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Abstract

We investigate the use of two-layer networks with the rectified power unit, which is
called the ReLU* activation function, for function and derivative approximation. By
extending and calibrating the corresponding Barron space, we show that two-layer
networks with the ReLUX activation function are well-designed to simultaneously
approximate an unknown function and its derivatives. When the measurement is noisy,
we propose a Tikhonov type regularization method, and provide error bounds when the
regularization parameter is chosen appropriately. Several numerical examples support
the efficiency of the proposed approach.
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1 Introduction

We investigate a classical problem of approximating a smooth function and its
derivatives defined in a bounded domain € C R when only noisy measurements
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f $ ¢ L2(Q) with an error bound
If = fPllr2g) <8 ()

are known. As it is customary in regularization theory we assume that in principle we
do have access to the noisy function f? as an element of L2(£2). This allows us to find
reconstructions given in terms of projection schemes, see e.g. [10, 17]. In this study
the sought for approximating function is given in the form of a two-layer network

1 n
i) ==Y aiocbi-x+c), ai.c;€R, b eR?, )
n i=1

where o is the activation function, i.e. a continuous function of sigmoidal or tanh
form, the rectified linear unit (ReLU) etc. Here x € €2 denotes the input data and
(ai, bi,ci) € R x RY xR,i = 1, ...,n, denote the network coefficients. We focus
on the ReLU* activation function o (z) = [max (0, z)]* for an integer k > 1, and we
also use (z)ﬁ := [max (0, z)]* for brevity.

When accessing the error || f — full12(q) of a two-layer network f, we have two
parameters, the (known) noise level §, and the number n of neurons. As in regulariza-
tion theory we are interested in error bounds under the asymptotics § — 0, it is natural
to incorporate the knowledge of the noise level into the network design by choosing
the number of neurons n in such a way that the corresponding approximation rate
becomes of the order of the noise level. Because there would be no gain in accuracy
from the use of networks with a larger number of neurons, while the networks with a
smaller number of neurons may not be able to utilize the whole information encoded
in the noisy data. Details will be given in Sect. 3.

To approximate a function by its measurement has been one of the long-lasting tasks
in numerical analysis, approximation theory, and plays an important role in supervised
learning. Classical approaches use kernel based methods [2], spline based methods
[25], piecewise polynomials and wavelets based methods [9], neural networks [11, 29]
etc. In view of the approximation by neural networks, the seminal paper [4] develops
a universal approximation theorem on function approximation by feedforward neural
networks with sigmoidal activation functions. Systematic investigation on universality
properties of two-layer networks with the ReLU activation function have been carried
out in [19, 22] under different a priori knowledge of the unknown target function.
Recent work in [30] verifies the universality of deep convolutional neural network
with the ReLU activation function. There are only a few studies where the authors
consider neural networks with ReLUF activation function, and we mention [16] where
the universality is investigated by classical polynomial approximation theory. Also,
the recent study [1] deals with ReLU¥ networks, called ’rectified power units’ (RePU)
there. It is worth to mention that the above authors do not consider noisy data.

At the same time, the approximation of derivatives of an unknown function is
intrinsically ill-posed [10]. Noise in the measurement, as in (1), may yield unsta-
ble reconstruction unless some regularization schemes are implemented [10, 17].
Tikhonov regularization is viable, and can easily be adopted to our problem [12,
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18]. Denote X,, be a generic solution set. Tikhonov regularization, with a smoothing
penalty term, seeks for f, € X,, as a minimizer of the following functional,

f = 0f = Pl + M = fellim s 3)

provided that the minimum exists. This is known for weakly sequentially closed
sets X,. Above, the penalty term is the Sobolev space norm with an integer m > 2, A is
the regularization parameter and f; is an initial guess. Another form of Tikhonov reg-
ularization is used in the case when X, is not weakly closed. By choosing an arbitrary
constant € > 0, we seek for f,, € X,, which obeys

<llg = £ N2 + g = filfm) + ¢ “

forall g € X,,. The arbitrary constant € > 0 in the functional is necessary to guarantee
the existence of such f;. For simplicity’s sake, we skip a detailed description on the
regularization scheme but refer to [ 10, 12, 18, 26] for abundant discussion and the real-
ization on numerical differentiation, respectively. To fit our proposed approximation
problem by two-layer networks, we will specify the penalty in Tikhonov regularization
ase.g.

2
min

+ AP(ai, bi,ci), (5)
(a;,bi,ci)e(RxRI xR)"

L2(Q)

lzaif’(bi x4c)— o)
n

i=1

where P(a;, bi, ¢;) is a penalty term associated to two-layer networks. This penalty
shall fit the explicit form of the networks and avoid the calculation of the standard
Sobolev norm, which is hardly accessible. Various forms of the Tikhonov regulariza-
tion associating two-layer networks have been proposed and implemented for different
inverse problems of derivative approximation in [5, 6, 21], or inverse boundary value
problems in [3]. Nevertheless, little is known for its regularizing properties and the-
oretical error bounds. To the best of our knowledge, only the pioneering work in [6]
considers these issues for activation functions in (2) that are smooth enough and when
the unknown solution belongs to certain Sobolev spaces.

Here we are particularly interested in the simultaneous approximation of a function
and its derivatives by two-layer networks with the ReLU* activation function. For the
standard ReLLU activation function in (2) with 0 = max(0, x) the second-order weak
derivative of f;, does not exist as a function while it is a distribution, and we cannot use
the approximating f;, in order to mimic high-order derivatives. As we shall see below,
by choosing ¢ in (2) as ReLU¥ activation functions, a simultaneous approximation of
a function and its derivative can be achieved.

