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Abstract
The chromatic threshold δχ (H) of a graph H is the infimum of d > 0 such that
the chromatic number of every n-vertex H -free graph with minimum degree at least
dn is bounded by a constant depending only on H and d. Allen, Böttcher, Griffiths,
Kohayakawa, and Morris determined the chromatic threshold for every H ; in partic-
ular, they showed that if χ(H) = r ≥ 3, then δχ (H) ∈ { r−3

r−2 ,
2r−5
2r−3 ,

r−2
r−1 }. While

the chromatic thresholds have been completely determined, rather surprisingly the
structural behaviors of extremal graphs near the threshold remain unexplored. In this
paper, we establish the stability theorems for chromatic threshold problems. We prove
that every n-vertex H -free graph G with δ(G) ≥ (δχ (H) − o(1))n and χ(G) = ω(1)
must be structurally close to one of the extremal configurations. Furthermore, we give
a stronger stability result when H is a clique, showing that G admits a partition into
independent sets and a small subgraph on a sublinear number of vertices.We show that
this small subgraph has fractional chromatic number 2+ o(1) and is homomorphic to
a Kneser graph defined by subsets of a logarithmic size set; both these two bounds are
best possible. This is the first stability result that captures the lower-order structural
features of extremal graphs. We also study two variations of chromatic thresholds.
Replacing chromatic number by its fractional counterpart, we determine the fractional
chromatic thresholds for all graphs. Another variation is the bounded-VC chromatic
thresholds, which was introduced by Liu, Shangguan, Skokan, and Xu very recently.
Extending work of Łuczak and Thomassé on the triangle case, we determine the
bounded-VC chromatic thresholds for all cliques.
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1 Introduction

The chromatic number of a graph G, denoted by χ(G), is the minimum number of
colors needed to color its vertices so that adjacent vertices donot get the samecolor. The
chromatic number is a central concept in graph theory. In the 1940s, Zykov [37] and
Tutte (see Erdős [8]) first constructed triangle-free graphs with unbounded chromatic
number. Later, Erdős in 1959 [8] extended this result, showing that for every k, � ∈ N,
there exist graphs with girth at least � and chromatic number at least k by a surprising
probabilistic construction. However, all these constructions are sparse graphs with low
minimum degrees relative to the number of vertices.

In 1973, Erdős and Simonovits [11] raised the problem of bounding the chromatic
number of triangle-free graphs with large minimum degree. They introduced what is
now known as the chromatic threshold of a graph H :

δχ (H) := inf{d : ∃ C = C(H , d) such that if G is a graph on n vertices,

with δ(G) ≥ dn and H � G, then χ(G) ≤ C}.

Based on a construction by Hajnal, Erdős and Simonovits [11] conjectured that
δχ (K3) = 1/3. Over the past 50 years, the chromatic threshold problem has been one
of the central topics in extremal graph theory. The conjecture of Erdős and Simonovits
was eventually confirmed in 2002 by Thomassen [33]. Later, Goddard and Lyle [14]
and Nikiforov [29] independently extended the result of Thomassen by showing that
δχ (Kr ) = 2r−5

2r−3 for every r ≥ 3, and Thomassen [34] showed that the chromatic
threshold of every odd cycle of length at least five is 0. Further work on this topic
can be found in [5, 6, 15, 20, 27, 28]. Building upon ideas and tools developed by
previous papers, in a remarkable work, Allen, Böttcher, Griffiths, Kohayakawa, and
Morris [1] completely determined the chromatic threshold for every H . In particular,
they showed that for any graph H with χ(H) = r ≥ 3, δχ (H) ∈ { r−3

r−2 ,
2r−5
2r−3 ,

r−2
r−1 }.

We refer the interested readers to also [4, 18, 25] for more recent work related to this
topic.

1.1 Stability for Chromatic Thresholds

Themain concernof this paper is to study the stability of chromatic thresholds. Stability
results demonstrate that graphswith nearlymaximum sizemust be structurally close to
extremal graphs. An archetype example of stability result is the one for Turán problem.
Let Tn,r−1 be the Turán graph, which is the complete balanced (r −1)-partite graph on
n vertices. Turán theorem [36] shows that among all n-vertex Kr -free graphs, Tn,r−1
has the maximum number of edges, and it is the unique graph with this property.
In 1966, Erdős and Simonovits [10, 32] famously proved that for any graph H with
χ(H) = r , any n-vertex H -free graphG with e(G) ≥ ( r−2

r−1 −o(1)
)(n

2

)
can be obtained

from Tn,r−1 by adding or deleting o(n2) edges. Originating from the work of Erdős
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and Simonovits, stability has become a key topic and important tool in extremal graph
theory and it has been extensively studied over the years; see [3, 13, 19, 22, 24, 30]
for some recent examples. See also [35] for an example in additive combinatorics.

In [1], Allen et al. introduced three families of extremal graphs (see Sect. 2.1), each
corresponding to one value of δχ (H) listed above (cf. Theorem 2.1). Motivated by
these highly structured constructions, we initiate a systematic study of the stability
phenomena for chromatic thresholds. Although the chromatic threshold δχ (H) has
been completely determined, surprisingly little is knownabout the structure of extremal
graphs near the threshold. Note that δ(G) ≥ ( r−2

r−1−o(1))n implies that e(G) ≥ ( r−2
r−1−

o(1)
)(n

2

)
, hence the stability theorem for the family of graphs H with δχ (H) = r−2

r−1
follows from the Erdős–Simonovits stability theorem. The main concern of this paper
is to establish the stability theorems for graphs H with δχ (H) ∈ { r−3

r−2 ,
2r−5
2r−3 }, as

detailed below.
Let us begin with the most classical case of cliques. To discuss the extremal graphs

for δχ (Kr ), we need to introduce the Kneser graphs. Let n, m ∈ N. The Kneser graph
KN(n, m) is defined on the vertex set

([n]
m

)
, where twovertices A, B ∈ ([n]

m

)
are adjacent

if and only if A ∩ B = ∅. Roughly speaking, the extremal graphs for δχ (Kr ) consist
of two parts:

(Micro) one part is a Kneser graph KN(m, ( 12 − o(1))m) on o(n) vertices that
contributes to the high chromatic number of G;

(Macro) the other is a complete (r − 1)-partite graph with part sizes in the ratio
( 2
2r−3 , . . . ,

2
2r−3 ,

1
2r−3 ) that establishes the required minimum degree of G.

Notice that although Kneser graphs play a decisive role in establishing the lower
bound of δχ (Kr ), they only account for a negligible o(n) vertices in the construction
(see Construction 2.4 for more details).

Since the construction of Hajnal in the 1960s, no other tight constructions are
known. One can replace the use of Kneser graph in Hajnal’s construction with an
appropriate Borsuk graph. However, this is essentially the same construction as such
Borsuk graph has independence number almost half of its order and admits a homo-
morphism to a Kneser graph KN(m, ( 12 − o(1))m) for some m. It is not inconceivable
that there could be other types of extremal graphs for cliques.

Our main result reads as follows, showing that all almost extremal graphs must
essentially look like the one in Hajnal’s construction, thereby establishing the sta-
bility for δχ (Kr ). The fractional chromatic number χ f is defined in Sect. 2. Let
Kt (n1, . . . , nt ) denote the complete t-partite graph with parts of sizes n1, . . . , nt .

Theorem 1.1 (Stability for δχ (Kr )) Let r ≥ 3 and G be a Kr -free graph on n vertices
with δ(G) ≥ ( 2r−5

2r−3 − o(1)
)
n and χ(G) = ω(1). Then,

∣∣∣E(G)�E
(

Kr−1

( 2n

2r − 3
, . . . ,

2n

2r − 3
,

n

2r − 3

))∣∣∣ = o(n2). (1)

Furthermore, G admits a vertex partition V (G) = A∗ ∪ B∗
1 ∪ · · · ∪ B∗

r−1 with the
following properties:
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(i) |A∗| = o(n), |B∗
i | = ( 2

2r−3 ± o(1)
)
n for each i ∈ [r − 2], and |B∗

r−1| =
( 1
2r−3 ± o(1)

)
n;

(ii) for each i ∈ [r − 1], B∗
i is an independent set;

(iii) χ(G[A∗]) = ω(1) and χ f (G[A∗]) ≤ 2 + o(1); moreover, G[A∗] admits a
homomorphism to KN(m, ( 12 − o(1))m), where m = O(log n).

Several remarks are in order. First of all, (1) and parts (i) and (ii) determine themacro
structure of almost extremal graphs similar to other stability results. The interesting
part of Theorem 1.1 is that it also captures their micro structure as shown by part (iii).
This is the first stability result that witnesses such lower scale structure. Moreover,
in part (iii), the bound on the fractional chromatic number on part A∗ is best possi-
ble. More importantly, the bound on m is optimal. Indeed, by taking m ≥ 1

2 log2 n

with
( m

(
1
2−o(1))m

) ≤ √
n, G[A∗] could be a Kneser graph KN(m, ( 12 − o(1))m). To

achieve this optimal bound on m, we utilize random projections akin to the Johnson–
Lindenstrauss lemma [21] for low-distortion embedding of high-dimensional point
sets.

