dx. (315)
RN
Now by using (3.14) and (3.15), we deduce
lim sup I¢ g(t,u,) = +o00. (3.16)
n— 400
For w, € ¢ g(t,u,), we obtain
1
Ie g (tauy) = Ie p(tquy) — ﬁ(wn» talty) + 0, (1)
ty P i N
= ;Ilunllwé.p + N”un”W‘l/,N — | Gu(ex, thuy)dx

RN
hy b Ny 1
_ NHM"HW\I/GP - F”Mn”W‘l/EN + N on(tyt)dx + 0, (1),
RN

where

0, uy(x) < p
pn(x) € [gh (ex, un(x)), gg(ex, un(x))] = 110, g(ex, B)], up(x)=p4 , ae.in RV.
{glex, un(x))}, un(x) > B

Now thanks to (g5) and for large enough n, we get

p P

N N
Iy t N Iy V4 tn N
le p(tyuy) = 7”14’1”17 L+ Ml in — | Glex, taup)dx — — Jluy || 1o — oo lunll1n
’ p w” N Wy, N wy” N Wy

G

RN
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+ %/g(ex, Uy (X)) (tp 1y )dx + 0, (1)

lRN

a8 P 0 N 1

= ;uunnw + Wuunnw -¥ / [NG(ex, tyity) — g(€x, ty (X)ty) ity ]dx
]RN
trf’ P t)iv N

- ﬁnunuw = 7 lun s+ on (D)
< iuunnp +£nu Iy —5/0 (ex,u )dx—inu I? —ﬁnu Iy
= P W\l,:’ N n W‘]/;N H s Un N n W‘I/;p N n W\I/;N

RN

+ %/g(ex, U () () + 04 (1)
lRN

P

t tN B
< If,ﬂ(un) - ﬁ””n ||1‘;/\l/€p + %HMHHC‘I/‘I/GN - N/g(fxv up(x))(up)dx | 4+ 0,(1).
RN

Due to condition (1 + |ju,|lx )A(u,) — 0as n — 400, the sequence

Ly p Ny 8
Nllunllw&j + W”un”WI,N - N glex, uy (x)u,dx

Ve
RN
is bounded. So as n — 400, we have

niigloole,ﬁ(tnun) <y,

for some constant C» > 0, which contradicts to (3.16). Hence sequence {u,},>1 is
bounded in X. O

Lemma 3.4 Assume that (g1)—(g3) and (g5) hold. Let {u,,} be a Cerami sequence such

. / .
that llmiup||un||/vY,,_N < aa—’(‘)’ Then, there exists ue g € Xe such that Vu, — Viueg
n——+0o

a.e. inRY.

Proof Using Lemma 3.3, up to a subsequence still denoted by itself, we can assume
that
up—ue pgin X,

up(x) = ue pg(x) ae. in RV,
U, = ue g in LY(Bg), ¥ q € [1, 00) and for some R>0.

Due to the boundedness of the sequence {u,}, we obtain(1 + [lu,||x A (u,) —
0, as n — +oo which is equivalent to assume A(u,) — 0 asn — 4o00. Fix R > 0.
Lety € C®(RM),0 <y < land

Y =1 inBgandy =0 in BS,
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and |[V¥|leo < C3, where C3 does not depend on R. Now for each u,, there is a
wp € 01¢ g(uy,) such that as n — +o0, we get

{wn, Uy — Me,ﬁ)W) = o0,(1)

/ (3.17)
(Qe,ﬂ(un) — Pn, (Up — ue,ﬂ)w) =o0,(1)

where o, (x) € [gn(ex, un(x)), gu(ex, uy(x))]a.e.in RY . Due to Simon’s inequality
(Bahrouni and Radulescu, 2018, Lemma 4.2), we get

cy' / \Vun — Vue gV dx < €' (/ [Vitn — Vue gV dx + V(ex)lun — ue,lgINdx)

Bar BoR

=y / [(qun\’_ZVun - |Vu€,ﬂ|’—2w€_ﬁ)~(vun ~ Ve p)
te{p,N} Bor

+V&w<wﬂpgm_h%ﬁwahﬁ)@n—ugw]dn (3.18)
From Egs. (3.17) and (3.18), we have

cy! / Viun = Vue glNde < = Y [/ (\Vu,,|"2wn - |Vu€,ﬂ\’—2w€,ﬁ) (un — e, p)Virdx

te{p,N}

Byg RN

[ ot e p)ax] + (1. (3.19)

RN

Now using the Holder’s inequality, compact embedding W'V (Byg) << LP(Bag)
for all p € [1, 400), and boundedness of u,, for r € {p, N}, we have

= IV¥lloo (1Vunlli ™" + 1Vue gl ~")

/ (|Vun|t_zvun - |Vue,/3|t_zvue,ﬂ) (up — ”e,ﬂ)v‘//dx
RN

’

x(/mﬁ%ﬂmJA (3.20)

Byg

We observe that the RHS of (3.20) tends to 0 as n tends to co. Now, we also have

/pn‘/f(un - ue,ﬁ)dx = /|Pn||un - ue,ﬁ|dx- (3.21)

RN Bag

From (gl) and (g3), it follows that for any ¢ > 0 and v > N there exist a constant
C1(7) (depends on t) and « such that

lgCe, )] < )tV 4+ CrL) ] T Dy v 2(2). (3.22)
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Then, from (3.21) and (3.22), we get

/|pn|\un—ue,ﬂ|dxs f (lun ="+ €L unl "™ g N2 ) ) ltn — e pldx =2 11 + Iy

Byr Byr

(3.23)
where

f= [ (el ) byt pldr and 12 = [ €1l @ag 2t =t 1.