To this end, Barron spaces and the related Barron norms, induced by the ReLU*
activation function shall be carefully examined in the forthcoming Sect. 2. In Sect. 3
we show that the two-layer networks with the ReLU* activation function are well-
designed to simultaneously approximate an unknown function and its derivatives. The
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major contribution in this study concerns the stable reconstruction by neural networks
under noisy data. We propose a Tikhonov regularization with weight decay as in (5),
where the penalty term P(qa;, b;, c;) will be specified there. Finally, several numerical
examples in Sect. 4 shed light on the efficiency of the proposed approach.

2 Extended Barron spaces by ReLU¥ activation functions

To carry out our theoretical analysis, we need to extend the Barron norm and Barron
space induced by the ReLU activation function in [19] towards ReLU* activation
functions. Some connection between the Barron spaces and Sobolev spaces will
also be explored in this section, which allows us to further consider the derivative
approximation of an unknown function.

Remark 1 In the original paper [4], Barron focused on function approximation by two-
layer networks with sigmoidal activation functions. The function to be approximated
there shares a smoothness assumption in terms of its Fourier representation, c.f. [14].
Accordingly, these so-called spectral Barron spaces have been defined in [22, 28]
based on the Fourier coefficients of an unknown function. Function and derivative
approximation by two-layer networks with the ReLUF activation functions and noise
free measurement have been carried out there for the Barron spectral space. The Barron
space that we have in mind may be viewed as a space of infinite-width neural networks,
or “one-hidden-layer neural network with infinitely many units”, as in the early study
[15].

2.1 Barron spaces and Barron norms

The Barron spaces and norms that we consider here extend those in [19] which are
designed specifically for the ReLLU activation function. It has been observed there that
this Barron space is well suited for two-layer networks and optimal approximation can
be derived for functions in that space. Our focus is on derivative approximation. There-
fore, it is a straightforward step to extend the definition of the Barron spaces and the
Barron norms towards ReLUF activation functions. To this end we consider functions f
defined in a bounded domain  C R, satisfying the following representation

flx) = / a(b-x+ok pda,db,de), (6)
P

where P = R x R? x R and p is a probability distribution on (P, ¥ p) with X p being
a Borel o-algebra on P. The above form (6) can be viewed as the continuous version
of the two-layer network (2).

Every network with finitely many units, as in (2), allows for a representation (6) for
the probability p,, uniform on the point set (a;, b;, ¢;)}_;, a fact which shall be used
below.

We fix the integer value k of a ReLU* activation function. For 1 < p < oo,
we define a value associated to functions of the above representation (6), with given
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probability distribution p by

1
p
/15y, = (fp |a|"(||b||1+|c|)’<"p<da,db,dc)) :

Denote o be a multi-index, |a| = Zle ||, bY = H?:l b{". Notice that for functions
from (6) we have that

k! _
3% f(x) =/ mab“ b -x+04 " p(da, db, de)
P - .
:/ ab- -x+ c)l_{ir_lot| pq (da, db, dc),
P

where p, is a probability distribution on P and

k! .
pu(A) == p ({(a,b, D (mab b, c) e A}). (7

In principle, we can view p, as a measure induced by a continuous map (a, b, ¢)
k!
(mab"‘, b, C).
For any integer m € {0,1,2,...,k} and any probability measures p with
corresponding probabilities p,, || < m, as in (7), we define

10 = | 22 107 e

lee| <m

The extended Barron norm of the function f in (6) is then formally defined by

1

£ g = i 1 f W =inf | D0 [0 F G | ®)

la|<m
where the infimum is taken over all probability measures p which allow for a

representation (6).
For p = oo we analogously define

: k
I fllgx, = esssup |a| ([|bll1 + [cD)”,
P ,
(a,b,c)~p
m = max |[d% Zlal s
LW g, max 195N gt

where esssup means essential supremum and the extended Barron norm is

”f”Bk,m ;= inf ||f||Bk4m = inf max ||aaf||Bk7\a\ . (9)
o0 P 0.0 P lal=m 00:Pur
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We thus define

Definition 1 (Extended Barron space, Bllﬁ’m) Given any integer k > 0and 0 < m <k,
and a real value 1 < p < oo, the set of functions of the form (6) with finite Barron
norm (8) for 1 < p < oo or (9) for p = oo, respectively, is called the extended Barron
space denoted by Bf,’m.

We shall emphasize that the above notion as the extended Barron norm is not
rigorous; we can only verify it to be a norm for p = 1, as shown below. It is not clear
whether a similar result holds true for || - || ;x.» whenever p > 1.

P

Lemma 1 The set Bf’m equipped with the functional f — || f|| Bl is a normed space.

Proof Clearly, it suffices to check the validity of the triangle inequality

I+ fall e < A1l gom + [1F21l grom-

Thus, we let
ﬁ:/a(b-x+c)’;p,~(da,db,dc), i=1,2.
P

Consider the related probability distribution p given as
p(A) = %(m(A) +2(A), AecXp.
Then
i+ = /PZa b-x +c)li,5(da,db, dc)
= /Pa(b~x—|—c)]jrp3(da,db,dc),

where

p3(A) =p ({(a,b,c): (2a,b,c) € A}).