We also establish the stability result for general graphs H with χ(H) = r ≥ 3 and
δχ (H) = 2r−5

2r−3 . For a graph H with χ(H) = r ≥ 3, the decomposition family M(H)

consists of all bipartite graphs that can be obtained from H by deleting r − 2 color
classes in an r -coloring of H .

Theorem 1.2 (Stability for δχ (H) = 2r−5
2r−3 ) Let H be a graph with χ(H) = r ≥ 3

and δχ (H) = 2r−5
2r−3 . Every H-free graph G on n vertices with δ(G) ≥ ( 2r−5

2r−3 −o(1)
)
n

and χ(G) = ω(1) satisfies

∣
∣∣E(G)�E

(
Kr−1

( 2n

2r − 3
, . . . ,

2n

2r − 3
,

n

2r − 3

))∣
∣∣ = o(n2).

Furthermore, G admits a vertex partition V (G) = A ∪ B1 ∪ · · · ∪ Br−1 with the
following properties:

(i) |A| = o(n), |Bi | = ( 2
2r−3 ± o(1)

)
n for each i ∈ [r − 2], and |Br−1| =

( 1
2r−3 ± o(1)

)
n;

(ii) for every forest F ∈ M(H) and i ∈ [r − 1], G[Bi ] is F-free;
(iii) χ(G[A]) = ω(1) but χ f (G[A]) = O(1).

It would be interesting to see if the fractional chromatic number in part (iii) can be
improved to 2 + o(1) as in the clique case.

Finally, we present the stability result for the graphs H with δχ (H) = r−3
r−2 .

Theorem 1.3 (Stability for δχ (H) = r−3
r−2 ) Let H be a graph with χ(H) = r ≥ 4 and

δχ (H) = r−3
r−2 . Every H-free graph G on n vertices with δ(G) ≥ ( r−3

r−2 − o(1)
)
n and

χ(G) = ω(1) contains a vertex subset S ⊆ V (G) of size n
r−2 such that the following

holds. Let Ĝ be the spanning subgraph of G obtained by deleting all edges induced
by S, then

|E(Ĝ)�E(Tn,r−2)| = o(n2).
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In comparison with Theorem 1.1 and Theorem 1.2 where we nail down the location
of (1− o(1))-fraction of edges, here in Theorem 1.3 we have no control on the edges
induced by the special part S. Indeed, in the extremal graphs, the induced subgraph
on part S could be any ‘locally bipartite’ graph with edge density between 0 and 1

2 ;
we refer readers to Remark 2.6 for more details.

1.2 Other Extensions of Chromatic Thresholds

The chromatic threshold problem has been extended to what is now known as the
homomorphism threshold, as initially discussed in [34]. Further extensions have been
discussed in [7, 14, 18]. This section delves into two additional extensions of chromatic
thresholds.

In Theorems 1.1 and 1.2, while the chromatic number of graph G can be arbitrarily
large, the fractional chromatic number remains bounded. This leads to the following
natural question: can we reduce the minimum degree requirement of an H -free graph
G if only asking for bounded fractional chromatic number? More precisely, we define
the fractional chromatic threshold for a graph H as follows:

δχ f (H) := inf{d : ∃ C = C(H , d) such that if G is a graph on n vertices,

with δ(G) ≥ dn and H � G, then χ f (G) ≤ C}.
In contrast to the usual chromatic thresholds (cf. Theorem 2.1), Kneser graph is

not an obstruction anymore for cliques in the fractional counterpart. One shall expect
a lower threshold in the fractional setting. Our next result confirms this intuition,
determining the fractional chromatic threshold for all graphs.

Theorem 1.4 Let H be a graph with χ(H) = r ≥ 3. Then

δχ f (H) =
{

r−3
r−2 if M(H) contains a forest,
r−2
r−1 otherwise.

While being interesting on its own, Theorem 1.4 is also a key ingredient in prov-
ing Theorem 1.2 (iii) when we need to bound the fractional chromatic number of the
high chromatic part A.

Another extension is to combine with the notion of VC-dimension (see Sect. 7 for
definition). The study of the use of VC-dimension in chromatic thresholds began in
2010, when Łuczak and Thomassé [27] provided an intriguing new proof of δχ (K3) =
1
3 using the theory of VC-dimension. Moreover, they showed that for graphs with
bounded VC-dimension, the minimum degree condition can be relaxed to δ(G) ≥
cn for any constant c > 0. Recently, Liu, Shangguan, Skokan, and Xu [25] gave
a new short proof of Łuczak and Thomassé’s result and introduced the concept of
bounded-VC chromatic thresholds, as described below:

δVCχ (H) := inf{c ≥ 0 : ∀d ∈ N, ∃ C = C(c, d, H)

such that if G is a graph on n vertices,

withVC(G) ≤ d, δ(G) ≥ cn and H � G, then χ(G) ≤ C}.
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In this formulation, Łuczak andThomassé’s result implies δVCχ (K3) = 0.We extend
their result by determining the bounded-VC chromatic thresholds for all complete
graphs.

Theorem 1.5 For every r ≥ 3, δVCχ (Kr ) = r−3
r−2 .

We note that Theorem 1.5 has already found applications; it is used in very recent
work of Huang, Liu, Rong and Xu [18] where they introduced an asymmetric ver-
sion of homomorphism thresholds that interpolates the bounded-VC chromatic and
homomorphism threshold problems.

Structure of this paper. In Sect. 2, we present some preliminaries including the
construction of the extremal graphs for chromatic thresholds. We first give the proof
of Theorem 1.2 in Sect. 3 and then build on it to prove Theorem 1.1 in Sect. 4. The
proof of Theorem 1.3 is given in Sect. 5. Finally, we will determine the fractional
chromatic thresholds in Sect. 6 and the bounded-VC chromatic thresholds of cliques
in Sect. 7.

2 Preliminaries

Notation For positive integers k ≤ n, let [n] = {1, . . . , n}, and let
([n]

k

)
denote the

family of all k-element subsets of [n]. Given two finite sets X , Y , their symmetric
difference is denoted as X�Y = (X \ Y ) ∪ (Y \ X). For reals a, b, c, we write
a = (b ± c) if a ∈ [b − c, b + c]. For the sake of presentation, we will omit floors and
ceilings whenever they are not important.

Let G = (V , E) be a graph, where V denotes the set of vertices and E denotes
the set of edges. The number of vertices of G is given by |G| := |V (G)|, and the
number of edges by e(G) := |E(G)|. For a vertex v ∈ V (G), let N (v) be the set of
neighbors of v, and let d(v) = |N (v)| be the degree of v. The minimum degree of
G is δ(G) = minv∈V (G) d(v). Given a subset U ⊆ V (G), let N (U ) = ⋂

u∈U N (u)

denote the common neighborhood of U . The induced subgraph G[U ] consists of the
vertices in U and all edges in G that have both endpoints in U . For disjoint vertex
sets U1, . . . , Us , let G[U1, . . . , Us] denote the subgraph induced by the edges with
endpoints in distinct sets Ui and U j for 1 ≤ i < j ≤ s.

For two graphs G and H , the join G ∨ H is formed by taking disjoint copies of G
and H , and adding all edges between V (G) and V (H). The s-blowup of a graph G,
denoted by G[s], is obtained by replacing each vertex v ∈ V (G) with an independent
set Iv of size s, and connecting two sets Iu and Iv with a complete bipartite graph
whenever uv ∈ E(G).

Given two graphs G and F , we say that G is homomorphic to F , denoted by

G
hom−−→ F , if there exists a homomorphism φ : V (G) → V (F) that preserves

adjacencies, that is, for every uv ∈ E(G), we have φ(u)φ(v) ∈ E(F).
For positive integers a, b, a b-fold coloring of a graph G is an assignment of sets of

size b to its vertices such that adjacent vertices receive disjoint sets; an a : b-coloring is
a b-fold coloringwhere each assigned set is chosen from

([a]
b

)
. Note thatG has an a : b-

coloring if and only if G
hom−−→ KN(a, b). The b-fold chromatic number χb(G) of G is
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the smallest a such that there exists an a : b-coloring of G. The fractional chromatic
number χ f (G) of G is defined to be χ f (G) = limb→∞ χb(G)

b = infb
χb(G)

b . It is clear

that we always have χ f (G) ≤ χ(G), and if G
hom−−→ KN(a, b), then χ f (G) ≤ a

b .

2.1 Extremal Graphs for Chromatic Thresholds

In this subsection, we review the three families of graphs constructed in [1], which
establish the lower bounds for chromatic thresholds. Readers familiar with these
constructions can skip this subsection.

In [27], Łuczak and Thomassé defined a graph H to be near-acyclic if χ(H) = 3
and H admits a partition into a forest F and an independent set S such that every
odd cycle of H intersects S in at least two vertices. Equivalently, for each tree T in
F with color classes V1(T ) and V2(T ), no vertex in S has neighbors in both V1(T )

and V2(T ).1 We say that H is r-near-acyclic if χ(H) = r ≥ 3 and there exist r − 3
independent sets in H whose removal results in a near-acyclic graph.

Theorem 2.1 ([1]) Let H be a graph with χ(H) = r ≥ 3. Then

δχ (H) ∈
{

r − 3

r − 2
,
2r − 5

2r − 3
,

r − 2

r − 1

}
.

