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Abstract

In this paper, we give characterizations of the set of IT! !

e+2 e+1”
consequences and B(I1 i 1)-consequences of the axiomatic system of strong dependent

-consequences, X

choice for Eil formulas Z}—SDCO for e < i. Here, B(I') denotes the set generated by
A, V, — starting from T
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1 Introduction

In the proof theoretic study of formal systems of arithmetic, we are interested not only
in the whole set of the sentences provable from a theory, but also some certain subsets
of it. For example, the consistency strength of a theory is characterized by its H?-
consequences, the proof theoretic ordinal is naturally defined by its IT { -consequences,
and its H;—consequences correspond to its proof theoretic dilator.

It is also important in reverse mathematics to study the set of consequences of a
theory with restricted complexity. Recently, the Hé—consequences of H}—CAO have
been studied thoroughly since H%—CAO is not axiomatizable by any Hé—sentence. The
first giant leap for the study of H%-consequences of H%-CAO was achieved by Towsner
[5]. He introduced new Hé-principles whose logical strength is between H}-CAO and
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ATRg. The second and third author extended Towsner’s work and gave a hierarchy
which covers the set of H%—consequences of H{—CAO [4].
In this paper, we generalize their work in [4]. For more detail, we will give a

characterization of the IT i L Zé} - and B(I1 i 4 1)-consequences of the system strong

Zl.l dependent choice (Z}-SDCO) for e < i where B(H; +1) 1s the set of boolean
combinations of IT é Tl formulas. Since E}—SDCO is Hi—conservative over l'Il.l—CAo, we
also have a characterization of 1'[; o B el 4+1-and B(H; 1)-consequences of l'[} -CAg
for e = 0, 1, 2. We note that the characterization of B(H; +1)-consequences can be
seen as an analogue of the study of the syntactic local reflection principles in first-order
arithmetic by Beklemishev [1].

We give a general idea used throughout this paper. It is known that Z}-SDCO is
characterized by the B;-model reflection principle (see Theorem 2.7). Therefore, by
extracting a suitable property of ;-models, we will get a corresponding subtheory of
Zl.l -SDCy. For proving a correspondence, we use the Barwise-Schlipf argument. That
is, we make a model M froma given T C El.l -SDCp and a T non-provable sentence o
such that M has a B;-submodel M’ satisfying E}—SDCO by the compactness theorem.
Then, M’ works as a witness for the non-provability of o from X l.l -SDCy.

In Section 2, we give a characterization of the 1'[3, 4p-consequences of E}-SDCO
for e < i. We note that the main result of this section (Theorem 2.14) is essentially
mentioned in [2], but our proof is more informative for computability-theoretic aspects
(Lemma2.13). We also give a characterization of the B(T1 11 41)-and Eil 1-consequences
of E}-SDCO in Section 3. We then combine this result and the results in Section 2,

and give a finer analysis for the I1!, -consequences of E}-SDCO for e < i. By

e+2
modifying the proofs in Section 3, we give a characterization of the B(II i 41)-and

23 _1-consequences of E}—SDCO for e < i in Section 4.

2n

e+2 formulas provable from 2,? -SDCy

In this section, we give a characterization of the set {o € I1 é IR Z}—SDCO F o}
for e < i. As noted in the introduction, we use a characterization of Z}—SDC based
on coded B;-models for this purpose. We begin with introducing E}-SDCO. We refer
the reader to Simpson’s textbook [3] for the basic definitions. We note that in [3], the
system 2,.1 -SDCy is denoted as Strong Zl.l—DCo.

Definition 2.1 (sequence of sets, RCAg) Let (e, o) : N2 — N be a fixed primitive
recursive pairing function. For X € N and x € N, we define the x-th segment
Xy ={y: (x,y) € X}. Then, X is regarded as the sequence (X,),en. In this sense,

we write A € X to mean 3x(A = X,). For a sequence (X, ),cn of sets, we define
X _k as the sequence (Xq, ..., Xx—1).

Definition 2.2 Let ¢ be a formula. We define strong dependent choice for ¢ as follows.

@-SDC = VXA(Y,) (Yo = X AVn > 0@Zo(Y<p, Z) — @Y=, Yn))).
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On some subtheories of strong dependent choice

We define the axiomatic system E}-SDCO as ACAg + {¢-SDC: ¢ € El.l }.