Bop Bor

Using Holder’s inequality one can easily show that /1 — 0 as n — +o00. Now for I,
Choose t > 1 and a > «( such that «t||u, HIV\II/I’N < ay foralln > Ny, and % +% =1.

This is possible only due to the assumption lim sup||u,, || Ivvv/l N < Z—’(‘)’ Next, we estimate
n——+00

I> and we obtain

I = /C] (T)|un|v_1q>a,N72(un)‘”n - ue,ﬁldx

Byr

<) / 101 iy — w11 dx / (®ay—2(un)) dx

Bar Bog
1 1
4 T
<C w=Dt', t U
< Ci(v) /\unl lun — ue pl" dx /(‘I’muunux’wN—2<\|u [ IN)>dx
Bar Bar 1 e

1
v

<3 f|u,l|<“*”’ |t — tte pI” dx

Bar

Choose v = 'N + 1 and apply again Holder’s inequality, we obtain

1
g

/ZN /
L <Cs / |un|t |ty — ue,ﬂ|[ dx
Byg
1
—1 L\ 7
M AN
r’2N2 Nt
<Cs [ty | N-T dx [y — e g|™" dx
Bor Byr
1
N7
’
<Cy / ltn — ue p|N" dx — 0asn — +oo. (3.24)
Byg
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From equations (3.18), (3.20)—(3.24), we have

lim f Vi, — Vue g|Vdx = 0.

n——+00
Bor

Since R > 0 was arbitrary, we get Vu, (x) — Vu, g(x) a.e.in RN, O
Lemma 3.5 Assume that (V1) and (g2) hold. Then mountain pass level cc g satisfies

p(N—-1

N

N—-pfay . N2 N
— (min{1, Vo)) N-T — M N-T (3.25)
oo

pN

0<cepg <co=:

where, M = max{M, M>} such that |u,llx, < My and we choose M, such that
N—-1

(a_N) Y (min{1, VoDV > Ma. Moreover the sequence {u,} satisfies

o0

. ’ o
lim supllu [V, v < a—z’ (3.26)

n—-+00

Proof Let£ € C°(R"Y) such that 0 < £ < 1,
E=1lin B% and &£ = 0in BY,

and m({t§ > B}) > Ofort > 0. For such &, we get

tP tN
Lep6) = el + N~ [ Guten o
{t&>p}

From assumption (g2), we have ¢ > 0 such that
Tepee) < HEN”, + ﬁ||%||N — oV g N
e.p = p W‘l/;p N W‘I/;N .
RN

There is ¢ such that t& € I for all ¢ > ¢; and using the elementary calculus, we
obtain

0 I A A (] !
< < t = — —_— .
< Cep = max lep(t5) BN + 1)¢ » N1
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o
N—p+1
where A = ||g||” Lo + ||g||N1N and B = [ |£|N*1dx. Hence A(—B(N+m> ”
RN
(% - ﬁ) — 0 as ¢ — +4o00. Due to this, there is a o > 0 such that for all
¢ > ¢o > 1, (3.25) holds. As n — +o00, we have

1 1 P
Cepton(l) = ;_ﬁ ”u"”er’

and

1
. CG,ﬁNp P
lim sup|juy || 1.0 < ( >
n——+00 " WVel N-p

Since the sequence {u,} is bounded in X, we deduce

1
” ” P ” ”VV = 1 ” ” < <Ce’ﬂNpp> :
u 1 + ||u 1.N M and m Sup u 1.N M- | ——
n n n W N

Due to assumption (V1), by embedding W&,;N (RVY — WLN@RY), it follows that

N

_N N—-1
lim sup||un||w1 v = ((mm{l Vo™ lim sup|lunll 1. N)

n—+00 n——+00

N
1 N-1
= ((min{l, Vo})%? (M _ (Ce,ﬁNP>P)>
N-—p

N
—N2 Np\ 7v-1
< (min{1, Vo)) ¥-T (M,f“ur(ce,ﬂ P)P )
N—p

Hence, we obtain (3.25) and conclude the proof.
[}

Lemma3.6 Let {u,} be a Cerami sequence for Ic g. Then for all & > 0, there exist
R = R(&) > O such that

lim sup Z /qun|’ + V(ex)|up|'dx | <&. (3.27)

Proof For R > 0, consider 1/~/R eCx (RN) such that 0 < 1/~/R < 1 with

&REOint andxﬂRzlinBICe,
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and |V1ﬁR| < %, where C > 0 is a constant independent of R > 0. Next, choose
R > Osuchthat A, C B§ . The boundedness of {u, },,>1 in X¢ implies that {u, 1/~/R},,21
is also bounded in X¢. As n — +o00, from 3.7, it follows that

(wn, un&R) = On(l),
(Q'(un) — P, tnWR) = 04(1),
(O (un), unWR) — (on, unWR) = 0 (1),

where w, € 8l g(u,) = Q'(un) — py. Further, we deduce

Do IVl VU Vi) +V (€6)lun | un (Frun)dx = 0, (1) + f pritn¥RAx,
RN

te{p,N} RN

and this implies

Do VUl T (V- Vu)Pr + Vit 2un Vit - Vg + V(€)' 2u, (Frun)dx
te{p,N} RN

=o,(1) + /.pnun&Rdx~
RN

Further, we have

D 1Vl T (Vi - Vu)rdx + Y[ [ Vunl P, Vay, - Vg
1€(p.N} py 1e{p, Nl pn

+ V(€x)|un| 2un(Yrun)dx = 0, (1) + fpnunxhdx.
]RN

Since
/)Onunl]/Rdx = /g_H(Gx, un)unlszdx = /g(ex, un)unI/}Rdxv
RN RN RN

we obtain

Do IVunl T (Vi - Vi) g + V(€x) un |2 un (Ui )dx

te{p,N} RN

< Y 1Vual || Vun || Vrldx
tE{p,N}]RN

+ /g(ex, un)un‘/}Rdx‘i‘Un(l)
]RN

C -
sz 2 f|wn|"‘|un|dx+/g(ex,unmwmx

te{p,N} RN RN
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+ on(1).