Moreover, δχ (H) �= r−2
r−1 if and only if H has a forest in its decomposition family, and

δχ (H) = r−3
r−2 if and only if H is r-near-acyclic.

In [1], the authors constructed three families of graphs, each corresponding to one
of the values δχ (H) ∈ { r−3

r−2 ,
2r−5
2r−3 ,

r−2
r−1 }, such that for every C ∈ N there exists

an infinite sequence of n-vertex H -free graphs Gn with minimum degree δ(Gn) ≥
(δχ (H) − o(1)) · n and chromatic number χ(Gn) ≥ C , where o(1) → 0 as n → ∞.
We refer to these graphs as extremal graphs for chromatic thresholds.

Extremal graphs for δχ (H) = r−2
r−1 . The girth of a graph G is defined as the length of

its shortest cycle. The original proof by Erdős [8] showed the existence of graphs G in
which both the girth and the ratio |G|

α(G)
are arbitrarily large. Consequently, it follows

from χ(G) ≥ χ f (G) ≥ |G|
α(G)

[31] that the girth and the fractional chromatic number
can also be made arbitrarily large simultaneously.

For each k, � ∈ N, we shall call a graph G a (k, �)-Erdős graph if it has fractional
chromatic number at least k, and girth at least �.

Construction 2.2 (Extremal graphs for δχ (H) = r−2
r−1 ) For every such H and every

C ∈ N, let G ′ be a (C, |H | + 1)-Erdős graph. Let G = G ′ ∨ Kr−2[|G ′|]. In other
words, G is obtained from placing a copy of G ′ into one part of a balanced complete
(r − 1)-partite graph.

Note that G is H -free as there is no forest in the decomposition family of H and
the girth of G ′ is larger than the order of H , and G satisfies δ(G) = r−2

r−1 · |G| and
χ(G) ≥ C , thus confirming the lower bound δχ (H) ≥ r−2

r−1 .

1 For example, C5 is near-acyclic.
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Fig. 1 The Hajnal graph H(k, �, m)

Extremal graphs for δχ (H) = 2r−5
2r−3 . To establish a lower bound for the family of

graphs H with χ(H) = r ≥ 3 and δχ (H) = 2r−5
2r−3 , the authors of [1] introduced the r-

Borsuk–Hajnal graph, which is an extension of the r-Hajnal graph (see Construction
2.4). We utilize only the r -Hajnal graph. We recommend that readers refer to [1] for
more details.

Definition 2.3 (Hajnal graphs) Let k, �, m ∈ N and 2m + k | �. The Hajnal graph
H(k, �, m) is a graph on

(2m+k
m

) + 3� vertices obtained as follows (see Fig. 1 above
for an illustration).

• Take vertex disjoint copies of a Kneser graph KN(2m + k, m) and a complete
bipartite graph K2�,� with vertex set A ∪ B, where |A| = 2�, and |B| = �;

• Partition A into 2m + k pieces A1, . . . , A2m+k of equal size;
• For S ∈ ([2m+k]

m

) = V (KN(2m + k, m)), j ∈ [2m + k] and y ∈ A j , add an edge

between S and y whenever j ∈ S (so every S ∈ ([2m+k]
m

)
is connected to precisely

m|A|
2m+k vertices of A).

Lovász [26] famously proved that χ(KN(n, m)) = n − 2m + 2. Clearly,
χ(H(k, �, m)) ≥ χ(KN(2m + k, m)) = k + 2 and H(k, �, m) is triangle-free pro-
vided m = ω(k). Therefore, taking � = ω(

(2m+k
m

)
) and k ≥ C − 2, G = H(k, �, m)

is a (3 + o(1))�-vertex triangle-free graph with δ(G) ≥ � ≥ ( 1
3 − o(1)

) · |G| and
χ(G) ≥ C , verifying the lower bound δχ (K3) ≥ 1

3 .

Construction 2.4 (r-Hajnal graphs, extremal graphs for δχ (Kr )) Given r ≥ 3, let
H(k, �, m) be theHajnal graph defined inDefinition 2.3. The r -Hajnal graph is defined
to be Hr (k, �, m) := H(k, �, m) ∨ Kr−3[2�].

Since H(k, �, m) is K3-free, Hr (k, �, m) is Kr -free. Setting � = ω(
(2m+k

m

)
) and

k ≥ C − 2, it is not hard to see that G = Hr (k, �, m) is a (2r − 3 + o(1))�-vertex
Kr -free graph with δ(G) ≥ (2r − 5)� ≥ ( 2r−5

2r−3 − o(1)
)|G| and χ(G) ≥ C .
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We remark that the r-Borsuk–Hajnal graph differs from the r -Hajnal graph only at
the Kneser graph part and the edges incident to it.

Extremal graphs for δχ (H) = r−3
r−2 . A slight modification of Construction 2.2 shows

that every graph H with χ(H) = r ≥ 3 satisfies δχ (H) ≥ r−3
r−2 as follows.

Construction 2.5 (Extremal graph for δχ (H) = r−3
r−2 ) For every H with χ(H) = r ≥

3 and every C ∈ N, let G ′ be a (C, |H | + 1)-Erdős graph. Let G = G ′ ∨ Kr−3[|G ′|].
By construction, every induced subgraph of G ′ with at most |H | vertices is a forest

and hence 2-colorable. Consequently, every induced subgraph of G with at most |H |
vertices is (r − 1)-colorable. Therefore, G is an H -free graph with δ(G) = r−3

r−2 · |G|
and χ(G) ≥ C , thus proving the lower bound δχ (H) ≥ r−3

r−2 .

Remark 2.6 Note that if we replace the graph G in Construction 2.5 with G∗ :=
(G ′∪K|G ′|,|G ′|)∨Kr−3[3|G ′|], thenG∗ is also an H -free graphwith δ(G∗) = r−3

r−2 ·|G∗|
and χ(G∗) ≥ C . Here, e(G∗) = e(T|G∗|,r−2) + �(|G∗|2). More generally, we can
replace the (G ′ ∪ K|G ′|,|G ′|) part with any graph in which any set of |H | vertices
induces a bipartite graph; such a graph could have any edge density in [0, 1

2 ]. Thus,
we essentially have no control over the structure of the high chromatic number part of
G∗.

2.2 Auxiliary Results

In this section, we present several auxiliary results that will be used throughout the
paper.

First we introduce the famous regularity lemma. Let (A, B) be a pair of subsets of
vertices of G. Let e(A, B) denote the number of edges with one endpoint in A and the
other in B. Define the density of the pair (A, B) as d(A, B) = e(A,B)

|A||B| . For any ε > 0,
the pair (A, B) is said to be ε-regular if |d(A, B) − d(X , Y )| < ε for every X ⊆ A
and Y ⊆ B with |X | ≥ ε|A| and |Y | ≥ ε|B|. Moreover, given 0 < d < 1, we say that
(A, B) is (ε, d)-regular if it is ε-regular and has density at least d.

A partition V0 ∪ V1 ∪ · · · ∪ Vk of V (G) is called an ε-regular partition if |V0| ≤
εn, |V1| = · · · = |Vk |, and all but atmost εk2 of the pairs (Vi , Vj ), where 1 ≤ i, j ≤ k,

are ε-regular. Given an ε-regular partition V0 ∪ V1 ∪ · · ·∪ Vk of V (G) and 0 < d < 1,
we define a graph R, called the (ε, d)-reduced graph of G, as follows: the vertex
set is V (R) = [k] and an edge i j is included in E(R) if and only if (Vi , Vj ) is an
(ε, d)-regular pair. The partition classes V1, . . . , Vk are called the clusters of G. For
brevity, for each I ⊆ [k] we write VI = ⋃

i∈I Vi .
We will use the following minimum degree form of the regularity lemma.

Theorem 2.7 ([23, Theorem 1.10]) Let 0 < ε < d < δ < 1, and let k0 ∈ N. There
exists a constant k1 = k1(k0, ε, δ, d) such that the following holds. Every graph G on
n > k1 vertices, with minimum degree δ(G) ≥ δn, has an (ε, d)-reduced graph R on
k vertices, with k0 ≤ k ≤ k1 and δ(R) ≥ (δ − d − ε)k.

We will also make use of the counting lemma.
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Theorem 2.8 (Counting lemma, [23, Theorem 3.1]) Let G be a graph with (ε, d)-
reduced graph R whose clusters contain m vertices each, and suppose that there is a
homomorphism φ : V (H) → V (R). Then G contains at least

1

|Aut(H)| (d − ε|H |)e(H)m|H |

copies of H, each with the property that every vertex x ∈ V (H) lies in the cluster
corresponding to the vertex φ(x) of R.

We state one more useful fact about subpairs of (ε, d)-regular pairs.

Fact 2.9 (Slicing lemma, see e.g., [23, Fact 1.5]) Let ε < α ≤ 1
2 . Let (U , W ) be

an (ε, d)-regular pair and suppose that U ′ ⊆ U , W ′ ⊆ W satisfy |U ′| ≥ α|U | and
|W ′| ≥ α|W |. Then (U ′, W ′) is ( ε

α
, d − ε)-regular.

