National Academy Science Letters
https://doi.org/10.1007/540009-026-02412-3

SHORT COMMUNICATION

®

Check for
updates

A Note on Quaternionic Mobius Transformations

Sandipan Dutta'® - Abhishek Mukherjee?

Received: 20 April 2026 / Revised: 12 June 2026 / Accepted: 3 August 2026

© The Author(s), under exclusive licence to The National Academy of Sciences, India 2026

Abstract

The group SL(2,H) naturally acts on the extended quaternionic plane H U {oo} which is conformally identified with
the 4-sphere S*, through quaternionic Mébius transformations. In this paper, we revisit the algebraic characterization of
SL(2,H) and identify a particular case that has not been fully addressed in the existing literature. We obtain a complete
characterization of the isometries in SL(2,H) and PSL(2,H), providing a unified and systematic classification. Our
approach employs geometric and analytic methods to address the exceptional case and thereby completes the existing

characterization of the group.
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Introduction

We begin by considering the group SL(2, H), consisting of
matrices with quaternionic determinant (see Eq. (2)) one
over Hamilton’s quaternion H, be the subgroup of the group
of all invertible 2 x 2 quaternionic matrices GL(2, H). The
group SL(2,H) acts on the extended quaternionic space

H = HU {co} via quaternionic Mobius transformations:

(‘g Z) 2 (az 4 b)(ez + d)

where the space H is identified with the four-sphere S* as
being conformally diffeomorphic to the one-dimensional
quaternionic projective space PL. Following the classical
formalism of Ahlfors [1] and Waterman [11], conformal
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automorphisms of the n-dimensional sphere may be viewed
as linear fractional transformations of Vahlen matrices over
Clifford algebras. In the specific case of n = 4, this action
extends naturally to the orientation-preserving isometries
of the five-dimensional real hyperbolic space H® whose
conformal boundary at infinity is identified with H, and its
orientation-preserving isometry group is identified with the
projective linear group:

PSL(2, H) = SL(2, H)/{+L,}.

On applying Lefschetz’s fixed-point theorem, an isometry
of H® must always admit a fixed point in the closure of the
hyperbolic space, based on which the following dynamical
classifications arise. An element g in PSL(2,H) is called
elliptic if it has a fixed point on H®; it is parabolic, resp.
hyperbolic, if g is non-elliptic and has exactly one, resp.
two fixed points on ]ﬁl; see [4] for more details. Over the
last couple of years, several authors have explored differ-
ent ways of characterizing these dynamical classes alge-
braically using various types of conjugacy invariants for
matrices in SL(2, H), cf. [4, 9], also see [2, 3] and [8, 12].
For more recent work one can see [6].

In accordance with the work of Gongopadhyay in [4], for
a given element A € GL(2, H) whose associates the char-
acteristic polynomial given by:
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XH(A) =gt — 631'3 + 02x2

—Cc1x +Cg
(cf. (3)), the conjugacy invariants emerging here are fur-
nished below:

2 2
-l C2 cs

1 Teor/ey’ 2= an 3 (1

4607
where c¢g,c1,c0,c3 € R and ¢y is the quaternionic
determinant of the underlying matrix A. The matrix

pet? 0 .
0 plei=0 ) p#1, 0#m/2, will be called a

2-rotatory hyperbolic element as per the nomenclature in
[4]. In view of the theorem [4, Theorem 1.1(i)], these matri-
ces should satisfy dy # d3. However, these matrices satisfy
co = 1 and ¢; = —c3, ensures that d; = d3; see case 2 of
Theorem 3.2. In fact, these matrices act on H® as a 2-rota-
tory hyperbolic isometry equipped with a rotation angle 7
and satisfying c; = —c3. Furthermore, the 2-rotatory hyper-
bolic isometries not equipped with a rotation angle 7 are
precisely the non-reversible elements in PSL(2,H) and
must satisfy d; # ds.