Using the fact that Ac C B R with definition in 3.1 and boundedness of u,, € X¢ with
Holder’s inequality, there ex1st a constant C; > 0 such that we have

1 ~
(17) 3 /|Vun|’+V<ex)|un|’ wRde%-

te{p,N} RN

So choose R > 0 large enough such that

~ C
lim sup Z /(qunV + V(ex)lun|’) Yrdx | < ?1 < é&.

n—-+00

This completes the proof. O

3.3 Existence of Critical Point of the Energy Functional Corresponding to the
Auxiliary Problem

We begin this subsection by proving the existence of nontrivial critical points for the
energy functional corresponding to the problem (¢ )

Lemma 3.7 Assume that (V1), (g1)—(g3), and (g5) hold. Then the sequence {u,} sat-
isfies non-smooth Cerami c-condition for 0 < ¢ < ¢o and u¢ g is a non trivial weak
solution for problem (ﬁzgﬂ). Here cg is the same number defined in Lemma 3.5.

Proof By the virtue of Lemma 3.4 and 3.5, it follows that Vu, — Vu g a.e.in RN,
For t € {p, N}, the sequence {|Vu,|'~>Vu,} is bounded in Lt (RM). So,

|Vu” |t_2Vun—\|Vu€‘ﬂ |t_zvufsﬂ in L'%' (RN), |V1/ln |t_2VMn

— |Vue p" *Vue g ae in RV,

Using density arguments for r € {p, N}, one can prove that

n—+

lim | |V "2Vu, - Vudx = /|we|’—2w€,ﬂ.wdx, YveX,, (3.28)

]RN RN
and
HT /V(x)|un|t_2unvdx = /V(x)|u€,,3|t_2ue,5vdx, Vv € Xe. (3.29)
n——+0o0
RN RN
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Claim: For each p, € 0,G(ex, u, (x)), there is pg € L% (RN such that
/pnvdx — /p()vdx, Vv € Xe. (3.30)
RN RN

Note that @ is an increasing and convex function and there is & > «( such that

[ @10 = [ @ (w4 €Ll y-200)

RN RN
: I - QCL) [~ [ W [ m
[ @00 <5 [ sendiu xS (60 (o (o7 ) v
2 2
RN RN RN
By Lemma 2.4, there exist constant C; > 0 and C, > 0 such that
- Ci _ Cy N
fcb(pn)dx < 7/g(|un|N Ydx + 7fg(|un|”el>1<wv—1 e ]))dx.
RN RN RN

By using ¢ (f) = max{z, tV}. Now two cases arise:
Case 1:

~ —1
Jorwnar=ci| [ tar | v co| [ () o1 (% ) ar
RN RN RN
3.31)

Case 2:

Joronar=ci | fun™Vax | v | [ e (o ) ax

RV RV RN
(3.32)
By Holder’s inequality and by Lemma 3.5, we obtain
/ (Junl”) @1 (a%w) dx | <C3, VneN, (3.33)
RN
and
/ (|un|N”) ®, (a¥|un|) dx | <C4, VneN. (3.34)
RN
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Suppose case 1 holds, then by the definition of ¢, 0 < |u,(x)| < 1. We have
embedding
Xe = Wyl < LIRY), Vg € [p, p*].

If N —1 < p*, we have

lunIN"} < lunll " < Cs, (3.35)
andif N — 1 > p*, we have

lunlly =1 < luallh < Co. (3.36)

For Case 1, from equation (3.31), (3.33)—(3.36), we conclude that

f&)l(pn)dx <Cqy, VneN. (3.37)

RN

For Case 2, from equation (3.32) and embedding of X, in L*® RN fors € [N, +00),
we conclude that

[cbl(pn)dx < Cg, VneN. (3.38)
RN

From equation (3.37) and (3.38), it follows that {p,},>1 is bounded in Lo (RNY,
So the sequence of functionals p, C Y (u,) C (Eg, (RM))* corresponding to {p,}
is also bounded in (Eg, (RM))*. So there is gy € (Eg, (RN))* such that ﬁn—*\ﬁo in
(Eo, RV))*ie.,

/pnvdx = (pn, v) = (p0, V) = /povdx, Vo € X, (3.39)
RN RN

for some pg € Lo (RM). From equation (3.28), (3.29) and (3.39), we have

Z /|Vu€|t_2Vu€’ﬂ.Vvdx +/V(x)|u€,,3|t_2ue,5vdx = /povdx, Vv e Xe.
te{p,N} RN RN RN
(3.40)
Set v = u, — uc g. Due to Brézis-Lieb-type results (see Mahanta et al. (2025a)), we
have