The following two lemmas are basic facts of reduced graphs.

Lemma 2.10 Let G be a graph with an (ε, d)-reduced graph R on k vertices, where
1
k ≤ 2ε. Let I be an independent set of R and let VI = ⋃

i∈I Vi . Then e(G[VI ]) <

(2ε + d
2 )n2.

Proof Since I is an independent set in R, the edges of G[VI ] can be categorized into
the following three types:

• edges with both endpoints in Vi for some i ∈ I . There are at most k
(n/k

2

)
such

edges;
• edges between distinct clusters Vi and Vj , for some distinct i, j ∈ I for which

(Vi , Vj ) is not ε-regular. There are at most εk2 · n2

k2
such edges;

• edges between distinct clusters Vi and Vj , for some distinct i, j ∈ I for which

(Vi , Vj ) is ε-regular but d(Vi , Vj ) < d. There are at most d
(k
2

) n2

k2
such edges.

Summing up the edges from these three types yields the desired bound. ��
Lemma 2.11 Let r ≥ 3 be an integer and ε, β, μ, d > 0 with ε ≤ d ≤ β

20r . Let
G be an n-vertex graph with minimum degree δ(G) ≥ ( r−1

r − β)n. Suppose that
V (G) = V0 ∪ V1 ∪ · · · ∪ Vk is the ε-regular partition of G where 1

k ≤ 2ε and R
is the (ε, d)-reduced graph of G from this partition. If |E(R)�E(Tk,r )| ≤ μk2, then
|E(G)�E(Tn,r )| ≤ (β + 2μ)n2.

Proof Since |E(R)�E(Tk,r )| ≤ μk2, there exists a balanced r -partition of V (R),
say [k] = U1 ∪ · · · ∪ Ur , such that

∑r
i=1 e(R[Ui ]) ≤ μk2. For each i ∈ [r ], let

Wi = ⋃
j∈Ui

Vj . By Lemma 2.10,

r∑

i=1

e(G[Wi ]) ≤ r

(
2ε + d

2

)
n2 + μk2

n2

k2
<

(
β

8
+ μ

)
n2.
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Since e(G) ≥ δ(G)n
2 and the vertices in V0 are incident with at most εn2 edges, the

r -partite subgraph of G defined on the vertex set W1 ∪ · · · ∪ Wr satisfies

e(G[W1, . . . , Wr ]) ≥ δ(G)n

2
− εn2 −

r∑

i=1

e(G[Wi ])

≥
(r − 1

2r
− β

2

)
n2 − εn2 −

(β

8
+ μ

)
n2

=
(r − 1

2r
− 5β

8
− μ − ε

)
n2.

Since e(Tn,r ) ≤ r−1
2r · n2 and ε ≤ β

60 , we have

|E(G)�E(Tn,r )| = |E(G) \ E(Tn,r )| + |E(Tn,r ) \ E(G)|
≤

(
ε + β

8
+ μ

)
n2 +

(5β
8

+ μ + ε
)

n2 ≤ (β + 2μ)n2,

as needed. ��
The following two lemmas from [1] describe some useful properties of graphs.

Lemma 2.12 ([1, Lemma 9]) Let α, δ > 0 and r , t ∈ N. Let G be a graph on n
vertices, and X ⊆ V (G).

(a) If δ(G) ≥ δn and |X | ≥ (
α

1
r−2 (r − 2) + (1 − δ)(r − 3)

)
n, then G[X ] contains

at least αnr−2 copies of Kr−2.
(b) For any graph H with χ(H) ≤ r , if G[N (x)] contains at least αn(r−1)|H | copies

of Kr−1[|H |] for every x ∈ X, then we have either H ⊆ G or |X | ≤ |H |
α

.

Although [1, Lemma 9] is stated for graphs H satisfying H ⊆ F ∨ Kr−2[t] for
some forest F , this condition is not used in the proof. Hence the above lemma also
holds.

Lemma 2.13 ([1, Lemma 10]) Let α, δ > 0 and r , t ∈ N, let F be a forest, and
suppose that H ⊆ F ∨ Kr−2[t]. Let G be an H-free graph on n vertices, and let
X ⊆ V (G) be such that every edge xy ∈ E(G[X ]) is contained in at least αnr−2

copies of Kr in G. Then χ(G[X ]) ≤ (
2|F |
α′ ) + 1 for some α′ = α′(α, r , t).

The following two well-known facts are useful.

Fact 2.14 Let F be a forest and G be a graph on n ≥ 1 vertices. If e(G) ≥ |F |n, then
F ⊆ G.

Fact 2.15 Let F be a forest and G be an F-free graph, then χ(G) ≤ |F |.
We will utilize the classic result of Andrásfai, Erdős, and Sós [2].

Theorem 2.16 ([2]) Let r ≥ 3 and let G be a Kr -free graph on n vertices such that
δ(G) > 3r−7

3r−4 · n. Then χ(G) ≤ r − 1.

123



J. Kim et al.

3 Stability for ı�(H) = 2r−5
2r−3

In this section we prove the following theorem, which implies Theorem 1.2.

Theorem 3.1 Let r ≥ 3 and H be a graph with χ(H) = r and δχ (H) = 2r−5
2r−3 . For

every 0 < β < (40r |H |)−2, there exist C = C(H , β) and C ′ = C ′(H) such that the
following hold.

For every n-vertex H-free graph G with δ(G) ≥ ( 2r−5
2r−3 − β

)
n and χ(G) ≥ C, we

have

∣∣∣E(G)�E
(

Kr−1

( 2n

2r − 3
, . . . ,

2n

2r − 3
,

n

2r − 3

))∣∣∣ ≤ 20r |H |√βn2. (2)

Moreover, G admits a vertex partition V (G) = A∪ B1∪· · ·∪ Br−1 with the following
properties:

(i) |A| ≤ 7r |H |√βn, |Bi | = ( 2
2r−3 ± 2

√
β
)
n for each i ∈ [r − 2], and |Br−1| =

( 1
2r−3 ± 5r |H |√β

)
n. Moreover, for every i ∈ [r − 2] and v ∈ Bi , v has at most

5
√

βn non-neighbors outside Bi ;
(ii) for every forest F ∈ M(H) and i ∈ [r − 1], G[Bi ] is F-free;
(iii) χ(G[A]) ≥ C − (r − 1)|H | but χ f (G[A]) ≤ C ′.
Proof Let C be a sufficiently large integer whose value will be determined later. Let G
be an H -free graph on n vertices with δ(G) ≥ ( 2r−5

2r−3 −β
)
n and χ(G) > C .2 Applying

Theorem 2.7 to G with d := β
4 , ε := d2

2d+2|H | and k0 = � 1
2ε �, we obtain a partition

V (G) = V0 ∪ V1 ∪ · · · ∪ Vk of G, where k0 ≤ k ≤ k1(k0, ε, δ, d) = k1(H , β),
together with an (ε, d)-reduced graph R on the vertex set V (R) = [k], such that
δ(R) ≥ ( 2r−5

2r−3 − 2β
)
k.

Define a new partition of V (G) by setting, for every subset I ⊆ [k],
X I := {x ∈ V (G) : i ∈ I ⇔ |N (x) ∩ Vi | ≥ d|Vi |}.

That is, X I consists of all vertices having linear degree to Vi when and only when
i ∈ I .

First, we show that if |I | is not large, then χ(G[X I ]) is necessarily bounded.

Claim 3.2 There exists C1 = C1(H , β) such that for every I ⊆ V (R) with |I | ≤
( 2r−4
2r−3 − (2r − 1)β)k, we have χ(G[X I ]) ≤ C1.

Proof For any edge xy ∈ E(G[X I ]), let X = N (x) ∩ N (y) ∩ VI . Note that

min{|N (x) ∩ VI |, |N (y) ∩ VI |} ≥ δ(G) − |V0| − d(n − |V0|) ≥
(2r − 5

2r − 3
− 2β

)
n,

which implies that

|X | ≥ 2 ·
(2r − 5

2r − 3
− 2β

)
n − |VI | ≥

(2r − 6

2r − 3
+ (2r − 5)β

)
n.

2 As C is sufficiently large, we can assume n ≥ χ(G) > C is also sufficiently large.
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Applying Lemma 2.12 (a) with α = βr−2, δ = 2r−5
2r−3 − β, and X = N ({x, y}),

G[N ({x, y})] contains at least βr−2nr−2 copies of Kr−2. Since G is H -free, Lemma
2.13 shows that χ(G[X I ]) is bounded by some constant C1 = C1(H , β). ��

Next we show that if R[I ] contains a Kr−1, then χ(G[X I ]) is also bounded.
Claim 3.3 There exists C2 = C2(H , β) such that for every I ⊆ V (R) with Kr−1 ⊆
R[I ], we have χ(G[X I ]) ≤ C2.