‘We thus obtain

- »
11+ follg,, = ( /P 241" (bl + |c|>""p(da,db,dc>)
2

(/ al? (1b1h + e
P

1 1
X §p1 (da, db, dc) + Epz(da, db, dc)>)

S =
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In case that p = 1, we have
+ K = kK + ko,
/1 f2”Bl,,)3 I f1 IIBLP1 I|f2IIBLp2

or consequently
11+ fall o < 1l gro + 11 f2ll gro-

Similarly, we can prove
1 f1+ Fall g < 11l ghon =+ 12l gton.

and the proof is complete. O

| gim the extended Barron norm for a
4

general p. For technical reasons it will be convenient for us to have another rep-

resentation of probabilities p in (6), namely restricted to the unit sphere S¢ :=

{(b, c) € R x R : 1Bl + el = 1}. The following lemma, inspired by [19, Prop. 1],

uses the key property (aw)®. = |al* W)X, u € R, of the ReLU* activation function.

For sake of simplicity, we still call || -

Lemma 2 Suppose that a function f € B{C’O has a representation (6) for given a
probability p. Let

o ()= 1flgg = Ep[lal (Il + leD*].

Then there exists a probability p on {—1, 1} x S? such that

fx) —ckp(f)/ a(b- x+c) p (da,db, dc) . (10)

1 1}de

Proof The lemma holds true when ci,,(f) = 0. Without loss of generality, we can
thus assume that ¢ ,(f) > 0, and that neither |a| nor (||bl; + |c|)* are zero. Using
the above feature of ReLU*, we have

f(x)=/a(b-x+c)ﬁp(da,db,dc)
P

b c k
= [ abl + I ( "X+ > p (da,db,dc).
/P 611 + Icl ol +lel/

Define S? := {(b,¢) e R? x R: ||b]l + |c| = 1}, new parameters

— b
a:= i, (b,¢) :=< , ¢ ),
|al o0l + lel” bl + el
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and a new probability distribution p on {—1, 1} x S¢ given as

p(A) == la| (16111 + lch* p (da, db, de)

ckp(f) J{(@,b,o):(a.b,e)e)

for Borel sets A in {—1, 1} x S%. For this newly defined probability /5 we then have
the representation (10). O

The following consequence is important for our study.

Corollary 3 Let p be a representing probability for f as in (6) with a constant c_,( f).
Then we have for all 1 < p < oo that

11l gko = ciep(f),

and consequently ||f||Bk,o < ||f||Bk‘0 foralll < p < oc.
p 1

Proof For a representing probability p of f we turn to its representation form (10).
By Lemma 2 we could derive

1/p
_ ~ npk o L
£l gro < ek p(f) </ lal?” (151 + 1¢1)™ 5 (da, db, dc)>
P {—1,1}xS4
Sck,p(f)v

which proves the first assertion. Taking the infimum of all representing p we see the
second assertion. O

Clearly, by the definition of the norms we immediately observe that for all 0 <
m) < my < k and a suitable f there holds ||f||Bk.m1 < ||f||Bk,m2, and hence the
P P

k,myp - Bkm1

space B, is continuously embedded. Then, having fixed integers m, k

such that m < k, as a consequence of Corollary 3, we see that the spaces Bf,’m
for 1 < p < oo coincide.

Corollary 4 There holds B]f’o C Bf;’m forall 0 < m < k given a fixed integer k and a
real number p > 1.

Proof Based on (10), the derivatives of f can be represented by

k!

e @ x+8)8 7" 5 (da, db, d2),
ot (k=

0% f(x) = ckpm/
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where we are allowed to bound

£l g < ( >

lee]<m

k! .
./{1,1}de <(k - |Ol|)!ck’p(f) it

- el \ P _ - P
(WBl + 1el)* ™) ,o(da,db,dc))
1

P

k! P
A\ X @) ) o

lee] <m

Thus,
1

k! P\’
£l g < Z(m) 1l gro

lee|<m

which ends the proof. O
The following corollary links different extended Barron spaces together.
Corollary 5 There holds || f | o < || f|l yeo for all fixed integer k such that By° C
Bk,O 1 p
e

Proof Based on (6),
11 5o =fP lal (12111 + lch* o (da, db, dc)

1
bl + leD¥)” d,db,d)p: 0.
< ([ (at o + 1) o @a,0b,00)) = 171

Thus, || fl gto < [ f |l gx.0 holds true by taking infimum from both sides. m]
1 p

We conclude the above discussion as follows.
Theorem 6 The space B{‘ = B{C’O

1 < p < oo we have that Bf,’m = B (as sets).

is a normed space. For all 0 < m < k and

Proof First, by Lemma 1 the space Bi‘ is normed. Furthermore, by combining Corol-

laries 3—5 we can find that Bf’o - B1]§’m C B1]§’0 C Bf’o, which completes the proof.
]

For k = 1, the extended Barron space is just the Barron space in [19], and it has
been proven in [24] that such a Barron space is equivalent to a convex hulls space
WA (IPCII) defined in [22]. This equivalence can be extended to the general case of k > 1
since €2 is a bounded domain. The relation between the Barron spaces (with k = 1)
and other classical spaces is discussed for instance in [7, 27].
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328 Y.Lietal

2.2 Approximation properties of extended Barron spaces

As we have highlighted in the introduction, our aim is to simultaneously approximate
an unknown function and its derivatives. For this it is necessary to explore the connec-
tion between the Barron spaces as introduced before, and the standard Sobolev spaces.
The following theorem shows that for any fixed k the Barron space B{‘ is indeed a
subspace of a related standard Sobolev spaces H* ().