P P p

u = |lu v 0, (1

I }’l”W‘l/;p I €y,3||W‘l/;p + | n”W‘l/;p + o, (1),
N N N

Nnll Do = Nueg I 1 v + onll 1y + 0n(1).
Wy Plwy, Wy

(3.41)
So,

luegll” 1, + lloall?
Wvg” Wy,

o g Uy Bl = [ ontnds = 0u(). - G.42)
RN
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and
N
e + ey = [ oo pds =0 (3.43)
RN

From equation (3.42) and (3.43), we get
on(D) = llvall” ,, + ol v = /pnundx + /pOMe,ﬂdx~
WVE WVe
RN RN

Now define R := max{R;, R»} where R; and R, are taken in (3.47) and (3.48),
respectively. For large enough R > 0, we get

on(1) = ”Un||€V|,p+||vn”C{,J.N_/(pnun_poue,ﬂ)dx_/(pnun_poue,ﬂ)dx~ (3.44)
3 Ve
" Bg B;

We have

/(pnun — potte,p)dx = /pn(un — Ue,p)dx + /(pn — po)tte pdx.
Bg Br Bg

Due to (3.39), we deduce

/(pn — po)ite gdx — 0 asn — oo. (3.45)
Bg

Due to assumption (g1), Holder’s inequality, boundedness of {u,} in X¢ and Compact
Embedding of Sobolev spaces for a bounded domain, we have

/pn(un —Ue,p)dx — Oasn — oo. (3.46)

Bg

Since {poue,p} € L'(RN), so for large Ry > 0 such that for any & > 0, we have

/,ooue,f;dx < El- (3.47)

c
BR]

From Lemma 3.6, one can easily prove the tightness of the Cerami sequence {u,},>1
for I g. This implies that for any & > 0, there is R, > 0, and there holds

/pnundx < &. (3.48)

BL‘
Ry
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From equations (3.44)—(3.48), it follows that

p N
. .
”Un”Wl +||Un||W1N—>03.SI1—>+OO.
Ve Ve

This implies v, — 0 in Xc. Hence, u,, — u, g in Xc. So,
0€ 0l puep)- (3.49)

From equations (3.43), (3.49) and Lemma 2.3, it follows that u, g is a non-trivial weak
solution for (ﬁfy 5). O

4 Autonomous Problem

In this section, we consider an autonomous problem related to (¢ g) and compare
the critical level of both problems. We are motivated by the methods discussed in
(Fiscella and Pucci, 2021, Fiscella and Pucci) and (Costa and Figueiredo, 2022, Costa
and Figueiredo). The autonomous problem related to (¢ g) is as follows:

— Apu— Ayu + Vo(lulPu+ u¥"?u) = f) in RY,
Lp N 1N N (Pv)
ue Wy RY) N wy N (RY).

Denote ¥ = Wy, P (RY) 0wy (RY), with norm

ully = \ully,1.p + llully0.n
fluel] I ”Wvo" l IIWV0

and F(1) = [ ! f(s)ds. The energy functional associated with the autonomous prob-
0
lem, denoted as Iy, : W‘l,(’)p @®RYyn W‘l,(‘)N (RY)y = R, is defined as

1 1
Ty, (u) = ;/(Nulp + Volu|P)dx + N/(WMIN + Vo|u|N)dx — fF(u)dx.

RN RV RV

l[ence ]
1 V (ll) ||ll || ”u”N l (u)dx‘
0 W, OP N w, ON

RN

Iy, is well defined and belongs to C' (Y, R). Using the similar strategy in (Lam and
Lu, 2013, Lemma 2) and by invoking the Mountain Pass theorem for C! functional,
we obtained a Cerami sequence {ii,},>1 C Y i.e.

Iy, (ity) — cy, and |[1 +dylly Iy, (@,) — 0 asn — o0, 4.1)
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where
Cy, = inf max IV 1)),
0 yel'te[0,1] 0(7/( ))

and
F={yeC(0,11,Y) : y(0) =0, Iy, (¥ (1)) < 0}.

By adapting the strategy found in (Lam and Lu, 2013, Lemma 5), one can prove the
boundedness of {ii,},>1 in Y. So up to a subsequence still denoted by itself, we can
assume that

Up—ugin Y,

0, (x) = ug(x) a.e.in RV,

4.1 Existence of Critical Point

In the following Lemma, we will show the existence of critical point for the functional
corresponding to Py,.

Lemma 4.1 Let the assumption (V1) and (f1)—(f5) hold. Then the function uq is a
non-trivial critical point for the Iy, .

Proof Asn — oo, from (4.1), it follows that
Iy, (itn) = cyy + 0n (1) and (Iy, (i), iin) = 0n(1). 4.2)
Using arguments as in Sect. 3, as n — oo, for v € Y, it implies

Vi, — Vug ae.in RN

> /|Vu 2V, - Vodx —> Y /|w0|’ 2Vuo - Vudx, (4.3)

tepN}RN tepN

and

Z /Volun| u,,vdx—) Z /V0|uo| uovdx “4.4)

te{p,N} te{p,N}

Claim: [ f(d,)vdx — [ f(up)vdx forallv € Y.