Proof Suppose that R[I ] contains a copy of Kr−1 with vertex set [r −1] ⊆ I . For any
x ∈ X I , we have |N (x) ∩ Vi | ≥ d|Vi | for all i ∈ [r − 1]. By Fact 2.9, it follows that
for every pair {i, j} ∈ ([r−1]

2

)
, the pair (N (x) ∩ Vi , N (x) ∩ Vj ) is ( ε

d , d − ε)-regular.
Hence, by Theorem 2.8, G[N (x)] contains at least αn(r−1)|H | copies of Kr−1[|H |]
for some α = α(H , β) > 0. Since G is H -free, it follows from Lemma 2.12 (b) that
χ(G[X I ]) ≤ |X I | ≤ |H |

α
. By letting C2(H , β) = |H |

α
, this proves the claim. ��

Let C = 3k max{C1, C2}. As ∑
I⊆[k] χ(G[X I ]) ≥ χ(G) ≥ C , it follows from

the pigeonhole principle that there exists a set I ⊆ [k] such that χ(G[X I ]) ≥ C
2k >

max{C1, C2}. Fix such a set I . Then by Claim 3.2 and Claim 3.3, |I | ≥ ( 2r−4
2r−3 − (2r −

1)β
)
k and R[I ] is Kr−1-free. Moreover, for r ≥ 4,

δ(R[I ]) ≥ δ(R) − (k − |I |) ≥ |I | −
( 2

2r − 3
+ 2β

)
k >

3r − 10

3r − 7
|I |.

It follows from Theorem 2.16 that χ(R[I ]) ≤ r − 2, and this holds for r = 3 as well
since R[I ] is an independent set in this case.

Now, we describe the process of constructing the partition. Recall that any vertex
in R has at most ( 2

2r−3 + 2β)k non-neighbors. Consequently, any independent set in

R has size at most ( 2
2r−3 + 2β)k.

• Step 1. As χ(R[I ]) ≤ r − 2, I admits a partition I = ⋃r−2
i=1 Zi , where each Zi is

an independent set in R.
• Step 2. For each i ∈ [r −2], let VZi = ⋃

j∈Zi
Vj , Bi = {v ∈ VZi : |N (v)∩VZi | <

2
√

βn} ⊆ VZi .
• Step 3. Select sets T1, . . . , Tr−2 in order, each of size |H |, such that

T1 ⊆ B1, T2 ⊆ B2 ∩ N (T1), . . . , Tr−2 ⊆ Br−2 ∩ N

(
r−3⋃

i=1

Ti

)

.

• Step 4. Let

Br−1 = N

(
r−2⋃

i=1

Ti

)

\
r−2⋃

i=1

Bi , A = V (G)\
(

r−1⋃

i=1

Bi

)

.
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We first prove that this process can be executed. To demonstrate this, it suffices to
show that we can select T1, . . . , Tr−2 in Step 3. To this end, we need to bound the size
of each Bi .

Claim 3.4 For each i ∈ [r − 2], ( 2
2r−3 − 2

√
β
)
n < |Bi | ≤ ( 2

2r−3 + 2β
)
n.

Proof Since Zi is an independent set with |Zi | ≤ ( 2
2r−3 + 2β)k, we have

|Zi | ≥ |I | − (r − 3)
( 2

2r − 3
+ 2β

)
k >

( 2

2r − 3
− 4rβ

)
k,

which concludes that
( 2
2r−3 − √

β
)
n ≤ |VZi | ≤ ( 2

2r−3 + 2β
)
n where the lower

bound follows from β < 1
25r2

. Moreover, by Lemma 2.10 we have e(G[VZi ]) <
(
2ε + d

2

)
n2 < βn2. Hence,

( 2

2r − 3
− 2

√
β
)

n < |VZi | − 2e(G[VZi ])
2
√

βn
≤ |Bi | ≤ |VZi | ≤

( 2

2r − 3
+ 2β

)
n,

as claimed. ��
The next claim shows that each vertex in Bi has only a few non-neighbors outside

Bi .

Claim 3.5 For every i ∈ [r −2] and v ∈ Bi , v has at most 5
√

βn non-neighbors outside
Bi , that is, |(V (G) \ Bi ) \ N (v)| ≤ 5

√
βn.

Proof As δ(G) ≥ ( 2r−5
2r−3 − β

)
n, v is non-adjacent to at most

( 2
2r−3 + β

)
n vertices in

V (G).Moreover, by the definition of Bi ,we have |N (v)∩Bi | ≤ |N (v)∩VZi | < 2
√

βn.
Thus, byClaim3.4,v is non-adjacent to at least |Bi |−2

√
βn ≥ ( 2

2r−3−4
√

β
)
n vertices

in Bi . It follows that v is non-adjacent to at most (4
√

β + β) < 5
√

βn vertices in
V (G) \ Bi . ��

Now, we can show that the process in Step 3 is well-defined. Assume that we have
chosen T1, . . . , Ti−1. Then, by Claim 3.4 and Claim 3.5, we obtain that

∣∣
∣∣∣∣
Bi ∩ N

⎛

⎝
i−1⋃

j=1

Tj

⎞

⎠

∣∣
∣∣∣∣
≥ |Bi | − 5(i − 1)|H |√βn

≥
( 2

2r − 3
− 2

√
β
)

n − 5(r − 3)|H |√βn

> |H |.

Thus we can choose the desired Ti in Bi for each i ∈ [r − 2] in Step 3.
Next we show that the partition V (G) = A∪ B1∪· · ·∪ Br−1 satisfies the properties

listed in Theorem 3.1. Let B = B1 ∪ · · · ∪ Br−2. By Claim 3.4, we have
( 2r−4
2r−3 −

2r
√

β
)
n ≤ |B| ≤ ( 2r−4

2r−3 + 2rβ
)
n. Thus, it follows from Claim 3.5 that
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( 1

2r − 3
+ 2r

√
β
)

n ≥ n − |B| ≥ |Br−1|

=
∣∣∣
∣∣
N

(
r−2⋃

i=1

Ti

)

∩ (V (G) \ B)

∣∣∣
∣∣

≥ |V (G) \ B| − (r − 2)|H |5√βn

≥
( 1

2r − 3
− 5r |H |√β

)
n.

Finally, since |A| = n−|B|−|Br−1| ≤ 7r |H |√βn, we complete the proof of Theorem
3.1 (i).

Now, we prove Theorem 3.1 (ii). By our construction, it is clear that
G[T1, . . . , Tr−2, Br−1] is a complete (r − 1)-partite graph and G[T1, . . . , Tr−2] =
Kr−2[|H |]. Hence, Br−1 is F-free for every F ∈ M(H); otherwise, G contains a
copy of F ∨ Kr−2[|H |] ⊇ H , a contradiction. Suppose that G[B1] contains a copy
of F ∈ M(H). Applying the same process with T1 containing the vertex set of this
copy of F , it follows that N (T1) also contains a copy of Kr−2[|H |], which is again a
contradiction. Similarly, one can show that G[Bi ] is F-free for each i ∈ [r − 2], as
desired.

We now proceed to prove Theorem 3.1 (iii). By Fact 2.15, χ(G[B ∪ Br−1]) ≤
(r − 1)|F | ≤ (r − 1)|H |. Thus, χ(G[A]) ≥ C − (r − 1)|H |. Moreover, noting that
δ(G) > ( 2r−5

2r−3 −β)n > ( r−3
r−2 + 1

r3
)n, it follows from Theorem 6.2 (applied to G) that

χ f (G[A]) ≤ χ f (G) ≤ C ′ = C ′(H), which verifies Theorem 3.1 (iii).
Finally, we prove (2). Since for every i ∈ [r − 2] and v ∈ Bi , v is non-adjacent

to at most 5
√

βn vertices outside Bi , the total number of missing edges among all

distinct pairs of Bi , B j is at most 5
√

βn2

2 < 3
√

βn2. Moreover, since for every forest
F ∈ M(H) and every i ∈ [r −1], G[Bi ] is F-free, by Fact 2.14, the number of edges
within the Bi ’s is at most (r − 1)|H |n <

√
βn2. Hence,

∣
∣∣E(G)�E

(
Kr−1

( n

2r − 3
,

2n

2r − 3
, . . . ,

2n

2r − 3

))∣
∣∣

≤ |A|n + √
βn2 + 3

√
βn2 + n ·

(
r−2∑

i=1

∣∣∣|Bi | − 2n

2r − 3

∣∣∣ +
∣∣∣|Br−1| − n

2r − 3

∣∣∣

)

≤ 20r |H |√βn2,

as needed. ��

4 Stability for ı�(Kr)

In this section we prove the following theorem, which implies Theorem 1.1.

Theorem 4.1 For every r ≥ 3 and 0 < β < 40−2r−4, there exists C = C(r , β) such
that the following hold. For every n-vertex Kr -free graph G with δ(G) ≥ ( 2r−5

2r−3 −β
)
n
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and χ(G) ≥ C, G admits a vertex partition V (G) = A∗ ∪ B∗
1 ∪ · · · ∪ B∗

r−1 with the
following properties:

(i) |A∗| ≤ 7r2
√

βn, |B∗
i | = ( 2

2r−3 ± 2
√

β
)
n for each i ∈ [r − 2], and |B∗

r−1| =
( 1
2r−3 ± 5r2

√
β
)
n;

(ii) for each i ∈ [r − 1], B∗
i is an independent set;

(iii) χ(G[A∗]) ≥ C − r + 1 and χ f (G[A∗]) ≤ 2 + 50r3
√

β; in particular, G[A∗]
is homomorphic to KN(m, ( 12 − ε)m), where m = ln n

β
and ε = 100r3

√
β.