Theorem 7 Given any fixed integer k, there holds B]f C H*(Q). Moreover; there is a
constant C(R2, d, k) (depending on , d and k) such that for all f € B{‘ there holds

IflEm@) = CC2,d, )| fll g, O =m <k

Proof We only need to prove the case when m = k since || f|g» < || f| g« when
m < k.Given any f € B{‘, by Lemma 2 there is a probability o such that (10) holds.
Then, for all |o| < k, the weak derivative of f can be represented by

k! o kel o e o
v (X) = Cg, ( ) —  ab* (b-x +c o da, db, dé) .
! o (—1,11xsd (kK — Ja])! ( )+ ( )

We first bound

5 A\ 12
a5 (5 x + ) d‘) a
</sz</{—1,1}xsda (b-x+2), Py
) 1/2
5(/ <f @b (b x + ) dﬁ) dx)
Q {—1,1}xS9
_ _ B 2 1/2
s/ |b°‘|</‘(b-x+5)i I dx) dp.
{—1,1}xS4 Q

Clearly we have that

|b-x +¢| < 1bl1lxlloo + €]
< max {1, [lxlloc} (15111 + lel) = max {1, [lx]loc} ,

by construction of b and ¢. Therefore,

- X 2 1/2 12
(/ (o) dX) 5</ max {1, [l oo)>* 10 dx)
@ Q
172
(/ max (1, lx oo} dx)
Q

:C1(82,d, k).

IA
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Also, since each |l3i} < 1 we find that |l;°‘| < 1, which yields that

5 172
(/ (/ ab® (b-x +¢)i " dﬁ) dx) < Ci(Q,d, k).
Q \J{—1,1}xs4

This results in

k!
1% fll 20y =< ex. p(f) e |),C1(Q d, k),

and finally that there is some constant C (€2, d, k) for which

1k < C(Qud. k)i p ()

Since this holds true for each representing measure p in (6), we can take the infimum
on both sides. Using that || f|| Bl = inf, ¢k, (f) allows us to complete the proof. O

Remark 2 As the above Theorem 7 shows, any function in the Barron space B]f auto-
matically belongs to the Sobolev space H¥($2). In order to stably approximate a
derivative of an unknown function, we suggest considering an index k > 2 where the
chosen ReLUF activation function can be viewed as the a priori information. Such
smoothness assumption is usually included in the regularization schemes in form of a
Sobolev space norm, for instance [12, 26].

Functions f which allow for a representation (6) are particularly suited for approx-
imation by two-layer networks (2). The following theorem has its origin in [14]. As
stated here it is an extension of [19, Thm. 4] by replacing the ReLU activation function
by the ReLUF activation functions.

Theorem 8 Let f € BX, and denote p be its representing probability which satisfies
Cho(f) = (1+e)||f||B{<f0rs0mesmalle > 0. Forall0 <m < k,andanyn € N, there

exist a probability p, and a two-layer network f,, with || f, ||B{{ < Ck,p, (fn) < cr,p(f)

such that c@.d k.m
9 b ’m
”f - fn”H"’(Q) < T”f”B]f

Proof We define probability distributions p and p in the same way as in Lemma 2,
such that (10) holds with a constant ¢k ,(f).
Assume that {(;, b;, ¢;) };_, aren i.i.d. random vectors according to the probability
distribution p, with corresponding functions

s _\k .
gi(x) i=crp(Nai (bi-x+¢),, i=1...n

By construction, each g; is an unbiased estimate for f, and this extends to deriva-
tives 3% g; and ¢ f, by linearity for |«| < k. We emphasize that || g; ||B{c Sckp(f), i =

1,...,n,because |a;| (||b;i|l1 + |&; DX < 1.
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330 Y.Lietal

Let
1 n
@) = ;2&»(@. (10
1=
Recall that the Sobolev space H™ (£2) constitutes a Hilbert space, and the independence

of the functions g; yields their orthogonality (in H™(£2)). Therefore, we can bound
the mean squared error as

Esllf — fullzmey = EslEs fu — fulfimeey

n

1
=Ezll= > (Bpgi — &) Imcoy (12)
i=1
1
= ~Ezll (Bpg1 — &1) Im (@) (13)
1 2
< ;Eﬁ”gl ||Hm(§z)
C*(Q,d, k) )
< — " ">
= — pllgr I
C%(Q,d, k)
<L), (14)

such that we obtain

C(R2,d,k)
NG

In the above analysis we used that the variance of the sum equals to the sum of
the variances to turn from (12), that the variance is less than or equal to the norm
to turn from (13), and we applied Theorem 7 in (14). Consequently, there is a

.. . C(.d .k,
realization (a, by, ¢i)j_y With [|f — full (o) < SRR £ .

Finally, let p, denote the uniform distribution on the above sample {(a;, b;, ¢;)}.
Then we see that

172
(Bolf = fulbmiey) = kp(f).