RV RN
Due to assumption (f1), (f2), Remark 1.1 and Lemma 3.5, the sequence { f (it,,) v},>1
is bounded in L'(RY). This also implies that the sequence {f (ii,)v} is uniformly
integrable over R and f(ii,)v — f(uo)v a.e. in RV, Let R > 0 such that y» €
C®(RN),0 < yg < 1inRY and

Yk =0in Bg and g = 1 in B, 4.5)
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with |Vyrr| < %, where C is constant independent of R. Consider U = vyg, from
equation (4.2), as n — 0o, we have

' / flnvyrdx| <| Y / Vil "> Vit - Voyrg)dx + ) f Voliin |2, (v R)dx
RN 1€{p.N} te{p.N} g
+0u(1)
=| > | IViu|"Viiy - (Y& Vv + vVg)dx
IE{p,N}RN
+ D [ Volanl " a, (0yrr)dx | + 04 (1)
1€(p.N)
. t2ion c . t2ion
< > | IVanl Vi Volde+ 3 fwunv 2| Vit ||v]dx
1€(p.N} gy 1e{p,N} g

+ > Volinl 2 linllvldx 4 0, (1).
te{p.N} RN

Since v € Y, so for large enough R > 0, for any given €; > 0 and €2 > 0 we have

flede < €] and/|v|tdx < e.
B, B,
Now using boundedness of {ii, }, we have [ f(ii,)vdx < &* for large enough R > 0
B
and any £* > 0. This concludes that { f (ii,)v},>1 is tight over RY. Hence, by Vitali’s
Convergence theorem,

/f(ftn)vdx — /f(uo)vdx forallveY. (4.6)

RN RN

From Egs. (4.3), (4.4) and (4.6) it follows that u is critical point of Iy, and using
similar arguments in Lemma 3.7, we can prove that i1, — ug in Y. Hence, ug is non
trivial critical point. O

4.2 Relationship Between Both Mountain Pass Levels

In the next Lemma, we establish a relation between c¢ g and cy,, which plays crucial
role in our arguments for proving the main theorem.

Lemma 4.2 Assume that (V1) and (f1)—(f5) hold. Then

lim cc g = cy,
€,—0 B 0

where ce g and cy, are mountain pass level for (P g) and (Pv,), respectively.
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Proof Due to assumption (V1) and H(¢) < 1, we obtain

li f > . 4.7

;r}rglglo o =an 4.7)
Next, we will prove that

limsup ce g < cy. 4.8)

€,8—0

Let ug be the solution of (Zy,) with Iy, (ug) = cy, and I’(ug) = 0. Consider
¢ € C(RY) such that0 < ¢ < 1in RY and

¢=1,xe Biand¢p =0, x € BS.

Let R > 0, define ug(x) = ¢(%)u0 and Byg C Ae. Since |ug| < ug, so by virtue of
the Lebesgue dominated convergence theorem, it follows that

ugr — ug in WH(@RN) as R — +oofort € {p, N}. (4.9)

It follows that ug — ug a.e. in RN . We now define the function % : [0, 0c0) — R as
follows:

h(t) = Iy, (tug).

It can be proved that 4(¢#) > O for sufficiently small 7 and h(¢) < O for large . As
h is a continuously differentiable function so there exist tg > 0 such that //(tg) =
Iy, (trug)ug = 0. This implies that for every R > O there exist tzg > 0 such that
trug € Np. Now we claim the following.
Claim: The sequence {fr} is bounded and upto a subsequence still denoted by itself
we have,
lim tg = 1.
R—+o00

Suppose, on the contrary, that tg — +00 as R — +00. Since tpug € Ny, this implies
that

RN+ Tl = / fepur) e pd (4.10)

Vo

Using assumptions (f2) and (f5), we obtain

t]’Q)”MR”[‘:Vl,p + 1 ||14R||N1 N = /f(fRuR)tRuRdx > /NF(IRMR)dX

Vo RN
That is,
1
= IRl + v = Nser|uR|N“dx (4.11)
Ip Vo VO

RN
As R — 400, we obtain ”u()”[‘/\‘//]_N > 400, which is not possible. Hence {tg} is

Yo
bounded.
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Again, suppose that hm tr # 1. This means either lim tg = #; > 1 or

— 400 R—+o00
lim tp =1 < 1.AsR—> +00, we get
R—+o00
1
||uoII wir T lluoll™ Wiy = f(tluo)tluodx (4.12)
O

Since ug € Ny, it follows that

ol + okl = / fupuod. (@.13)
Yo

Now, by subtracting the (4.13) from (4.12), we get

1 1
(th ) ||M0|| wihr = / (t—Nf(fluo)tluo - f(Mo)Mo) dx
1 0 gy Vi
1
= / (t,\,—_lf(tluo) - f(uo)) updx.
1

RN

Using assumption (f4), it follows that in both cases we obtained that ||u0||€v < 0,

L.p
Yo

which is not possible. Hence, the claim follows, and this implies that tfrug — ug as
R — +o0 in Y. Similar to Lemma 3.1, there is 7 > 0 such that I g(itgug) < O.
Define g(t) = titgug fort € [0, 1]. Clearly g ¢, g. Hence, it holds

Cep < trer%gf]le,ﬂ(g(t)) < I}lzéléﬁle,ﬁ(ftl‘RuR) = I g(tiIRUR), (4.14)
for some ., = t.(€, B, R). Without loss of generality, we can take V (0) = V{. Due to
which V(ex) — Vy as € — 0O i.e. for any €’ > 0, there is €y > and a ball centered at
0 say (Bog in RN )such that

|[V(ex) — Vol < €, Ve e (0, ) and x € Bog. (4.15)

The above equation implies that V (ex) < €’ + Vj. From equation (4.14), we get

! p
Ceﬁ:; (t*tR|VuR| +V(€x)t*tR|uR|)
|
+N/< ,’,Y|vuR|N+V(ex)tNtN|uR|N)

— /GH(EX,I*IRMR)dx
RN
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< Z / (2RI Vugl® + Votiryglug!l® )dx+
se{p,N}

— /H(t*tRuR — ﬂ)G(ex, tytrup)dx.
RN

For 8 — 0, we have

Cep < Iy(tutrur) +€ )
se{p,N}

th
k R/‘|MR|de.
RN

Next, for large enough R > 0, the above equation leads to limsup cc g < cy,.
€,—0

Therefore, from (4.7) and (4.8), we can conclude that the limit exists and lgm OCE’ =
€,p—

Cvy- O

4.3 Compactness Result

In the next lemma, we will prove the compactness result using the Lions Compactness
principle Lions (1984).