Proof Let C be C(Kr , β) given from Theorem 3.1. Suppose that G is a Kr -free graph
with δ(G) ≥ ( 2r−5

2r−3 − β
)
n and χ(G) ≥ C . Applying Theorem 3.1, let V (G) =

A ∪ B1 ∪ · · · ∪ Br−1 be a partition satisfying the conclusion of Theorem 3.1.
We first note that G[B1, . . . , Br−1] is rich in Kr−1.

Claim 4.2 Let T1 ⊆ B1, . . . , Tr−1 ⊆ Br−1 be subsets with |Ti | ≥ 5r
√

βn for each
i ∈ [r − 1]. Then Kr−1 ⊆ G[T1, . . . , Tr−1].
Proof We can greedily pick w1 ∈ T1, w2 ∈ N (w1) ∩ T2, . . . , wr−1 ∈ N ({w1, . . . ,

wr−2}) ∩ Tr−1, so that {w1, . . . , wr−1} forms a copy of Kr−1. To see this, for every
i ∈ [r − 2], by Theorem 3.1 (i), we have |Ti+1 \ N (w j )| ≤ 5

√
βn for each j ∈ [i].

Hence

|N ({w1, . . . , wi }) ∩ Ti+1| ≥ |Ti+1| −
i∑

j=1

|Ti+1 \ N (w j )| ≥ 5r
√

βn − 5i
√

βn > 0.

Therefore, the vertices w1, . . . , wr−1 are well-defined. ��
To obtain the desired sets B∗

i in Theorem 4.1, we need a refined analysis on G[A].
Claim 4.3 For every vertex x ∈ A, there exists exactly one i ∈ [r − 1] such that
|N (x) ∩ Bi | < 5r

√
βn.

Proof Fix an arbitrary x ∈ A. Since |N (x)| ≥ ( 2r−5
2r−3 − β

)
n, |Br−1| ≥ ( 1

2r−3 −
5r2

√
β
)
n and |Bi | >

( 2
2r−3 − 2

√
β
)
n for i ∈ [r − 2], there is at most one i ∈ [r − 1]

such that |N (x) ∩ Bi | < 5r
√

βn. On the other hand, if |N (x) ∩ Bi | ≥ 5r
√

βn for
every i ∈ [r − 1], then applying Claim 4.2 with Ti := N (x) ∩ Bi , it follows that
Kr−1 ⊆ G[T1, . . . , Tr−1] ⊆ G[N (x)], which implies that Kr ⊆ G, a contradiction.

��
For each i ∈ [r − 1], let

Ri = {x ∈ A : |N (x) ∩ Bi | < 5r
√

βn}.

Then by Claim 4.3, R1, . . . , Rr−1 are pairwise disjoint and form a partition of A. Set

B∗
r−1 := Br−1, B∗

i := Bi ∪ Ri for i ∈ [r − 2],

A∗ = V (G)\
( r−1⋃

i=1

B∗
i

)
= Rr−1.
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Next we demonstrate that these B∗
i ’s satisfy the conclusions (i)–(iii) of Theorem 4.1.

We first prove part (ii). Notice first that asM(Kr ) = {K2}, it follows immediately
fromTheorem 3.1 (ii) that each Bi , i ∈ [r −1], is an independent set. As B∗

r−1 := Br−1
and B∗

i , i ∈ [r − 2], are symmetric, it suffices to show that B∗
1 is independent. By the

definition of R1 and that B1 is independent, every vertex v ∈ B∗
1 satisfies

|N (v) ∩ B∗
1 | ≤ |R1| + |N (v) ∩ B1| ≤ |A| + 5r

√
βn ≤ 10r2

√
βn.

As A ∪ B1 ∪ · · · ∪ Br−1 satisfies Theorem 3.1 (i) and |B∗
1 | >

( 2
2r−3 − 2

√
β
)
n, v is

non-adjacent to at least
( 2
2r−3 − 12r2

√
β
)
n vertices in B∗

1 . Moreover, since v is non-

adjacent to at most
( 2
2r−3 + β

)
n vertices in V (G), we see that v is non-adjacent to at

most 13r2
√

βn vertices in V (G)\B∗
1 . To show that B∗

1 is independent, suppose to the
contrary that xy ∈ E(G) for some distinct x, y ∈ B∗

1 . Let Tj := N (x) ∩ N (y) ∩ B∗
j

for j �= 1. Thus, we have |Tj | ≥ |B∗
j | − 26r2

√
βn ≥ 5r

√
βn for each j �= 1.

Applying Claim 4.2 with Tj for 2 ≤ j ≤ r −1 gives that Kr−2 ⊆ G[T2, . . . , Tr−1] ⊆
G[N (x) ∩ N (y)], a contradiction. This proves part (ii).

Now, part (i) is obvious since |A∗| ≤ |A| ≤ 7r2
√

βn, |B∗
r−1| = |Br−1| and by part

(ii), for i ∈ [r − 2], we have |Bi | ≤ |B∗
i | ≤ n − δ(G) ≤ ( 2

2r−3 + β
)
n.

Finally, we prove part (iii). It is clear that χ(G − A∗) = r − 1 and χ(G[A∗]) ≥
C − r + 1.

Claim 4.4 For any edge xy ∈ E(G[A∗]), there exists a unique i ∈ [r − 2] such that
N ({x, y}) ∩ B∗

i = ∅.

Proof Let B∗ := ⋃r−2
i=1 B∗

i , then |B∗| ≤ n − |B∗
r−1| ≤ ( 2r−4

2r−3 + 5r2
√

β
)
n. For each

v ∈ A∗ = Rr−1, we have

|N (v) ∩ B∗| ≥
(2r − 5

2r − 3
− β

)
n − |A∗| − |N (v) ∩ B∗

r−1| ≥
(2r − 5

2r − 3
− 13r2

√
β
)

n.

Fixing an edge xy ∈ E(G[A∗]), we then get

|N ({x, y}) ∩ B∗| ≥ |N (x) ∩ B∗| + |N (y) ∩ B∗| − |B∗| ≥
(2r − 6

2r − 3
− 31r2

√
β
)

n.

(3)

Notice that there is a unique i ∈ [r−2] such that |N ({x, y})∩B∗
i | < 5r

√
βn. Indeed,

if for each i ∈ [r − 2], |N ({x, y})∩ B∗
i | ≥ 5r

√
βn, then we can apply Claim 4.2 with

Tj = N ({x, y}) ∩ B∗
j for j ∈ [r − 2] to obtain a copy of Kr−2 in G[N (x) ∩ N (y)], a

contradiction. But if there are at least two such indices, then as |B∗
j | ≥ ( 2

2r−3 −2
√

β
)
n,

x and y would have too few common neighbors in B∗, contradicting (3).
We shall show that this unique index i ∈ [r − 2] is the desired one. Suppose for

contradiction that there exists a vertex w ∈ B∗
i such that w ∈ N ({x, y}). Since for
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each j ∈ [r − 2] \ {i}, |B∗
j | ≤ |B j | + |A| ≤ ( 2

2r−3 + 9r2
√

β
)
n, we have

|N ({x, y}) ∩ B∗
j | ≥ |N ({x, y}) ∩ B∗| − |N ({x, y}) ∩ B∗

i | −
∑

�∈[r−2]\{i, j}
|B∗

� |

≥
( 2

2r − 3
− 45r3

√
β
)

n.

Since w ∈ B∗
i , by Theorem 3.1 (i), for each j ∈ [r − 2] \ {i}, |N (w) ∩ B∗

j | ≥
|B∗

j | − 5
√

βn ≥ ( 2
2r−3 − 7

√
β
)
n. Therefore, |N ({x, y, w}) ∩ B∗

j | ≥ 5r
√

βn for each
j ∈ [r −2] \ {i}, and by Claim 4.2 we have Kr−3 ⊆ G[N ({x, y, w})], a contradiction.

��
Let a := ( 2

2r−3 + β
)
n and b := ( 1

2r−3 − 12r2
√

β
)
n. We aim to show that

G[A∗] hom−−→ KN(a, b). It suffices to construct a map φ : A′ → ([a]
b

)
for each con-

nected component A′ ⊆ A∗ such that if uv ∈ E(G[A′]), then φ(u) ∩ φ(v) = ∅. Fix
a connected component A′ in A∗. We next observe that each vertex in A′ is adjacent
to at least almost half of each B∗

j , j ∈ [r − 2].

Claim 4.5 For any v ∈ A′ and any j ∈ [r − 2], |N (v) ∩ B∗
j | ≥ ( 1

2r−3 − 12r2
√

β
)
n.

Proof Note that

|N (v) ∩ B∗
j | ≥ |N (v)| − |A∗| − |N (v) ∩ B∗

r−1| −
∑

�∈[r−2]\{ j}
|B∗

� |.