We next see the definition of S;-models, S;-submodels and coded $;-models. Intu-
itively, a B;-model is a Eil -elementary submodel of (w, P(w)).

Definition 2.3 An £, structure M of the form M = (w, S) is called an w-model.
Let M = (w, S) be an w-model and i € w. We say M is a B;-model if M =0 <
(w, P(w)) = o for any Eil formula o with parameters from M.

The notions of w-models and B;-models can be extended to a relation of two £;
structures who share the first-order part.

Definition 2.4 Let M = (NM, $M) and M’ = (NM', SM') be £, structures. We
say M’ is an w-submodel of M if NM' — NM and SM' < sM,

Leti € w. We say M’ is a B;-submodel of M if M’ is an w-submodel of M and
M' o & M=o forany T/ formula o with parameters from M’

IfS ={S,:n e w} C P(w)is countable, then S can be coded by a single set
Sc € o by putting S¢ = {(n,s) : s € S,} as in Definition 2.1. This idea can be
generalized to the nonstandard models. We call a model M’ = (NM /, Sc) a coded
w-submodel in M = (NM, §) when NM = NM and S¢ € 8. 1f M and M’ satisfy
the same Zil-sentences, then M’ is called a coded B;-submodel in M. Throughout
this paper, we omit the word coded if it is clear from the context.

Definition 2.5 (ACAg) Let M = (M, ), be a coded w-model. We say M is a ;-model
if

oo MEo

for any I1 11 formula o having parameters from M.

Remark 2.6 We give a few comments on the above definition.

(1) Inthis paper, we may think that M |= o is the abbreviation of ‘the relativization
oM is true’ because our base theory is sufficiently strong. For the difference
of M = o in the sense that an evaluation for o exists and GM, see Simpson’s
textbook and Remark 2.15 in [4].

(2) A Bp-model is just the same as an w-model.

(3) Leti > 0. Then, the condition M is a 8;-model is equivalent to

(M = o) — o for any I'I}—formula.

Therefore, using a universal Hl.l -formula, we can find a I'1 l.l—formula stating that
‘M is a B;-model’. Throughout this paper, we fix a H}—formula Bi (M) stating
‘M is a B;-model’.

We recall that Eil-SDCO is characterized by f;-models.

Theorem 2.7 [3, VII.7.4. and VIL.7.6.] For i > 0, the following assertions are equiv-
alent over ACA.

@ Springer



J.P. Aguilera et al.

(1) x}-SDCo,

(2) the B;-model reflection: VXIM(X € M A Bi(M)),

(3) VX (0 (X) — IM(X € M A (M) AM = 0(X))) foro € T},
Following these equivalences, it is shown that El-l—SDCO is axiomatizable by a l'Il-1 e
sentence but is not axiomatizable by any l.l p-sentence. In fact, it follows from (3) that
El.l -SDCy proves 0 — Con(ACAp+o) for any El.1+2-sentence o where Con(ACAg+0)
is the H?—formula asserting the consistency of ACAg + o. Hence, if E}—SDCQ were
axiomatized by a Eil p-sentence o, then o would prove Con(ACA¢ + o). However,

this contradicts Godel’s second incompleteness theorem.

Since Z}—SDCO is finitely axiomatizable and not axiomatizable by any X!

i+27
sentence, the set ThniH(Eil-SDCo) of l'[; p-consequences of Z}-SDCO is strictly

weaker than X il -SDC fore < i.
In the remaining of this section, we give a characterization of the set Thy ,
e+

(Z}—SDCO) based on a weaker variant of (2) in Theorem 2.7 fori > 1 and e < i. We
note that the case i = 1 has already been studied in [4].

Definition 2.8 Let n > 0. We define a formula (Mo, ..., M,) by

N\ Mo € M) A\ My = Bi(M).

m<n m<n

We also define a formula ,8;(/\/10, co M) by BE(Mo, .., M) A Be(M,).

We remark that if g (Mo, ..., M,,), then M, € M,, and M,, |= B; (M,,) for any
m <m < n + 1. 1f B.(M,) in addition, then B.(M,,) for any e < i andm < n.In
particular, g; (Mo, ..., M,) means that Mg € --- € M, and B;(M,,) for all m.