_r Kk -
fu= [ up(£1a (bx + )’ pn(da db. do)
and therefore we find

Ck, o, (fu) = Ck,p(f),

which completes the proof. O

Beyond this, by choosing more but finite neurons in the two-layer network, we can
obtain an improved approximating rate when m < k below. The proof of following
theorem use stratified sampling. This was first used in [14], our approach is inspired
by [28].
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Two-layer networks with the ReLUX activation... 331

Theorem 9 Let f € B{‘ and denote p by its representing probability which satisfies
ckp(f) = A+ 6)||f||B/l< for some small € > 0. Then, for all n € N, there exist an
integer N € [n, 2n], a probability py and a two-layer network fn with ”fN”B{‘ <

ck,py (fN) < crp(f), such that

11
IS = fnllame) = €S2, d, k,m)|l fll ge N 7274 15)

with0 <m < k.

Proof We define probability distributions p and p in the same way as in Lemma 2,
such that (10) holds with a constant ¢ , (f). Define a finite covering { Py, Pa, ..., P}
of {—1, 1} x S such that any (a, b, ¢), (@', b, ¢’) € P and there holds

1
d
)

a=a, |b-bi+|c—¢|=<Cm

where C; is a constant depending on d, for all s € {1,2,...,n}.
Let ug = (p(P)) "' p | p,, 1.e. [ is the normalized probability distribution of p
restricted on Ps. Then, (10) can be rewritten as

@) = e p (DY (POEy, [a(6-x+0), ],

s=1
and
. k! k—la
3D‘f(X)=Ck’p(f)Zp(PS)EM [Waba (b x+ ) :|,
s=1

forall || < m.

Now we are going to construct an auxiliary random function. Let Ny = [np (P»)]
and N = Z?:l N;. It is easy to see that n < N < 2n. We choose N indepen-

dent random vectors {(s.¢, bs,r, Cs.1)} such that (dy,, bs.r. Cs.r)

t=1,2,...,Ng;s=1,2,....n
are sampled from p;. Let

n Ny
N _
SN = Cp () DB (P 7 D s (b - x + )y
s=1 S =1

and

Ny
k— ||

k! - -
a“f(x)-ckmep(P) Z G (o - )

for all || < m.
- 7 ~ _ \k—
Let g5/ (x) = (kfk—‘lal)!as,,bg’", (bs,, -x + cs,t)+ la‘. Then

By, (1077 = Dt
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332 Y.Lietal

n - P 2
=, Y 2 B B - gl
s=1

Notice that there is a constant C3 depending on €2, d, m and satisfies

( K (b-x+o)” “') < Cs,
(k — la!

(Lba b x40 "’) < Cs,
(k — |al)!

for all |o| <m, (b, c) € S? and x € . Then, noticing 0 < m < k, we derive

Var,,, (8s.1(x))
k!

< esssup m

(b,c), (b, c)eSd
<3 (b=l + e =)’

2
(b“ b x+ oy —p (b’.x+c’)"+"“‘)

<C3Cina.
Therefore,
" " _2 - (P ()
Epp o [IDF = D ful%:] < (e ())*CECEn ZIT
Py
< (crp(f)?CIC3n “Z(p (n )

s=1

P
= (ko (f)C3CIn "Z(p (n )

s=1
< (crp(F)2CECIn~'1,

and

En’;:ll/-?% ["f o fN”%‘Imil < Cn, da(ck p(f)) C2C2 _1_7

2
= CHQ.d ke, m)| fllpu N7,

which completes the proof. O

Remark 3 We emphasize an important aspect of the above approximation rates. When
using rates in Sobolev spaces H™(S2) for m > 1 then the rates are valid for the
approximation of all derivatives up to order m. This is a specific advantage of the
present approach, focusing on the simultaneous approximation of a function along
with several derivatives.
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Remark 4 Under additional assumptions on the domain €2 the above given rate can be
improved, and we cite the following result from [23, Thm. 2]. For each n there is a
two-layer ReLU* network £, with at most n neurons such that

1 k—
If = fullgm Sn™27 7.

In particular this assertion is shown to hold for cubes [0, 119. However, the constant

in front of the upper bound may depend on || f| Bk as well.

3 Regularization under noisy measurements

Our main focus is the derivative approximation, which is ill-posed in the sense that
noisy measurements may provide unsatisfactory reconstructions [10, 12, 26]. Here we
assume that the measurements f? satisfy the noise assumption (1), which corresponds
to the standard assumption in numerical differentiation. We emphasize that random
noise, in particular Gaussian white noise, cannot be treated as this is done below,
because the noisy data f® in general do not belong to L%(£2), hence a Tikhonov
functional, see (16) below, cannot be used. Under Gaussian white noise we only
have access to a real-valued random variable ( 78, y), y € L?*(), and possible
reconstructions must take this into account. We refer to a review paper [8] for extended
discussion.

In order to obtain a stable approximation of the unknown function and its deriva-
tives from the noisy measurement f°, we shall use a specific variant of Tikhonov
regularization. Denote F,, be the set of all two-layer networks with n neurons, i.e.,
each g € F;, has the form g = % Y _yai (bi-x + Ci)lfl—‘ For such g € F,, we assign
the penalty

2
1 n
R(g) = (; Zl | CIbil + |cl~|)k> (=n®). g
1=
The reconstruction is given as the minimizer of the Tikhonov functional

2
5@ =g = |2 + MR@, g€ Fu (16)
The regularization parameter X shall be chosen appropriately.

Remark 5 1In classical regularization theory, in order to stably approximate the deriva-
tives of an unknown function, one shall impose high smoothness penalty referring to
(4). Nevertheless, as we will show below, the above regularization scheme (16) with
a B{‘ norm penalty term yields good approximation of the unknown function and its
derivatives simultaneously.