Lemma 4.3 Assume that (V1)—~(V2) and (f1)—(f5) hold. Let €, and B, — Oasn — oo
and u, = {ue, g, }n=1 S Xe¢ be a non negative sequence such that 0 € 91, g, (uy),

Ie, p,(un) — cv, and limsup|luy,|y

< ‘Zt—g Then there exits a sequence
n——+00

wkh N(RN)

{ynln=1 C RN such that sequence
Wy (X) = uy(x + yy)

has a convergent subsequence in Y . In addition, upto a subsequence a, = {€,y,} —
yo as n — 400 for some yg € A and V (yg) =

Proof From Lemma 3.3 and Assumption (V1), it follows that {u,},>1 is bounded in
Y.

Claim 1: There exists {y,} € RV, R > 0and & > 0such that hminf f un | N dx
" BROW

v

0.
Suppose that the above claim doesn’t hold. This means hm 1nf sup [ luy [Ndx =
°° yeRN Bg(y)
0. From Lions (1984) and Alves and Figueiredo (2009), it follows that u#, — 0 in
L% (RN) for any o € (N, 00). Since 0 € 3/, g, (u,), this implies that

||un||;,1,,, + IIMnIIC",l,N = /pnundx +o,(1) asn — +oo.

Ven Ven
RN

@ Springer



Concentration Phenomena for (p, N)-Laplace Equation... Page 33 of 43 19

From assumption (f1), (f2) (Remark 1.1) and lim sup|u, v

< 0&—"’, it follows
n—400 0

Wl N(]RN)
that forany t > 0

/pnundx < Mjt, asn — +00.

RN

So for sufficiently small 7 > 0 we deduce that ||un||€[/1 - ||un||N] v—0asn—
an an

+00.

This means u, — 0 in X, as n — +oo. It follows that I, g, (u,) — 0 as
n — oo which contradicts Lemma 4.2. Hence, our claim follows.

Define w; (x) = u, (x + y,). Since ||.||y is invariant under translation. This implies
that {w, },>1 is bounded in Y. So up to a subsequence

w,— winY,
w, — win L(Bg) fors > 1,
wy(x) = w(x)ae. inRY.

From Claim 1, there holds [ |w|¥dx > 6 > 0.
Br(0)
This means w # 0.
Next, we will show that {a,} = {€,y,},>1 is bounded in RN If we are able to show

that nlir}rloodist(an, A) =0,

then we can deduce boundedness of {a, },,>1. On the contrary, we assume that it is not
true, then there exists 6* > 0 and a subsequence of {a,} such that dist(a,, K) > §*
for all » € N. This implies there exists »r > 0, such that B,(a,) C A€. Define
Pn(x) = w(%)w(x), where v is defined in Lemma 3.4. Note that, ¢, — w in Y as
n — +oo. Since, 0 € 9/, g, (u,) and assumption (V1) with a change of variable
Z > X + y,, we obtain

f (IVwa | "2Vw, Ve + Volwn| ' ¢p)dx < / g(€nx, wy)ppdx
N}

te{p, RN
(4.16)
= /g(enx, wy)$pdx + /g(e,,x, Wy)Ppdx.
B B¢,

n €n

Since m(B% ) — 0 as n — 400, by the Lebesgue dominated convergence theorem

€n

/g(e,,x, wy)¢pdx — 0 as n — +o0.

B

€n
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Now

/ g(enx, wa)pndx = / Flwn)gadx < / f(wn>¢ndx+% / [V gudx.
r r r B

€n €n €n €n

Using Holder’s inequality one can show that

Vi
70 f |w,,|N_l¢ndx — 0asn — +oo.
B

€n

From assumptions (f1), (f2) and lim sup||u,, v

’g, we get
n——+00

Wl N(]RN)

/ f(wp)ppdx — 0asn — +o0.
Bs
Therefore, as n — +oo it follows that w = 0, which is absurd. Hence {an} is

bounded in RY. So up to a subsequence, still denoted by itself, such thata,, — yog € A.
Claim 2: The sequence w, - winY.
For eachn € N, thereis at, > 0 such that #,w, € Ny and using similar arguments as
in Lemma 4.2, it can be proved that {#,},> is bounded and up to a subsequence we
can assume that t,w, — fow a.e. in RY. So by a change of variable, (V1) and using
gH(x, 1) < f(1), we get,

cyy = IVo(tnwn) = Is,l,ﬁn(tnun) = Ie,,,ﬁn(un) =cy, + on(1)asn — +oo. (4.17)

Consequently, Iy, (t,w,) — cy, as n — +00. Now using Lemma 2.2, we conclude
our claim.
Claim 3: V(yg) = Vp and yg € A.