Definition 2.9 Let o, t be sentences. For i, e,n € w, we define ,BéRFN(U; n; t) as
follows.

ﬂéRFN(o; n; 1) =VX3aMy, ..., M, with the following properties.

X_E Mo,

ﬁé(M()? ML) Mn),

M, =EACAyforallm <n +1,
MoEoand M, E=T.

We sometimes omit o or T when they are trivial. For example, we write ﬁéRFN(n; 7)
instead of B,RFN(0 = 0; n; 7).

Remark 2.10 When we work in a theory including ACAp and ¢ > 0, then we may omit
the condition M,, = ACA¢ from the above definition because ACA( proves that any
Be-model is a model of ACA.

Remark 2.11 We note that ,BéRFN(n) is first introduced in [2, Section 2] as ¥, (i, n). In
that paper, it is shown that the syntactic reflection of X il -SDCy for H; 4o-formulas is
equivalent to Vn. v, (i, n) over ACAy. In this section, we consider a standard analogue
of this result. We also note that the concept of ,3(’;RFN(n; 7) is introduced in [4].
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By iterating (2) in Theorem 2.7 finitely many times, Eil -SDCy proves

VX3IMy, ..., Mu(X € Mo A B (Mo, ..., My))
for any n € w. Notice that ,Bi;RFN(n) isall é > approximation of the above sentence.
In [4], it is proved that the set {,36 RFN(n) : n € w} characterizes the H%—
consequences of H{—CAO. The key point of this proof is that when a H%—sentence
of the form YX3Y6O(X,Y) is provable from H{-CAO, then there exists n € w such
that a solution Y is computable from any Mo, ..., M, with ﬂll (Mo, ..., M) and
X € M. We extend this result to more general cases.

Lemma2.12 Leti € w such thati > 1 and M = (NM, SM) be a model of ACA.
Let S € SM be such that M' = (NM §') is a model of RCAg with the following
property: forany X € §', there exists Y € S’ such that M |= B;(Y) A (X € Y). Then,

o M & B;i(Y) implies M" = Bi(Y) forany Y € S/,
o M’ is a model of Eil-SDCo, and
o M’ is a Bi-submodel of M.

Proof We prove the lemma by induction. The case i = 1 is proved in [4].
Let i € w. Assume that for any X € S’, there exists ¥ € S such that M =
Bi+1(Y) A (X € Y). By the induction hypothesis, the following properties hold.

(1) M = B;(Y) implies M’ |= B;(Y) forany Y € §’, and
(2) M’ is a B; submodel of M.

Let Y € 8 such that M = B;4+1(Y). We show that M = B;11(Y). Let (X, Z) be
a TT!-formula and X € Y such that M’ = 3Z¢(X, Z). Since M’ is a f; submodel
of M, M |=3Z¢(X, Z). Then, M = [Y & 3Z¢(X, Z)] because M = Bi+1(Y).
That is, there exists Z € Y such that M = [Y E ¢(X, Z)]. Then, M’ = [Y &
¢(X, Z)] because Y = ¢(X, Z) is an arithmetical condition for X, Y and Z. Thus,
M =Y = 3ZeX, 2)].

We next show that M’ is a 8;4+ submodel of M. Let (X, Z) be a I ll -formula and
X € M’suchthat M |=3Z¢(X, Z).LetY € M’ suchthat M =B (Y)AX €Y.
Then, M = [Y & 3Z¢p(X, Z)] and hence M" = [Y = 3Z¢(X, Z)]. Therefore
M’ = 3Z¢p(X, Z) because M’ = B;(Y) by the induction hypothesis.

Since M’ |= VX3Y (X € Y A Bi1(Y)), M’ is a model of X/, |-SDCy. o

Lemma 2.13 Let ¢ be a Hl-l—formula such that YX3Y ¢ is provable from EiI—SDCO.
Then, there exists an n € w such that ACAqg proves that

VX, Mo, ..., Muy((X € Mo A BL(Mo, ..., Mp)) — 3Y € M,p(X,Y)).