Recall that B∗
r−1 = Br−1 and A∗ = Rr−1, and so |N (v)∩ B∗

r−1| ≤ 5r
√

βn. Since B∗
�

is an independent set, |B∗
� | ≤ n − δ(G) ≤ a. Therefore,

|N (v) ∩ B∗
j | ≥

(2r − 5

2r − 3
− β

)
n − 5r2

√
βn − 5r

√
βn −

(2r − 6

2r − 3
+ rβ

)
n

≥
( 1

2r − 3
− 12r2

√
β
)

n,

as claimed. ��
We need to strengthen Claim 4.4 as follows.

Claim 4.6 For every connected component A′ ⊆ A∗, there exists a unique index i A′ ∈
[r − 2] such that for every edge xy ∈ E(G[A′]), N ({x, y}) ∩ B∗

i A′ = ∅.

Proof Fix a component A′ in A∗, we are done by Claim 4.4 if A′ is a single edge. We
may then assume that there is a 3-vertex path xyz in A′. Let ixy and iyz be the indices
obtained from Claim 4.4 such that N ({x, y}) ∩ B∗

ixy
= ∅ and N ({y, z}) ∩ B∗

iyz
= ∅.

It suffices to prove that ixy = iyz = i A′ as then we can take a spanning tree of A′ and
propagate the index i A′ .
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Suppose for a contradiction that ixy �= iyz . As N ({x, y})∩ B∗
ixy

= ∅, we see that y

has at least |N (x) ∩ B∗
ixy

| ≥ ( 1
2r−3 − 12r2

√
β
)
n non-neighbors in B∗

ixy
by Claim 4.5.

Similarly, y has at least |N (z) ∩ B∗
iyz

| ≥ ( 1
2r−3 − 12r2

√
β
)
n non-neighbors in B∗

iyz
.

On the other hand, y ∈ A∗ = Rr−1, and so |N (y) ∩ B∗
r−1| ≤ 5r

√
βn. Altogether,

y has at least
( 3
2r−3 − 50r2

√
β
)
n non-neighbors, contradicting the minimum degree

condition of G. ��
Fix the unique index i A′ ∈ [r −2] for A′ guaranteed by Claim 4.6. For every v ∈ A′,

we can define φ(v) to be an arbitrary b-subset in N (v) ∩ B∗
i A′ . Therefore, it follows

from Claim 4.6 that for every edge uv ∈ E(G[A′]), φ(u) ∩ φ(v) = ∅ as desired,
hence φ is a b-fold coloring on B∗

i A′ .

Notice that |B∗
j | ≤ a for any j ∈ [r − 2], so for every connected component A′ ⊆

A∗, we have χ f (G[A′]) ≤ a
b . Consequently, for sufficiently large n, χ f (G[A∗]) ≤

a
b ≤ 2+ 50r3

√
β, which proves the first half of part (iii) and implies that G[A∗] hom−−→

KN(a, b). The second half follows from the lemma below. Indeed, applying Lemma

4.7 with δ = √
β and m = ln n

β
, we have b

a − δ ≥ 1
2 − ε and so that G[A∗] hom−−→

KN(m, ( 12 − ε)m) as desired.
This completes the proof of Theorem 4.1. ��

Lemma 4.7 Let G be a graph on n vertices. If G
hom−−→ KN(a, b), then for every

δ ∈ (0, b
a ) and m > ln n

2δ2
we have G

hom−−→ KN(m, ( b
a − δ)m).

To prove Lemma 4.7, we recall the hypergeometric distributions. Suppose that there
is a finite set containing n elements, exactly k ≤ n of which are marked, and suppose
that we sample s ≤ n elements uniformly at random without replacement. Let X be
the random variable that counts the number of marked elements in the sample. Then
we say that X has the hypergeometric distribution with parameters (n, k, s). We will
need the following standard tail bound on hypergeometric distributions.

Lemma 4.8 ([17]) Let X have the hypergeometric distribution with parameters
(n, k, s). Then for δ ∈ (0, k

n ) the following inequality holds

Pr

[
X ≤

( k

n
− δ

)
s

]
≤ e−2δ2s .

Proof of Lemma 4.7 Let φ : V (G) → ([a]
b

)
be a homomorphism from G to KN(a, b).

Let S be a uniformly chosen random m-subset of [a]. For each vertex v ∈ V (G),
define a random variable Xv = |φ(v) ∩ S|. Clearly, Xv follows the hypergeometric
distribution with parameters (a, b, m). Then, by Lemma 4.8, we have that for every
v ∈ V (G),

Pr

[
Xv ≤

(b

a
− δ

)
m

]
≤ e−2δ2m <

1

n
.
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By the union bound, there exists a choice of S ∈ ([a]
m

)
such that for all v ∈ V (G),

(b

a
− δ

)
m < Xv = |φ(v) ∩ S| ≤ |S| = m.

For each v ∈ V (G), define ψ(v) to be an arbitrary (( b
a − δ)m)-subset of φ(v)∩ S. By

the previous discussion, ψ(v) is well-defined. Moreover, for every uv ∈ E(G), we
have

ψ(u) ∩ ψ(v) ⊆ (φ(u) ∩ S) ∩ (φ(v) ∩ S) ⊆ φ(u) ∩ φ(v) = ∅,

where the last equality holds by the property of φ. Thus, ψ : V (G) → ( S
(b/a−δ)m

)
is

indeed a homomorphism from G to KN(m, ( b
a − δ)m), as needed. ��

5 Stability for ı�(H) = r−3
r−2

In this section, we prove the following theorem.

Theorem 5.1 Let r ≥ 4, 0 < β < 1
30r3

and H be a graph with χ(H) = r and

δχ (H) = r−3
r−2 . Then there exists C = C(H , β) such that the following holds. For

every n-vertex H-free graph G with δ(G) ≥ ( r−3
r−2 − β

)
n and χ(G) ≥ C there exists

an induced subgraph G ′ ⊆ G on n′ = r−3
r−2n vertices such that

|E(G ′)�E(Tn′,r−3)| ≤ 30r3βn′2. (4)

Note that Theorem 5.1 implies Theorem 1.3. Indeed, let S = V (G) \ V (G ′),
then |S| = n

r−2 , and we can derive from (4) and the min-degree condition δ(G) ≥
( r−3

r−2 − β
)
n that every vertex in G ′ is almost complete to S. Hence, letting Ĝ be the

spanning subgraph of G obtained by deleting all edges induced by S, we see that Ĝ is
in edit-distance o(n2)-close to Tn,r−2 as desired.

We begin by stating an embedding lemma, which is a consequence of [1, Lem-
mas 24, 25 and Propositions 26, 36]. A formal proof is included in the appendix for
completeness.

Lemma 5.2 ([1]) Let H be an r-near-acyclic graph, and let ε, β, d > 0 be real num-
bers. Suppose that G is a graph and that X , Y , Z1, . . . , Zr−3 are pairwise disjoint
subsets of V (G) such that |Y | = |Z j | for each j ∈ [r − 3]. Assume that the pairs
(Y , Z j ) and (Zi , Z j ) are (ε, d)-regular for all distinct i, j , and

|N (x) ∩ Y | ≥ β|Y | and |N (x) ∩ Z j | ≥
(1
2

+ β
)
|Z j |

for every x ∈ X and every j ∈ [r − 3]. If χ(G[X ]) ≥ C for some sufficiently large
constant C = C(H , ε, β, d), then H ⊆ G.
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Proof of Theorem 5.1 Fix r ≥ 4, 0 < β < 1
30r3

and an r -near-acyclic graph H . Let C
be a sufficiently large integer whose value will be determined later. Let G be an H -
free graph on n vertices satisfying δ(G) >

( r−3
r−2 − β

)
n and χ(G) ≥ C . Set d := β

20r

and ε := d2

2d+2|H | . Applying Theorem 2.7 to G with k0 = r
8β , we obtain a partition

V (G) = V0 ∪ V1 ∪ · · · ∪ Vk , together with an (ε, d)-reduced graph R with vertex
set [k], where r

8β ≤ k ≤ k1 for some k1 = k1(ε, d, k0). Furthermore, the minimum

degree of R satisfies δ(R) ≥ ( r−3
r−2 − 2β

)
k.

We nowdefine a refined partition ofV (G). For each pair of index sets I2 ⊆ I1 ⊆ [k],
let

X(I1, I2) :=
{
v ∈ V (G) : i ∈ I1 ⇔ |N (v) ∩ Vi | ≥ β|Vi | and i ∈ I2

⇔ |N (v) ∩ Vi | ≥
(1
2

+ β
)
|Vi |

}
.

That is, X(I1, I2) consists of all vertices v ∈ V (G) such that for each i ∈ [k], i ∈ I1
if and only if v has at least β|Vi | neighbors in Vi , and i ∈ I2 if and only if v has at
least ( 12 + β)|Vi | neighbors in Vi .

We first establish a lower bound for |I1| + |I2| when X(I1, I2) �= ∅.

Claim 5.3 If X(I1, I2) �= ∅, then |I1| + |I2| ≥ 2
( r−3

r−2 − 4β
)
k.

Proof For every vertex x ∈ X(I1, I2), since x has at most (ε + β)n neighbors outside
VI1 ,

|N (x) ∩ VI1 | ≥ d(x) − (ε + β)n ≥
(r − 3

r − 2
− 3β

)
n.

On the other hand,

|N (x) ∩ VI1 | ≤ n

k

((1
2

+ β
)
(|I1| − |I2|) + |I2|

)
≤ βn + n

2k
(|I1| + |I2|).