Suppose that the above claim is not true. This implies that V (yp) > Vj. Once that
taw, — tow in ¥, by Fatou’s lemma with the invariance of R" by translation we
obtain that

1
evy = Iny(tow) < —(Vigwl” +V Go)lowl*)dx — / F (tgw)dx
se{p,N} RN

1

< liminf —(IVtyaw,|® + V(enx + ay)|tawy|*)dx — /F(tnwn)dx
A

RN

e

< lnlgigg Ie, g, (tatty) < cyy.

which is not possible. Therefore V(yg) = Vj and thanks to (V2), it follows that
yo ¢ 0A. Hence yp € A. O
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4.4 Moser Iteration Argument

In the next Lemma, we will show the L* estimate of {w,},>1 using Moser iteration
arguments.

Lemma 4.4 Assume that (V1)~(V2) and (f1)—(f5) hold. Let {w,},>1 be defined in
Lemma 4.3. Then there exist a constant K > 0 such that

lwnllpoo@yy < K, foralln € N.
Moreover, we have

lim w,(x) =0, uniformly inn € N.
[x| =400

Proof From Lemma 4.2, it follows that liril I, g, (un) = cy,. Furthermore, there
n——+0oo

exist {yulp=1 € RV satisfies w,(x) = u,(x + y,) and {e,y,} — yo € A. For
L > 0andy > 1, define

N(y—1 -1
g(wy) = wnwL’Ely ) and vz, , = wnwz!n (4.18)

where wy , = min{w,, L}. On using g(w,) as a test function in equation (3.40) and
a simple change of variable leads to

> [ (19w, Ve
se{p,N} RV

+V(enx + an)|wn|s_2wng(wn)) dx = fpn(x + yu)g(wy)dx,

IRN
then
_ N(y—1)—1
S [ AVl wen + N = DIVw, 2V, - Vg gwawy P dx
se{p,N} RN

+ V(€nx + an)lwy* 2wy g (wy))dx
= /pn(x + yu)g(wy)dx.

RN
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Therefore, we have
N(y_D—1
> [ avunlurix Ny =1 [ w0 T,
se(p.N} pw w,<L

+ / V(e + an) Wl 2wng (wy)dx = / pu(x 4 y)g(wn)dr.  (4.19)
RN RN

Set N
|1

t
5() = / (¢/(t)) ¥ dr and 0(1) = tT (4.20)
0

since g is an increasing function, therefore (s — 1)(g(s) — g(t)) > Ofor all s, € R.
Further, applying Jensen’s inequality, one has

16(s) —O(1)] < B'(s —1)(g(s) — (1), Vs,t €R. (4.21)
From Eq. (4.20), it follows that

y—1 — y—1
—wy , Wp = B(wy) < wy , Wy (4.22)

Due to equivalent norm and continuous embedding W‘l/(’)N RNY — LS@®RN)fors > N,
i.e., there is a best constant C,, > 0 such that

1
w Cl ], " gy = CYIE @I, g, < 1E @I vy 42

Then, (4.19) and assumptions (f1), (f2) (Remark 1.1) lead us to the following

N 1 — N
Il /|w M Dy + /C(r)|wn|“ Fn ™D g v 2 (wa)dx

(RN)

RN

(4.24)
From equation (4.23), we obtain
- N ~N
1B, = 77" CHIB @I
+ / CO) " w0 b y o (w)dx. (4.25)
RN

Choose 7 > Osuchthat0 < t < y =¥ C_ " and using generalized Holder’s inequality,
boundedness of w,,, Lemmas 3.5 and 2.1, one leads to

lwaw) 2 1wy < Cr N llwawl 10K e, (4.26)
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for some p > 1. Since w, 1 < w, and as L — 400, Fatou’s lemma implies that

‘<\»—-

e
lwallprs@yy < (C)¥y V7Nl ey vy (4.27)

Choose y = NLM then y2Nu = ys. Replace y by y2 and using equation(4.27) we
obtained that

1

) A+
< (C)M? w llwa 1" ” &

G+
”wn”Lyzs(RN) (C)N 14 vy ”wn”

LYS(RN) — LNy (RN)

On repeating the same arguments k times, we obtain

S(C)Nzk 1) Z, (&

”wn”Lyks(RN) v ||wn||LNlLV(RN)

As k — o0 in above equation, for any n € N, we get ||wn||Loo(RN) <K.
for some constant K > 0. Now we will show that

lim w,(x) =0, uniformly inn € N.
|x]— 400

Due to embedding W1 p(RN) N Wl N(RN) — W1 p(RN) N WV (RN), we deduce
that {wp},>1 is bounded inY. Moreover, w, — win L'(RN), V1 € [p, px] U
[N, 4+00) and w, — w a.e. in R¥. It can be observed that w,, solves

— A pwy— Axw,+ Vol +wh ) < tw) T Cw! T gy v 2 (wy) (4.28)

in the weak sense. Using the arguments used in Liu and Van Rooij (1969) it can be
proved that

1 C(Ow! Py y—2(wy) € LFT(RY) € ¥

where Y* denotes the dual space of Y. Define the operator T : Y — Y*

(T (u), v) = Z [Vul* 2Vu - Vo + Volu|* 2uvdx (4.29)
SG{[),N}RN

for all u,v € Y. By following the arguments used in Mahanta et al. (2025b), we
can show that 7 is surjective. Due to which we have z, € Y such that T'(z,) =
wN=1 4+ C(r)wl '@y n—2(wy). This means for all v € ¥

Yo [ IVal TV Vo + Volzl 2 z,vdx
se{p,N} RN

= / (fw{j—‘ +C(r)w;—1q>ao,N_2(w,,)) vdx. (4.30)