Proof Let ¢ be a 1} -formula such that £!-SDCy I VX3Y ¢. Assume that ACAy does
not prove

VX, Mo, ..., My((X € Mo A B (Mo, ..., My)) = 3Y € Mup(X,Y))
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for any n € w. That is, for any n € w, ACA¢ is consistent with
X, Mo, ..., Mu(X € Mo A B (Mo, ..., My) AYY € M,—o(X, Y)).

Let £’ be the language given by adding new set constant symbols C and Dg, Dy, ...
into £,. Define an £'-theory T consisting of the following sentences:

ACAy,

C € Dy,

D, € D,y forn € w,
Bi(Dy) forn € w,

VY € D,,—¢(C,Y) forn € w.

Then, each finite subset of 7 is consistent. Thus, from the compactness theorem,
there exists a model M = (NM, SM C, {Dy}pee) of T. Define ' € SM by
S = UpentX € SM: M = X € D).

It is easy to see that M’ = (NM 8"y is a model of RCAg. Moreover, for any
X € 5, there exists Y € §" such that M = X € Y A B;(Y). Thus, by Lemma 2.12,
M’ is a model of Eil—SDCo and a B; submodel of M. Thus M’ = VY—¢(C,Y)
because M = —¢(C,Y) for any Y € M’. However, this contradicts the assumption
x/-SDCo F VXIYp(X, Y). o

Theorem 2.14 Let e,i € w such thati > e. Then, the theories ACAg + {ﬂéRFN(n) :
n € w} and ThH1+2(EiI-SDC0) prove the same sentences.

Proof Since ACA, is IT) axiomatizable, ACA is in Thryi (3/-SDCo). It is easy to
. e+
see that B,RFN(n) is in Thyj 2(Zl.l—SDCo) for each n € w. Therefore, any sentence
L et
provable from ACAg + {B,RFN(n) : n € w} is also provable from Thj 2(Ei1-SDC0)~
e+

For the converse, let o be a I1 ; 4o sentence provable from Eil-SDCo. Write 0 =
VX3Yp(X,Y)byall é-formula @. Then, there exists k € w such that ACAq proves

VX, Mo, ..., Mp((X € Mo A BH(Mo, ..., My)) — Y € Mrp(X, Y)).

We show that VXEIng(X, Y) is provable from ACAy + {ﬂéRFN(ljt) :n € w}. We
reason in ACAg + {B.RFN(n) : n € w}. Take an arbitrary X. By B.RFN(k + 1), take
Mo, ..., My41 such that

X € Mo ABUMo, ... Mis) A\ M |= ACA.
m<k+2

Then, My satisfies ACAg A X € Mg A /3;' (Mo, ..., Mg). Thus, My E3Y €

Mip(X,Y) and hence M1 = IY (X, Y). Since My is a B, model and ¢ is a
I1!-formula, 3¥ ¢ (X, ¥) holds. o
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Corollary 2.15 ACAy + {,BéRFN(n) : n € w)} is the same as Thn1+2(H}-CAo) for
e=0,1,2andi > e.

Proof The case i > 3 is immediate from the fact that ZiI—SDCO is IT }t—conservative
over H} -CAp [3, VII.6.20]. The cases i = 1 and i = 2 are from the fact that Ei] -SDCy
is equivalent to T1}-CAy [3, VIL6.9]. o

3 Boolean combinations of FI,T_|_1 -formulas provable from Z,T -SDC

In this section, we give a characterization of the set {o € B(l'[l.1 ) E}-SDCO Fo}
fori > 0. Here, B(I") is the set of boolean combinations of formulas in I". In other
words, B(I") denotes the set generated by A, Vv, — starting from I'.

Definition 3.1 For a sentence o, we define B;Rfn(o) by
o = IMBI(M) AM o).

For a class ' of formulas, we define an axiomatic system S;Rfn(I")¢g by ACAg +
{BiRfn(0) : 0 € T, o is a sentence}.

Remark 3.2 Notice that j; an(Ei1 +1)o is a weaker variant of (3) in Theorem 2.7. The
difference between those is whether o allows (set) parameters. Since each instance of
BRM(Z), Dois T, BiRfN(Z), |)o is strictly weaker than X-SDCo.

We show that the theories S; an(Ei1 l 1o and ThB(mH)(E}—SDCo) are equivalent.
We start with showing a basic property of B(Hl.l).