The main focus of this work lies in identifying and
resolving this exceptional class (2-rotatory hyperbolic) of
quaternionic Mobius transformations that was not captured
explicitly in the algebraic characterization of Gongopad-
hyay [4]. In particular, we show that the family of 2-rotatory
hyperbolic elements satisfying

C1 = —C3,
equivalently,
BA = _5147

falls outside the scope of the previously stated invariant cri-
terion based on dj, ds, ds. By incorporating this case, we
obtain a complete algebraic characterization of the dynami-
cal types of elements in PSL(2, H).

Our characterization reveals that the condition ¢; = —c3
encodes reversibility information for these transformations,
thereby providing an algebraic description of certain revers-
ible classes that were not explicitly detected by the earlier
invariant framework. This establishes a direct connection
between conjugacy invariants and reversibility phenomena
in quaternionic Mobius geometry. This characterization has
motivated the recent classification of reversible classes in
Gongopadhyay et. al. [5].

Another contribution of this paper is the development
of a unified framework based on the conjugacy invariants
Ba, 74, and 04 (Lemma 2.3). Within this framework, all
dynamical types of quaternionic Mobius transformations
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are characterized by simple algebraic relations among these
invariants. Consequently, our work provides a systematic
and unified classification of isometries in both SL(2,H)
and PSL(2, H). This refinement moves beyond a mere alge-
braic expansion; it bridges the gap between matrix invari-
ants and hyperbolic dynamics. The resulting classification
allows researchers to immediately identify the reversibility
and precise dynamical type of any quaternionic Mobius
transformation directly from its matrix entries, thereby
facilitating more nuanced studies in conjugacy theory and
quaternionic geometry.

Table 1 (as well as Sect. 3) provides a complete alge-
braic classification of elements of PSL(2, H) in terms of the
conjugacy invariants 34, v4, and d4. It shows that every
quaternionic Mobius transformation can be identified as
one of eight dynamical types by examining simple algebraic
relations among these invariants. In particular, conditions
such as 34 # 6%, fa = —d4, and B4 = 4, together with
inequalities involving 74, distinguish the various hyper-
bolic and elliptic subclasses, while the non-diagonalizable
case corresponds to parabolic elements.

Preliminaries

Let us consider the four-dimensional division algebra
H := {ap + aii + azj + azk : i* = j?> = k? =ijk = -1}
. Conjugate of a is a := ag — a1t — agj — ask, real part
R(a) := ag, and imaginary part J(a) := a1i + azj + ask.

We begin by examining the algebra M(2,H) of 2 x 2
matrices over the quaternions H. A non-zero vector v € H?
is a right eigenvector of A € M(2, H) with a corresponding
right eigenvalue A € H if it satisfies the equation Av = v
. It is important to note that the eigenvalues of A4 appear in
similarity classes. Within each class, there exists a unique
representative in the form of a complex number with a non-
negative imaginary part. Unless stated otherwise, we shall
refer to these unique complex representatives as the eigen-
values of 4. For a more comprehensive treatment of quater-
nionic linear algebra, we refer the reader to Rodman [10].

Let p be the embedding defined from M(2,H) into
M(4, C), given by

p)= (4 E)

where A;, Ay € M(2,C) are such that A = A; + Asj, and
each A; is the complex conjugate of A;. The respective defi-
nitions of the determinant dety(A) and the characteristic
polynomial xp(A) of A € M(2,H)[10, p. 113] adopted
here are
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Table 1 Algebraic characterization of elements in PSL(2, H)

Representative Invariants

Type

Bh # 03

Aet? 0
0 )\7167)(7779)

Ba=—64#0,74>p5%—2

Ba=04=0,74>p%+2

Ba=0a#0,74>B3+2

Ba =064 # 0,74 < b5 +2

Ba =064 #0,74=B%42,[8a] <2

Ba=0da,v74a=p5%+2,Ba] <2

Loxodromic (A # 1,0 # ¢, m — @)

2-rotatory hyperbolic (A # 1,0 # 7/2)

Special 2-rotatory loxodromic (A # 1)

Hyperbolic (A # 1,6 # w/2)

2-rotatory Elliptic (0 # ¢, ™ — ¢)

Equal-angle elliptic (6 # 7/2)

m-rotatory Elliptic

Parabolic

dﬁt(A) i=det(p(4)) and xu(A4) = Xp(a)- 2)

This enables us to define the groups GL(2, H) and SL(2, H)
as follows:

GL(2,H) = {A € M(2, H) | det(4) # 0},
SL(2,H) = {A € GL(2,H) | det(4) = 1}.