We next prove that for the regularization scheme (16) a minimizer always exists.

Lemma 10 For each A > 0 there exists a minimizer of (16).
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Proof First we notice that there is some ambiguity in scaling due to the k-
homogeneity of the ReLU* function, such that we may and do assume that for
eachi = 1,...,n we have ||b;||1 + |ci| = 1. After accordingly confining the
search for the minimizer the penalty R(g) reduces to the squared /i-norm for
the coefficients ay, ..., a,. With respect to those coefficients the Tikhonov func-
tional is coercive, and we may further restrict to a bounded /;-ball in R", say
with radius R. Thus, the minimization problem reduces to a search on the compact
set {(ai, b1, ci) € R x SH", 3! lai| < R, |billi + Icil = 1}. The continuity of
the Tikhonov functional now guarantees the existence of a minimizer. O

The following error bound for the above regularization scheme (16) is important.

Proposition 11 Let f,, be chosen as in Theorem 8. Suppose that an approximation
rate r, = rp,(f) at the element f € B’f is known, i.e., there holds || f — fullL,(@) < Tn-
Then any minimizer

k
nk(x) Zalk i x+c,x)+€.7-'n

of the Tikhonov functional (16) satisfies

If = foalla@ < 28+ 1+ VA f ]l gt (17)
and
S+r
P n
il < = (18)

Proof We shall compare the Tikhonov functional at the chosen minimizer f;, 8 with
its value at the auxiliary element f, from Theorem 8. The latter is given in (11) and its
parameters &;, b;, ¢; obey |a;| = cy. o (f). Hence, the respective penalty term is given
as c,%’ p( fn) < c,%’ p( f), see Theorem 8. By the minimizing property of f’f’ , this yields
the estimate

1F2 = £ agy = 1% = fall gy + 2k o (), (19)

hence

1£8 = £z < 1F2 = falliz) + Vack,o(fa)
<S+If — full 2y + Vackp(f)
<841y + Ve, (f).

Therefore we find
If = £2la@ < 10 = £ olla@ + ILf = Folliae) < 28 + rm + Vackp (f).
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Since this holds true for every representing probability p the bound (17) is proved.
Similarly, we see that

1
Vi, (f2) = VA (RURD)? <8+ 1w+ ek o ()
Again, this yields the norm bound (18), and the proof is complete. O

It is clear from the error bounds, just established, that a suitable choice of the
regularization parameter A must obey

84 rn < CVAIS I (20)

for a constant C which does not depend on §, and accordingly on r,, asé — 0.In
practice the norm || f || Bk is usually not known to us. By choosing the regularization

parameter X of the order § +r,, =< /2 one balances the terms from the error bound (17)
up to coefficients that do not depend on the noise level §.
This gives the main error bound via interpolation.

Theorem 12 There is a constant C| such that under the assumptions of Proposition 11,
for a regularization parameter choice of , with the property (20), and for 0 <m < k
that .
If = faallmm@) < CLAZ | £l g @1
Proof The bound (17) gives under the choice of A that
1f = foslla@ < 2C + DV fll g

Moreover, under the regularization parameter choice rule (20) the following norm
estimate holds

1525ty < Cllfmallge < €€+ DIS N
Then, interpolating between L>(2) and H*(Q2) with 0 < 6 := m/k < 1 yields that

k=m m
8 ) S 1k
If— fn,)L”H’"(Q) =If- f‘n,)L”L;(Q)”f - fn,A||]l;k(Q)-

Inserting the previously obtained bounds allows to complete the proof with a
constant C| depending on C and C. O

Corollary 13 There is a constant Cy such that if the regularization parameter )\
obeys 8 + ry =< /A then

k=m
If = fosllm@ < C2@+ra) T 11fllg-
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This gives rise to the following discussion. The best possible rate which can be

seen from the above analysis is § * *.In general, for k-times differentiable functions
this rate cannot be improved, as it can be seen, for example, from [20], where the case
d = 1 has been analyzed. If the rate r,, dominates the noise level §, then an accuracy

k—m

of order r,,T can be ensured. In that case, the better the rate r,, is, the smaller n can be

. . _1 .
chosen to achieve a desired accuracy. In Theorem 8 a rate r,, < n~ 2 was established.
1

That bound was improved in Theorem 9 to n"1a.

We recall, as discussed in Remark 4, if Q is a sufficiently smooth manifold, then
using the technique developed for the proof of [23, Theorem 2], and taking into account
the smoothness of ReLU* functions (see also (1.23)in [23]), one can improve the rate of
rpupto O(n~Y 2=(k=m)/dy for k > 1. However, see again [23], the constants implicit
in the O symbol may be quite large and accurately estimating them would require
careful consideration of the structure of the manifold 2. In our current framework,
we further stress an important difference: For the improved rate as mentioned in
Remark 4, the network needs to be trained anew for different values of m. While the
more conservative choice suggested in Corollary 13 provides a uniform parameter
choice for all m satisfying 0 < m < k, itis computationally more affordable to rely on
modest rate bounds such as the ones in Theorem 9. Numerical experiments reported
in the next section demonstrate that the regularization parameters chosen according
to Corollary 13 for the rate bounds from Theorem 9 lead to regularization procedures
performing stably in different dimensions and orders m.

4 Numerical examples
In this section, we present several numerical examples verifying the theoretical results
in previous sections. Particularly we are interested in performance of the Tikhonov

regularization scheme (16) when the regularization parameter is chosen a priori as in
(20) based on the theoretical analysis in Theorems 9 and 12.