Lemma3.3 Letp € B(l'[}). Then, there exist mg, ..., Tp—1 € 1'[} and oy, ...,0,_1 €
Eil such that p is equivalent to )\, _, (7, \V 0,7) over RCA.

Proof We reason in RCA. Then, l'[l.1 and Zil are closed under V.
Let pbea B(l'[il) sentence. Taking a conjunction normal form,

p < /\ \/ (nn’,m/ VGn’,m’)

n’<nm’'<m

where each 7, is l'[l.] and each oy py is Zl.l. Put 7, = \/ Ty gy and oy =
m'<m
\/ oy - Then, 7,y € I}, 0,y € =} and
m’'<m
p < /\ (Tnr V o).
n'<n
This completes the proof. O
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Definition 3.4 We define ﬂéRFN_(go; n) as the E; 1-sentence stating that there exist
Yo, ... Y, such that Yy &= ¢, and ﬂé(Yo, ..., Yy). We omit ¢ if it is trivial.

Lemma3.5 Leti € w such thati > 0. Then, for any n € w, B; an(El.lH)o proves
0 — ,8: RFN™ (¢; n) for any sentence ¢ € Ei1+1'

Proof We prove the lemma by induction. In the case n = 0, ¢ — ,Bl.i REN™ (¢; n) is
the same as ¢ — 3Y (B (Y) A Y = ¢). Therefore, it is an instance of j; an(Zl.lH)o
and hence provable from S; an(Ei1 41 )o-

For the induction step, take an arbitrary n and assume that §; an(Eil il 1)o proves
0 — ,Bii RFN™ (¢; n) for any sentence ¢ € Ei1+1' Take an arbitrary sentence ¢ € 2,'1+1'
We reason in g; an(EilJrl)o and show that ¢ — ﬂfRFN‘((p; n 4+ 1) holds.

Assume that ¢ holds. Then, we have B; RFN™ (¢; n) because of the induction hypoth-
esis. Since ﬁ;RFN_(go; n)isa Ei]H-sentence,

BIRFN™(¢; n) — 3Y(B;(Y) A Y = BIRFN™ (¢; n))

also holds by the induction hypothesis. Thus we have 3Y (8; (Y)AY = ,Bii RFN™ (¢; n)).
Take a B;-model Y such that Y &= ,BfRFN_(q); n). Then, there exist Yy, ..., Y, such
that

Y':|:(YO':¢)/\ /\ ﬂi(ym)/\/\YmGYm+l:|-

m<n+1 m<n

Since the condition in the square bracket is I1 il,

Yoo A\ BT A N Yo € Yo

m<n+1 m<n

actually holds. Take Y,,+1 = Y, then Yy, ..., Y, ¥, 41 witness ﬁfRFN‘((p; n+1). 0O

Lemma3.6 Leti € w,i > 0. Let w be a Hl.1+1-sentence and o a Ei1+1-sentence such
that £}-SDCo b= 7 V 0. Then, BiRfn(S!, o -7 Vo.

1

Proof For the sake of contradiction, assume that E}-SDCO proves 7 V o but
Bi an(EilH)o does not prove it. Then, the theory T = g; an(EiIH)O U {—m, —o}
is consistent.

Let M = (NM, SM) be a model of 7. We take new set constant symbols C,, for
each n € . Define a theory 7’ by

T' = ACAg + =0 + {B/(Co,...,Cp) i n € w} + Cp = —r.
Then, M satisfies every finite subtheory of T’ because M is a model of ACAy, —o

and BIRFN™ (—; n) for all n. Here, the condition M [= B/RFN™ (—; n) is obtained
from the previous lemma by putting ¢ = —. Therefore, T’ is a consistent theory.
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Let M’ = WM, S, {Y, : n € »}) be amodel of T’. Define §' = U
M EXeY,}).PuuM' = (NM', §7). Then, by Lemma 2.12,

e M is a model of X;-SDC,
e M” is a B;-submodel of M’ and
e forany n € w, M" = Bi(Yy).