Conjugacy Classes in SL.(2, H)

With the help of the conjugacy classification given below
in Lemma 2.1 for SL(2,H), the isometries of PSL(2, H)
may be classified into three well-defined mutually exclusive
classes which are furnished in the Lemma 2.2 consequently.

Lemma 2.1 (¢f. [10, Theorem 5.5.3]) Every element of
SL(2,H) is conjugate to one of the following matrices:

i0
@) <,u(5 0 >,whereu€]R,,u>O,and

- lei®
0,¢ € [0,7].
(e 1 here 6 € [0, 7]
(i1) 0 0 | Where , T

Lemma 22 Let A < PSL(2,H)

A € SL(2,H). Then

associate a lift

(i) A is hyperbolic if A has at least one eigenvalue with a
non-unit modulus.

(ii) A is elliptic if A is diagonalizable and each eigen-
value of A has a unit modulus.

(iii) A is parabolic if A is non-diagonalizable and each
eigenvalue of A has a unit modulus.

Conjugacy Invariants of a Quaternionic Matrix

Let us recall some well-known conjugacy invariants of qua-
ternionic matrices in M (2, H) which are basically an imme-
diate consequence of [3, 7].

Lemma 2.3 (¢f [7, Section 4]) Let A = QCCL Z) be an ele-
ment of M(2,H). Then the following functions on M(2, H)
are conjugation invariants.
(1) aa = la]?|d]?> + b|?|c|? — 20 (acdD).
(ii) Ba :=NR((ad — bc)a + (da — cb)d).
(ili) v4 :=|a + d|* + 2R(ad — be).
@iv) 64 :=R(a+d).

Observe that S4 = —¢_4 and 04 = —d_4, for all
A € M(2,H). Since 4 and — A are two possible lifts of ele-
ment A € PSL(2,H), using the conjugacy invariants 34
and 64 for A will leave ambiguity, though the conjugacy
invariants a4, 3%, v4, and 8% are surely well-defined for
A € PSL(2, H) as because they do not depend on the choice
of lift of A in PSL(2,H) and this has been incorporated in
the statements of Theorem 3.2 as one can see.

@ Springer
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Characteristic Polynomial of a Quaternionic Matrix

Suppose  that the characteristic

A= (g Z) € M(2, H) is given by

polynomial  of

xu(A) =z — c32® + co2® — 1z + o, 3)
where ¢ = detg(A). In view of [7, Section 4], we have

€3 =204, c2 =74, 1 =284, co = Q. 4)

If AeSL(2,H), then ¢y = ayq = 1. Furthermore, for
A € SL(2,H), we have

xu(—A) = 2t + 31 + a4+ 1 5)
and yp(A™Y) =2t —c12® + cor? — ez + 1.
In view of Lemma 2.3 and Equation (4), each coefficient
¢; € Ris aconjugacy invariant of 4 and can be expressed in
terms of the entries a, b, ¢ and d of the matrix 4.

Algebraic Characterization for Elements in
PSL(2, H)

First, we state the following lemma which demonstrates
the relationships in between the conjugacy invariants (i.e.
the co-efficients of the characteristic polynomial) and the
entries of a conjugacy class representative of a semisimple
element in SL(2, H).

Aet? 0

Lemma 3.1 Let A = ( 0 A-leid

) € SL(2,H), where

AeR,A>0 and 0,9 € 0,7 Let

xu(A) = 24 — c3x® + co2® — ¢ + 1 be the character-

istic polynomial of A as given in Equation (3). Then the fol-

lowing statements are true.