4.1 Setup for the simulations
Throughout the whole section we consider as domain the d-dimensional cube 2 :=

[0, 11¢, and the dimension d will vary as specified below. The test target functions are
randomly generated polynomials

T
f) =) ¢jKax. b)), xel0, 11, (22)
j=1

where

— K, is a polynomial kernel
Ka(x, 0 = ((x, Oga + 1), x €0, 11, (23)
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with degree r, that will vary in the simulations between r = 3 in Examples 1-3
and r = 2, 4 in Example 4.

— The nodes ¢/ = (¢{,¢3,...,¢)) and ¢, j = 1,..., T are uniformly distributed
random elements in the cube [—1, 1] and [—1, 1] respectively.

— The number T of summands is fixed to 7 = 5, throughout.

— Approximation is done by two-layer networks f, = %Z?:] a; (b - x + ci)]jr,
with fixed k := 3, throughout.

The variety of polynomial kernels actually generates a reproducing kernel Hilbert
space of polynomials. Here this is convenient, because the amount of randomness,
measured in terms of 7', does not depend on the spatial dimension.

From each of these polynomials f we generate noisy measurements f° by

Fox) = fx) +88, xelo,11,

where § is the (known) noise level, and for each fixed x the noise £ is independently
uniformly distributed in [—1, 1]. Notice, that this choice yields a (weak) random
function f? with

1£2 = Fllraey < 12 = Flliia@ 1920 <6,

since |2| = 1, and hence the noise model (1) holds true.
For given number n of neurons and given noise level é the regularization parameter A
is chosen according to

Lo 2 2
A:z(n d+5), (24)

based on Theorems 9, 12 and Corollary 13.

In order to realize the numerical simulation we shall replace the Tikhonov func-
tional (16), which uses the L,(£2)-norm, by approximating this at a finite number of
points by Monte-Carlo simulation, which results in

D
1 2
Ly (f; D) =5 Zl (fa(x) — Fo(x))

. ) (25)

1 n

+ A [; Zl la;| (1bi 11 + |c,-|>3} :

1=

Above, the points x,,, v = 1, ..., D belong to a dataset D, whose cardinality is D,

consisting of i.i.d. uniform random points in the unit cube. One might argue that
in the light of the functional (25) in principle we only need discrete measurements
in order to find the minimizer. In our simulations the random points x, work well.
Nevertheless, when requiring a discrete set of data f%(x1), ..., f°(xp) from the very
beginning, we would face the impact of the design of the given nodes. In particular, in
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higher dimensions this would cause serious obstacles. In order to avoid these additional
difficulties our assumption (1) is more appropriate.

Minimization of the functional (25) is performed by using the popular gradient
descent algorithm Adam, see [13]. We choose different batch size V and a fixed epoch
number £ = 1000 in all the examples.

The obtained results are reported below.

4.2 Numerical examples forr = k

Here we deal with the case when the target function f from (22) belongs to the Barron
space, which is achieved by letting r = k = 3.

Example 1 In this example, we generate a data pool of cardinality D = 10,000 and
the batch size V = 500. We focus on the univariate case withd = 1, and Q = [0, 1].

Figure 1 shows the relative Hy, H| and H, errors of our approximated neural
networks f;, for 5 different functions in form of (22) by choosing random seeds 1768,
6526, 2729, 6888, 6440 in Pytorch (NumPy).

In all pictures of Fig. 1, the solid line denotes the relative errors by choosing n = 10.
The vertical solid line shows a critical value of §y := n_%_é when n = 10 and the
regularization parameter depends more on n noticing the a priori choice rule (24).
In order to visualize the influence of different n, we use the same data pool and the
dashed line in these pictures denotes relative errors of n = 500. The vertical dashed
line shows the critical 8o when n = 500.

100 100

Relative Hp error
Relative H; error

—— 1768
—— 6526
—— 2729
—— 6888
—— 6440
! — n=10
107 ---- n=500

Relative H; error

Fig. 1 Relative errors of five different experiments with d = 1 and D = 10000. From top (left and right)
to bottom: relative errors in Hy, H and H> norm
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=
L g
- 5]
T T
i | —— 6526 g
2 =1
L ®
[

o

Relative Ho error

10° 1
i
i
L 1071
g
o -
~ o024 E
T - —— 1768
2 i 6526
® 107 ! —— 2729
2 i —— 6888
" —— 6440
10
— n=10
-- n=500

Fig. 2 Relative errors of five different experiments with d = 1 and D = 1000. From top (left and right) to
bottom: relative errors in Hy, Hy and H» norm

As one can observe, when the noise level is large, the proposed algorithm yields
a large relative error which decreases as the noise level decreases. If the noise level
reaches a threshold value, i.e. that of the solid or dashed vertical line, the regularization
parameter then depends more on the parameter n and relative error becomes flat when
the noise vanishes. Though the random seeds provide different target functions the
trend of all relative errors behaves similarly. In particular, when the noise level is
small, we could observe a direct benefit of the large number n of neurons.

Example 2 Here we generate a smaller data pool with cardinality D = 1000, and the
batch size V = 50. The target functions are the same as in the previous example. The
results are displayed in Fig. 2.