We note that M” satisfies —o because M’ satisfies —o and M” is a B;-submodel
of M’. We claim that M” also satisfies =7. Indeed, M” |= [Yy = —m] because
M’ = [Yo = =] and the condition Yy = — is arithmetical. Since M” = B; (Yy),
M = =,

Consequently, M” is a model of El.l-SDCo U {—m, —o}. However, this contradicts
the assumption E}—SDCO proves T V 0. O

{(XeS§:

new

Theorem 3.7 The theories B; an(Z}H)o and ThB(n.l 1)(Eil—SDCo) prove the same
sentences. "

Proof 1t is enough to show that each axiom in fS; an(Ei1 +1)0 is provable from
ThB(H}H)(EiI—SDCo) and vice verse.

We first show that each axiom in B; an(Ei1 +1)0 is provable from the theory
ThB(nl;H)(E}-SDCo). It is enough to show that BiRfn(c) is in B(TT}, ) foro € £/, .
Moreover, it is sufficient to show that AM(B; (M) A M k= o) € B(l'[i1 +1) because
BiRFN(c) is of the form 0 — IM(Bi(M) AM | o) and o € B(IT}, ). As in
Remark 2.6 (3), B; (M) is 1'[1.1 and hence IM(B;(M) AM = o) is Zi1+1.

We then show that each B(I1 11 _1)-formula provable from Eil -SDC is already prov-
able from g; an(EilH)o.

Let p € ThB(Hl_lH)(El.l-SDCO). We show that p is provable from B;Rfn(Z/, )o.
There exist wg, ..., 7,1 € H}H, l.1+1
to /\m<n Tm V oy by Lemma 3.3. Since p is provable from Eil-SDCO, T V Oy 18
provable from E}-SDCO for any m < n. Therefore, §; an(Ei1 +1)0 proves 1, \V oy, for

00,...,0p—1 € X such that p is equivalent

any m < n by Lemma 3.6. Hence B;Rfn(Z/, |)o proves A, _, Tm V om. o

m<n

Corollary 3.8 The theories B; an(2i1+l)() and B; an(B(l'[}_H))o prove the same sen-
tences.

Proof 1Itis enough to show that each instance of f3; an(B(H}H)) isa B(H}H)-sentence
provable from ¥ 1.1 -SDCy. This is immediate from Theorem 2.7. O

Corollary 3.9 Foranyi > 0, Thg I)(EZ,I-SDCO) is not finitely axiomatizable.
i+

Proof We show that S; an(B(l'I} +1))o is not finitely axiomatizable. For the sake of
contradiction, suppose that 8; Rfn(B(T1 ll +1))0 is finitely axiomatizable. Then, there are
finitely many instances po, ..., pp—1 of B; an(B(l'I}H))o such that ACAg + A\, _,, pi

axiomatizes f; an(B(l'[ilH))o. Let p be the conjunction of py, ..., p,. Since p is in
B(H}H), we have ACAg + p F AM(B; (M) A M = p). Therefore, ACAg + p proves
the consistency of itself, a contradiction. O
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Theorem 3.10 Zl.l-SDCo is E}H-conservative over ACAy + {,Bii REN"(n) : n € w}. In
particular, H}-CAO is Zé-conservative over the theory ACAg + {3Y (Y = HJ*(9)) :
n € w}.

Proof For the former statement, the same argument for Lemma 3.6 works. From this
result and the equivalence of the existence of a coded 8-model and a hyperjump [3,
VII.2.9], we have the latter holds. O

In [4], it is proved that {3Y (Y = HJ"* (D)) : n € w} is equivalent to {(Z?’@)n—Det :
n € w} over ACAg. Here, (E?’g)n—Det is the determinacy of Gale-Stewart games with
payoff sets of complexity (E?’g)n. Thus, we have the following characterization of
E%-consequences of H{—CAO.

0

Corollary 3.11 H}-CAO is E%-conservative over ACAq + {(El’g)n-Det ‘n € wl.

We then see the relationship between SZRFN~ and RFN..

Definition 3.12 Let I" be a class of formulas. For theories T and 7', we say T is a
I-extension of T’ (written 7" Cr T') if any sentence in I which is provable from 7" is
also provable from T. We write 7" Cr T if there is a sentence in I which is provable
from T but not provable from 7’ in addition. We also write T = T’ when T and T’
are ["-equivalent, that is, they prove the same I'-sentence.