(1) e3 = 2(Acos(f) + A~ cos(o)).

(2) co = 4cos(f) cos(p) + (A2 +A72).

(3) c1 = 2(A"tcos(8) + Acos(o)).

4) ci =csifandonlyif \ =1orf = ¢.

(5) c1 = —csifand only if 0 = 7 — ¢.

(6) c1 = 0ifand only if either 6 = ¢ = 7 /2 with A > 0 or,
O=m—owith =1

(7) c2 — (% + 2) = —(cos(0) — cos(¢))? if and only if
either X\ =101, 0,0 € {0,7}.

(8) c2 — (% + 2) = (A= A"H2(1 - cos?(0)) if and only
ifo = ¢.

9) co — (% - 2) = A+ A"H2(1 — cos?(0)) if and only

@ Springer

if0=m—¢.
Proof Using the Equation (2), the characteristic polynomial
xu(A) of 4 is given by:

xu(4) = xpa) = (@ — M) (@ — Ae ™) (@ — Ate) (z — ATTe ™)

Expanding the factors, we obtain

xu(A) = (22 = M€ + e )z 4+ A2) (22 = A7 + e )z 4 A72)
=2t - ()\(ew + efw) + 21 (ew + e*""b)):c3
+ (€ +e7) (e + ) + (A + A72))a?
— (AN e A (@ e )+ 1.

Using the identity e’ + e~ = 2cos(¢)), where ¢ € R,
we express the coefficients of xy(A) as

c3 = 2(Acos(f) + A cos(9)), co = 4cos(h) cos(¢)

6

+ (A2 4+272), e1 =2(A " cos(6) + Acos(9)). ©
From these, we derive the following equations:

ez —c1 =2(A — A"H(cos(f) — cos(¢)) and o

ez +cp = 2N+ A" H(cos(8) + cos(9)).

Note that statements (1) — (6) follows from Equations (6)
and (7).

Now, using Equation (6), we derive the following rela-
tionships between c; and cs:

cy — (% + 2) =(A=A"1H2 - (A Lcos(h) — Acos())?, and

€2~ <% - 2) =+ AT = (A cos(f) — Acos(9))*.

To prove statements (7) — (9), we analyze the following
equivalences:

(A) co — (% + 2) = —(cos(f) — cos(¢))? if and only if

A =A"H2 = (A Leos(6) — Acos())? = —(cos() — cos(¢))?

S A2+ A2 -2 - A2 cos?(0) — A2 cos?(p) = — cos?(0) — cos ()
& (A2 =1)1 =cos?(¢)) = —=(A72 = 1)(1 — cos*(8))

& 2(0\% = 1)sin®(¢) = 2(\2 — 1)(A2sin?(6)).

Also, if A # 1, then
A2 sin?(¢) = sin?(6) < sin?(¢) =sin?(0) =0 < 0, ¢ € {0, 7}

(B) cs — (z + 2) = (A= A"12(1— cos?(0)) if and
only if
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(A =A"H2 — (A cos(6) — Acos(¢))?
= ()\ —A7H2(1 = cos?(0))
& (At eos(f) — Acos(¢))? = (A — A1) % cos?(0)
& A2 cos?(0) + A% cos?(¢) — 2 cos(6) cos(¢)
= A2 cos?(#) + A% cos*() — 2 cos?(0)
& A% (cos(0) + cos(¢))(cos(f) — cos())
= 2cos(0)(cos(#) — cos(d))
& cos(f) = cos(¢) < 0 = ¢.

Here, we used that
(A2 —2)cos(f) = —A2cos(¢p) & A =1 and
cos(8) = cos(¢), where A > 0 and 0, ¢ € [0, 7].