RN
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Assume v = z, as a test function in equation (4.30), then we obtain z, = 0 a.e. in
RN . Hence z, > 0 a.e. in RV. On using equations (4.28), (4.30) and (Brasco et al.,
2022, Theorem 4.1), we conclude that

0<w, <z,ae.in RV, 4.31)

By using the Young’s inequality (i.e. for any ¥ > 0 and a, b > 0 with % + é =1,
ab < va* + C()b*,

where C is a constant depends only on . Holder’s inequality and Lemma 2.1 we
can obtain the boundedness of {z,},>1 in Y. Consequently, up to a subsequence still
denoted by itself

zp—zinY and z,, — z a.e.in RV,

So,

p

zIl7 1
Wy, ®Y)

/(rwN*‘ +C(r)w”*‘q>a0,N_2(w)) dx. (432)
RN

N
+ ||z =
Il

Next we will show that lim [ w)N~z,dx = [ w"~zdx.
n—>+ooRN RN
. N—1 _N_ N . . N N
Since w € L~-T(R") and using the weak convergence of z, in L (R"), we
have

lim | w¥ Yz, — 7)dx = 0. (4.33)
n——+00
RN

On the other side, due to w, — w in LY (R") and Lebesgue dominated convergence
theorem, we have

. _ 1, N
lim /|w,ﬁv F_wV 1|N—1dx=0.

n— 400
RN

Now

/(wrjlv_lzn —whl)dx = /(wflv_lzn — w7, + wh g, —wN T )dx
RN RN
= /(wﬁl—lzn — wN_lz,,)dx + /(wN_lzn — wN_lz)dx.
RN RN

Using Holder’s inequality and boundedness of {z,} in ¥, we have

lim | (wY¥ "'z, —wNh lz,)dx = 0. (4.34)
n——+00

RN
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From Egs. (4.33) and (4.34) it follows that

lim | wY z,dx = wa_lzdx. (4.35)

n—-+00
RN RN

Similarly, it follows that

lim | w7, ®p v_2(w,)dx = / w2 dg, N2 (w)dx. (4.36)

n—-+00
RN RN

By virtue of equations (4.35) and (4.36)

N

p N p
Z . = ||IZ
Izl + 2l Izl? g

1.N -
Wy RN) vy (RY)

+ llzll +oa(1)

v ®Y)
asn — +00. From Brézis-Lieb lemma (Brézis and Lieb 1983), it follows that z,, — z

inY. Since 0 < w, < z, a.e. in RV, again using Moser iteration argument as in the
first part of this lemma, we have

llzn ”LOO(RN) <C
for some constant C > 0. Hence from Tong et al. (2025) and (4.31), it follows that

lim w,(x) =0, uniformly inn € N.
|x|—4o00

This completes the proof. O

5 Proof of The Main Theorem

Now we are empowered enough to conclude the proof of the main Theorem of this
article.

Proof of Theorem 1.4 We will prove that there exists €, 8 > 0 such that for every
€ € (0,6), B € (0, B) and every solution u g of problem (@é"ﬁ) satisfies

lue,plliLe(ac) < a. (5.1

On contrary suppose that (5.1) does not hold, i.e., for some subsequence ¢,, 8, — 0
we have {u,}(:= {ue,, g,}) such that I, g, (u,) = ce,.p,,0 € 91, g, (u,) and

llue gllLe(acy = a. (5.2)
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From Lemma 4.3, we have (y,) C R such that w,(x) = u,(x + y,) — win Y and
€nyn — Yo with V(yg) = Vp. Setr > 0 such that B, (yp) C B2-(yo) C A and hence

B, <}’0> A
€n €n

So, forall y € B (yn)

Y0 Yo| 2
‘y—— Sly=wl+im——=<—
n E}’l en
for large n and in that case, there holds
AL, C BS (). (53)

By Lemma 4.4, we have
wy(x) — 0as |x| — 400 uniformly in n.
Hence there is R > 0 such that
lw,(x)| <a, V|x| >R, neN.
So u,(x) < a forx € B4 (y,) and from (5.3) there exist ng € N such that

Ag, C B; (¥n) C B (yn), Y1 = no.

This means u, (x) < a forall x € A¢ and n > ng, which contradicts (5.2). Hence,
our claim holds. Since uc g is solutlon for problem (& ﬁ) and satisfies

||M€’ﬁ||L00(Ag) <da. (54)

From Remark 3.2, it follows that u, g is also a solution for main problem (. g) for
alle € (0,€),and 8 € (0, /§). Next, we will explore the behaviour of the maximum
points of u, g for small enough € and . From assumption (g3), one can conclude that
there is T € (0, a) such that

Vi
lg(ex, s)s| < TOSN, VxeRVands <. (5.5)

From (5.4) we have
lnllLoo(BE, () < T-

Also, we can assume that
lunllLoe(Br () = T- (5.6)
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Suppose (5.6) does not hold. Then, using the fact that 0 € 0/, g, (4,) and from (5.5),
we have

Vi
0< [ (Vi + Vold) s [ (19l + Votua V) dx = 22 [y Van
RN RN RN

which leads to u, — 0 as n — oo. Consequently I, g, (u,) — 0; which is not
possible. Hence (5.6) holds. Let x,, be the global maximum point of u,. This means
X, € BR(yn). Set x, = y, + z,, for some z,, € Br. S0 €,X, = €,V + €420 — Yo aS
n — 4-00. Now, using the continuity of the function V, we have nETooV(G"x") =V,

which concludes the proof. O
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