As ACAg + {BIRFN(n) : n € w} =n I{-CAp and ACA¢ + {IY (Y = HI"(9)) :
n € w} =5l H%—CAO, these three theories are H{-equivalent. Thus, we have

two approximations of the H%-consequences of H}-CAO; one is the hierarchy of
BLRFN(0), BIRFN(1), BYRFN(2), ..., and the other is the hierarchy of the iterated
hyperjumps of the empty set. In what follows, we compare these two approximations.

Lemma3.13 Let T and T’ be theories such that T is recursively axiomatizable and
T" includes ACAq. If T' proves the B;-model reflection of T, then T 1 , T and T’
i+

proves the consistency of T.

Proof Let 0 = VX3YO(X,Y) be a I"Ii1 o-sentence provable from 7. We work in
T'. Take an arbitrary X and a B;-model M such that X € M and M = T. Then,
M E=3Yo(X,Y). Since 0 is I'Il.1 and M is a B;-model, AYO (X, Y) holds. O

By a similar proof, we also have the following.

Lemma3.14 Let T and T’ be theories such that T is recursively axiomatizable and
T' includes ACAg. If T' proves the existence of a B;-model of T, then T §2;+1 T’ and

T’ proves the consistency of T

Theorem 3.15 Let i,e € w such that'e < i. Then, for each n € w, ,BéRFN(n +
1) proves the f.-model reflection of B;RFN™ (n) over ACA. In particular, we have
,Bl.i REN™(n) C 1 , ,BéRFN(n + 1) over ACAy.

e+
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Proof Take an arbitrary X. By ﬁéRFN(n + 1), take My, ..., M, such that
X € My and BL(Mo, ..., Myut1). Then, M, is a B,-model and M, =
B (Mo, ..., M,). In particular, M, = B/RFN™ (n). The inclusions BiRFN™ (n)
G, BIRFN(n + 1) follows from Lemma 3.13. o

Theorem 3.16 Leti € w suchthati > 0. Then, foreachn € w, ﬂfRFN‘(n—}— 1) proves
the existence of a Bi-model of /3{_1 RFN(n + 1). In particular, we have /3{_1 RFN(n +
DSy BIRFN™ (n + 1) over £ -SDCy.

i+

Proof Let My, ..., M,1be suchthat,Bii (Mo, ..., My41). Then, My isa B;-model,
and M, is a model of Eil_l—SDCo. We prove that M is a model of ﬂii_l RFN(n+1).
Since M, 1 is amodel of Eil_l-SDC,there existsan M’ € M,,41 suchthat M,, € M’
and M, 1 = Bi_1(M'). We show that M’ believes that M,, is a B;-model. Take a
H}—sentence o with parameters from M, such that M, = o. Then, M, | &= o
because M, is a B;-submodel of M, 1. Since M’ is a B;_1-submodel of M, 1,
M E=o.
Now, for any X € My, M, satisfies

(*) ElY(),..., Yn+1(X S YO /\ﬂii_l(Y(), s Yn’ Yn—i—l))

via taking Y,, = M,, form <n+1and Y, = M’. Since () isa Eil condition and

My is a Bi-submodel of M1, My also satisfies (). The inclusion ﬂii_lRFN(n +

DCs1 BIRFN™ (n + 1) follows from Lemma 3.14. O
i+

Corollary 3.17 Over ACA],
Iy (Y = HI" (@) Crit BIRFN(n + 1) Cyy (Y = HI" 2 (2)).

Proof It is immediate from the above theorems and the equivalence of the existence
of a B-model and a hyperjump. O

Remark 3.18 We note that the inclusions in the previous corollary also hold over a
theory T such that T includes ACAS‘ and is a proper subtheory of ﬁé RFN(n + 1). For
example, the inclusions also hold over ATRy.

4 Boolean combinations of N}

1 ,1-formulas provable from X!-SDC

In this section, we generalize the result in the previous sections to give a character-
ization of ThB(l‘l i+1)(2 }-SDC) for e < i. Most arguments of this section are almost
the same as those in the previous section. That is, we use statements of the form
o — ,BéRFN(a; n) for the characterization. The difference between this section and
the previous section is that

e {0 > BIRFN (0 1) : 0 € £/} does not include {o — BIRFN™(0:n) : n €
1

et -sentence},

w,oisa X
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e by our compactness argument, the constructed model may not be a model of
Z.I—SDC().
]

To address the first problem, we adopt {¢ — ,BéRFN_(a; n) :n € w, o
isaX el 41~ sentence} for the characterization. To address the second problem, we
slightly modify the proof in the previous section.