(€) e — (z - 2) = A+ A12(1— cos?(0)) if and

only if
A+ A% = (A cos(0) — Acos())?
= A+ A1 —cos?())

& (A tcos(0) — Acos(h))? = (A + A7) cos?(0)
& A2 cos?(0) + A% cos?(¢) — 2 cos(6) cos(¢)
= A2 cos?(#) 4+ A% cos*(6) + 2 cos(0)
& A?(cos(0) — cos(¢))(cos(6) + cos(¢))
= —2cos(0)(cos(0) + cos(9)).
< cos(f) = —cos(¢) & 0 =7 — ¢.
Here, we used that
(A2 4 2) cos(#) = A2 cos(¢)) < cos(#) = cos(¢) = 0,
where A > 0and 6, ¢ € [0, 7.

This completes the proof. 0

Now we state our main result in the following that pro-
vides a modified algebraic characterization of elements in
PSL(2, H) compared to [4, Theorem 1.1].

Theorem 3.2 Let A be an element of PSL(2,H), where
A € SL(2,H) is a lift of it. Suppose that A € R with A > 0
and 0, ¢ € [0, ). Then A is conjugate to one of the matrices
given below.

(1) (/\819 )\?ei¢>y A ?é 1,0 7& (b’ T — (;5 zfand Only J

B85 # 0%
)\e‘9 0 . .
2) \—1gir—0) | A# 1,0 # 7/2if and only if

Ba=—064#0,va > B4 — 2 Moreover, € {0,7} if
and only if ya = %4 — 2.

3) (0 2 ) A+ Lifand only if fa = 64 =0,

ya > 5 +2.
Aet? 0 . .
G N s A# 1, 0% 7/2if and only if

Ba=064#0,v4 > B34+ 2. Moreover, 0 € {0,7} if
and only if v = 52

) (eée €9¢>»97é¢,77—¢ifandonlyifﬁA:5A7é0
’VA <B4 +2

(6) (

ya = %4 + 2, and |Ba| < 2. Moreover; 0 = 0 if and
OnlyzfﬁA =2;and 0 = wifand only if B = —2.

™) ( ei@?_e)) fand only if fa = 64 = 0,
—2 < 4 < 2. Moreover, 0 € {0, 7} if and only if
Yo =—2and 0 =7/2if and only if y4 = 2.

(8) ( 9> ifand only if fa = 64,4 = 03 +2

|Bal < 2, and A is non-diagonalizable.

€i9>, 0 # m/2if and only if Ba = 54 # 0,

Proof Let xm(A) = 2* — c32® + co2? —cyx + 1 be the
characteristic polynomial of 4. Using Equation (4), we have

c3 =204, ca =74, and cg =2064.

Recall that 4 is conjugate to one of the matrices given in
Lemma 2.1. By Lemma 3.1, we can express the coefficients
c1,c2, and c3 in terms of the eigenvalues of 4 to establish
explicit equivalence relations among them.

For example, Lemma 3.1 states that ¢; = —c3 if and
only if § = m — ¢. This condition algebraically translates to
264 = —2d 4, or equivalently, 54 = —d 4.

By substituting the respective conjugacy invariants back
into these equivalences, a straightforward algebraic calcula-
tions directly yield the necessary and sufficient criteria for
the various dynamical classes, thereby completing the proof
of the theorem. O

An lllustrative Example
‘We consider the matrix

2% 0
A= 1 i2x | € SL(Q,IHI)7
0 56 3
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which is a 2-rotatory hyperbolic element (see Table 1). By
Lemma 3.1, the associated characteristic polynomial

xu(A) =z — c32® + co2® — 1z + 1

has coefficients

13
Cy = —.

s S
379 4

3
Cl = ——
9 1 23

Using the earlier invariant formulation, we obtain

2 9 2 9
1:40—010:1—6andd3=40730:E which gives us d; = ds.

In this situation, the previous invariant criterion does not
distinguish the relevant dynamical behavior in a decisive
manner. The refined criterion resolves this directly. Since
c1 = —cg £ 0, and equivalently 54 = —d4 # 0, Theorem
3.2 applies and identifies the element as reversible.

This example demonstrates how the relation ¢; = —c3
captures reversibility information that is not detected by the
earlier invariant condition alone and highlights the concep-
tual advantage of our characterization given in Theorem 3.2.
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