Though both the data pool and the batch size have been decreased essentially, we
still observe a similar behavior as in the previous example. In particular, we can clearly
observe the advantage of more neurons with the data pool of the same size under all
norms. We shall emphasize that by decreasing the cardinality of the data pool we
essentially decrease the computational cost.

Example 3 This example considers a high dimension d = 5 and hence the domain
is @ = [0, 17°. In higher dimension the used data pool has cardinality D = 5000, with
abatchsize V = 250. The results are displayed in Fig. 3. We shall mention that because
of the increased dimensionality, the critical value of §y := n*%*ﬁ also increases as
displayed by the corresponding solid and dashed vertical lines in Fig. 3. We observe
a similar picture as in the previous two examples, and our algorithm performs better
with more neurons in high-dimensional setting.
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Relative Hp error
Relative H; error

—— 793
136
—— 166
—— 916
—— 847
107 i — n=10
---- n=500

Relative H; error

Fig.3 Relative errors of five different experiments with d = 5 and D = 5000. From top (left and right) to
bottom: relative errors in Hy, H| and H norm

4.3 Numerical examples forr # k

In general the smoothness of the target function is usually unknown, and we simulate
this by letting r # k, still with k = 3. As illustration, we take » = 2 and r = 4 for the
kernel function (23), respectively.

Example 4 In the final example, the data pool is chosen with the cardinality D = 1000,
and the batch size is again V = 50. By choosing different random seeds, we collect the
relative errors in Fig. 4 (r = 2), and Fig. 5 (r = 4), respectively. It is not surprising that
our proposed approach still works well for different choices of r. In case that r < k the
advantage of more neurons under high derivatives might be not so straight forward.

We emphasize the following observations.

1. Qualitatively, with measurement data size of the same level, the more neurons in
the two-layer networks, the better approximate accuracy as shown in all examples.
In high dimension, this conclusion is more solid.

2. InFigs. 1,2, 3,4 and 5, when the noise level vanishes, the regularization parameter

. _1-2 . .
will converge to %n 1=7 as shown in (24). Then the relative error slopes become

flat since the noise is vanishing and the regularization parameter is fixed. It can
also be observed that by choosing n = 10 and n = 500 for very small noise, a
(nearly) linear convergence can be achieved by comparing the relative errors of all
tests.

3. The proposed approach is universal under different dimensions, which highlights
the advantage of neural networks in high dimensional setting.
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2

Relative Hy error
B

Relative H; error
B

2

1074 ---- n=500

10°° 107 1072 1072 107! 1075 1074 1072 1072 107!

100

g

Relative H; error
-
5

..
2

— n=10
1074 ---- n=500

Fig.4 r = 2: Relative errors of five different experiments with d = 1 and D = 1000. From top (left and
right) to bottom: relative errors in Hy, H; and H> norm

100 100
S S 107
£ £
[ ﬂJ
o o 10
T 18 T 07 — 18
B 9 B —— 9
& 48 g . — 48
68 10 —— 68
n=10 — n=10
n=500 107 ---- n=500
10°° 1074 107 1072 1071
6
10° |
“ 1 j?l
o 1
5 g 2]
N 192
T —— 18
2 . —— 29
® —— 9%
2 o — 48
—— 68
— n=10
-5
10 ---- n=500
105 1074 1073 1072 1071

Fig.5 r = 4: Relative errors of five different experiments when d = 1, and D = 1000. From top (left and
right) to bottom: relative errors in Hy, H; and H norm
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—— 793
136

—— 166

—— 916

—— 847

—— N=500 Anew

—— n=500 A

—— 793
136

—— 166

—— 916

—— 847

—— =500 Anew

—— n=500

Relative HO error
Relative H1 error

107 1072 107 100

Fig.6 Comparison of different parameter choice rules with high dimensionality and large number of neurons
(d =5, n = 500). Left: m = 0. Right: m = 1. The solid line is the error slope of the parameter choice A
(24) and the dashed-point line is that of the parameter choice Ayey (26)

4. We also perform simulations with

1 o
new = 5 (n”*“d : +32) (26)

chosen on the basis of the improved approximation rate from Remark 4 for each
m =0, 1,2 and k = 3, where some comparison is displayed in Fig. 6. Computa-
tionally we need to train the network for different m respectively and no significant
improvements can be observed, provided that the number of neurons is large, such
that the noise level dominates.

5 Concluding remarks

In the theoretical part we highlighted an intrinsic relation between the newly introduced
Barron spaces and the commonly used Sobolev spaces, see e.g. Theorem 7. In spatial
dimension one it is clear from the approximation theoretic bounds that H!(Q) #
le. Indeed, in one dimension the neural networks constitute splines. The best rate
of approximation by splines with n nodes in H'(Q) is known to be n~!, whereas
the present Theorem 9 yields an order n~3/2, and hence Bl1 = le c HY(Q) is
a proper subspace. It would be interesting to see a similar result in higher spatial
dimensions. However, the approximation by neural networks with ReLU* functions
is substantially different from tensor splines, which would serve as analog for splines
in higher dimension. While tensor splines are supported on orthants, aligned with the
coordinate axes, this does not hold true for neural networks. The support for a single
function x — (b-x + c)’j_ is a halfspace in general position. Thus, to approximate
tensor splines by neural networks requires approximating orthants by such halfspaces.
As far as we know this problem has not been considered. In the context of the present
study this seems to be an important subject worth to be considered in the future.
Meanwhile, whether similar convergence results are valid in a stronger norm, for
instance the (extended) Barron norm, is also open for us.
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