We give a comment concerning the first item.

Prqposition 4.1 Leti,e € w such that e < i. Let n € w. Then, the theory ACAq +
{B.LRFN"(o;n+1):0isa Eel+l-sentence} proves the consistency of ACAy + {0 —

ﬂf’;RFN*(a; n)y:oisa Eel+1-sentence}.
Proof Let M, ..., M+ be coded w-models such that ,B;'(MO, e, Myugr). We
show that Mo = [0 — BIRFN™(o:n)] foro € B! ;.

Assume Mo | o. Then, M, = [BN), ... . Nu(BIWNo, ... No) ANy
0)] by taking Ny = My,...,N, = M,. Then we also have M, k=
[ANG, -, N (BEND, - .., Ny) A No = )] because e < i. Since My is a Bi-
submodel of M, 41 and [ANG, ..., Ny (BE(ND, ... . Na) ANy = o)]is £, |, which
is included =), Mo k= [3NG, .. ., Nu(BEN, - ., No) A NG |= )] O

Theorem4.2 Leti,e € w, e < i. The following theories are equivalent.

(1) ACAg + {0 — ,B:;RFN_(O'; n):ne€ew,oisa Eéﬂ—sentence}.
(2) Thg 1 (E}-SDCp).
e+1

Proof 1t is trivial that any instance of (1) is in (2). Therefore, (1) is a subtheory of (2).
We show the converse inclusion.

Let T be the theory of (1) As in the previous section, it is enough to show that for
any o € Zel_H and € Hi_H, if E}-SDCO proves o V m then so does T'.

Leto € Eel+1 and v € HiH such that E}-SDCO proves o V m. Assume that T
does not prove o V & for the sake of contradiction. Let {C},},c,, be new set constants.

Then, the theory
T' =T+ -0 +{B.(Cy,...,Cp) :n € w})+ Co = —m

is consistent. Let M = (NM, SM {A,},c.) be a model of T'. Put §' = U
SM:ME X € Ay} and M = (NM, §'). We note that

o M' = B.(A,) foralln € w,
o M’ is a B,-submodel of M

by Lemma 2.12. We show that M’ satisfies both o v 7 and —o A =, a contradiction.

{X e

new

Claim4.21 M' =0 Vv 7.

Proof of the claim Since o Vv 7 is a I1 i 4p-sentence, there exists a I é-formula p such
that o VvV <> YX3Y p. Since e < i, we can apply Lemma 2.13. Thus, we have n € w
such that

ACAg VX, Mo, ..., Muy((X € Mo A B (Mo, ..., My)) — FY € Mup(X,Y)).
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To prove M’ |= VX3Y p, take an arbitrary X € M’. Then, for sufficiently large k, we
have X € Aj. Within M/, the following properties holds.

® Be(Aktn+1) and Agint1 E ACAo,

o Aginyr satisfies X € A A B/ (Ag, ..., Aggn)-
Therefore, M" |= [Akgnt1 = 3IY (X, Y)]. Since M’ = Be(Agsn+1) and p is a
I'Ii—formula, M’ = IYp(X,Y). Consequently, M’ = VX3IYp(X,Y) and hence
M EovVvr. O

Claim4.22 M’ = —o A —.

Proof of the claim Since —o is a I'I; 1-sentence true in M and M’ is a B,-submodel
of M, M’ also satisfies —o. Since —r is a Z;H—sentence true in Ag and Ag is a

Bi-submodel of M’, M’ also satisfies —7. O

The above claims complete the proof. O

1

By a similar argument, we have the following characterization of X, -

consequences of Eil -SDCp.

Theorem4.3 Leti,e € w, e < i. Then, E}-SDCO is Zel_H conservative over ACAy +
{BIRFN™(n) : n € w}.

From the H}l-equivalence of E}-SDCO and I1 l.l-CAo, we also have the following.

Corollary 4.4 Leti,e € w, e < iande < 2. Then, H;-CAO is Zg+1 conservative over
ACAg + {BIRFN™ (n) : n € w}.
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