Comparing the upper and lower bounds on |N (x) ∩ VI1 | yields the desired inequality.
��

Next, for those index sets I2 ⊆ I1 ⊆ [k] with X(I1, I2) �= ∅, we will show that
the chromatic number χ(G[X(I1, I2)]) is bounded whenever either R[I1] contains a
copy of Kr−1 or R[I2] contains a copy of Kr−2.

Claim 5.4 There exist C1 = C1(H , β) and C2 = C2(H , β) such that for X(I1, I2) �=
∅, the following hold.

(i) If R[I1] contains a copy of Kr−1, then χ(G[X(I1, I2)]) ≤ C1;
(ii) If R[I2] contains a copy of Kr−2, then χ(G[X(I1, I2)]) ≤ C2.

Proof Since H is r -near-acyclic, there exists a forest F such that H ⊆ F ∨ Kr−2[|H |].
For part (i), suppose that R[I1] contains a copy of Kr−1, without loss of generality,

assume its vertex set is [r−1] ⊆ I1. For any x ∈ X(I1, I2),wehave |N (x)∩Vi | ≥ d|Vi |
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for all i ∈ [r − 1]. By Fact 2.9, it follows that for every pair {i, j} ∈ ([r−1]
2

)
, the pair

(N (x)∩Vi , N (x)∩Vj ) is ( ε
d , d−ε)-regular.Hence, byTheorem2.8,G[N (x)] contains

at least α1n(r−1)|H | copies of Kr−1[|H |] for some α1 = α1(H , β) > 0. Since G is
H -free, it follows from Lemma 2.12 (b) that χ(G[X(I1, I2)]) ≤ |X(I1, I2)| ≤ |H |

α1
.

By letting C1(H , β) = |H |
α1

, this proves part (i).
For part (ii), suppose that R[I2] contains a copy of Kr−2 with vertex set [r −2] ⊆ I2.

For any edge xy ∈ E(G[X(I1, I2)]), define V ′
i = N ({x, y})∩ Vi for each i ∈ [r − 2].

Then
|V ′

i | ≥ |N (x) ∩ Vi | + |N (y) ∩ Vi | − |Vi | ≥ 2β|Vi |.
By Fact 2.9, each pair (V ′

i , V ′
j ) is ( ε

2β , d − ε)-regular for every {i, j} ∈ ([r−2]
2

)
.

Again by Theorem 2.8, G[⋃r−2
i=1 V ′

i ] contains at least α′nr−2 copies of Kr−2 for some
α′ = α′(H , β) > 0.Therefore, byLemma2.13, there exists a constantα2 = α2(α

′, H)

such that χ(G[X(I1, I2)]) ≤ 2|H |
α2

+ 1. By letting C2(H , β) = 2|H |
α2

+ 1, part (ii) is
thus proved. ��

Let C3 be C(H , ε, β, d) given from Lemma 5.2 and let C = C(H , β) =
5k max{C1, C2, 2C3}. Then there exists a pair I2 ⊆ I1 ⊆ [k] such that
χ(G[X(I1, I2)]) ≥ C

4k > max{C1, C2}. Fix such a pair (I1, I2). By Claim 5.4, we
must have that R[I1] is Kr−1-free and R[I2] is Kr−2-free.

We now split the remainder of the proof into two cases, according to whether R[I2]
contains a copy of Kr−3. Recall that δ(R) ≥ ( r−3

r−2 − 2β
)
k, hence any vertex in R has

at most
( 1

r−2 + 2β
)
k non-neighbors. Consequently, any independent set in R has size

at most
( 1

r−2 + 2β
)
k.

Case 1: R[I2] is Kr−3-free. In this case, we establish a stronger structural result that

|E(G)�E(Tn,r−2)| ≤ 30r3βn′2.

We first claim χ(R[I2]) ≤ r − 4. If r ∈ {4, 5}, it is clear. Assume r ≥ 6. By Claim
5.3, |I1| + |I2| ≥ 2

( r−3
r−2 − 4β

)
k, hence |I2| ≥ ( r−4

r−2 − 8β
)
k. Therefore,

δ(R[I2]) ≥ |I2| − (k − δ(R)) ≥ |I2| −
( 1

r − 2
+ 2β

)
k >

3r − 16

3r − 13
|I2|.

Hence, by Theorem 2.16, R[I2] is (r − 4)-colorable. Thus, for all r ≥ 4, I2 can be
partitioned into r − 4 disjoint independent sets. Hence |I2| ≤ (r − 4)

( 1
r−2 + 2β

)
k.

We can then again apply Claim 5.3 to get |I1| ≥ (1− 2rβ)k, which further implies
that

δ(R[I1]) ≥ |I1| −
( 1

r − 2
+ 2β

)
k >

3r − 10

3r − 7
|I1|.

Since R[I1] is Kr−1-free, it follows fromTheorem 2.16 that R[I1] is (r −2)-colorable.
Hence, I1 can be partitioned as I1 = W1∪· · ·∪Wr−2, where each Wi is an independent
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set in R. We now estimate |Wi | by observing that

( 1

r − 2
+ 2β

)
k ≥ |Wi | ≥ |I1| − (r − 3)

( 1

r − 2
+ 2β

)
k ≥

( 1

r − 2
− 4rβ

)
k.

Thus, ||Wi | − k
r−2 | ≤ 4rβk for each i ∈ [r − 2].

Moreover, as each Wi is independent, each vertex in Wi has at most
( 1

r−2 +2β
)
k −

|Wi | ≤ (4r +2)βk non-neighbors outside Wi . Thus, the total number of missing edges
across all distinct pairs (Wi , W j ) is at most (2r + 1)βk2. Consequently, we obtain

|E(R)�E(Tk,r−2)| ≤ k(k − |I1|) + (2r + 1)βk2 + k ·
(

r−2∑

i=1

∣∣∣|Wi | − k

r − 2

∣∣∣

)

≤ (4r2 + 1)βk2.

It follows from Lemma 2.11 that |E(G)�E(Tn,r−2)| ≤ (8r2 + 3)βn2 ≤ 4(8r2 +
3)βn′2 ≤ 30r3βn′2.

Case 2: R[I2] contains at least one copy of Kr−3. Suppose that {z1, . . . , zr−3} ⊆ I2
forms a copy of Kr−3 in R[I2]. We further divide the remainder of the proof into two
subcases, depending on whether N ({z1, . . . , zr−3}) ∩ I1 = ∅.
Subcase 2.1: N ({z1, . . . , zr−3}) ∩ I1 = ∅. We claim that R[I2] is (r − 3)-colorable.
As R[I2] is Kr−2-free, this is clear when r = 4. We may assume that r ≥ 5. Note that

|N ({z1, . . . , zr−3})| ≥ k − (r − 3)(k − δ(R)) ≥
( 1

r − 2
− 2β(r − 3)

)
k.

Hence |I1| ≤ ( r−3
r−2 + 2β(r − 3)

)
k. By Claim 5.3, we have

(r − 3

r − 2
− 3rβ

)
k < |I2| ≤ |I1| ≤

(r − 3

r − 2
+ 2β(r − 3)

)
k.

As each vertex in R has at most
( 1

r−2 + 2β
)
k non-neighbors,

δ(R[I2]) ≥ |I2| −
( 1

r − 2
+ 2β

)
k >

3r − 13

3r − 10
|I2|.

Then it follows from Theorem 2.16 that R[I2] is (r − 3)-colorable as claimed. There-
fore, I2 admits a partition I2 = W1 ∪ · · · ∪ Wr−3 where each Wi is an independent set
in R for any i ∈ [r − 3]. Hence,
( 1

r − 2
+ 2β

)
k ≥ |Wi | ≥ |I2| − (r − 4)

( 1

r − 2
+ 2β

)
k ≥

( 1

r − 2
− (5r − 8)β

)
k.

Then, for each i ∈ [r − 3], we have ||Wi | − k
r−2 | ≤ 5rβk.
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Moreover, since each vertex in Wi has at most
( 1

r−2 + 2β
)
k − |Wi | ≤ (5r − 6)βk

non-neighbors outside Wi , the total number of missing edges among all distinct pairs

Wi and W j is at most (5r−6)βk2

2 . Let R′ = R[I2] and k′ = r−3
r−2k, G ′ = G

[⋃
i∈I2 Vi

]

and n′ = r−3
r−2n. We conclude that

|E(R′)�E(Tk′,r−3)| ≤ k|k′ − |I2|| + (5r − 6)βk2

2
+ k ·

(
r−3∑

i=1

∣
∣∣|Wi | − k

r − 2

∣
∣∣

)

≤ 5r2βk2.

It follows by Lemma 2.11 that |E(G ′)�E(Tn′,r−3)| ≤ 30r3βn′2.
Subcase 2.2: N ({z1, . . . , zr−3}) ∩ I1 �= ∅. Pick an arbitrary vertex y ∈ N ({z1,
. . . , zr−3}) ∩ I1. Let I ′

1 = I1 \ {y, z1, . . . , zr−3} and I ′
2 = I2 \ {y, z1, . . . , zr−3}.

If R[I ′
2] is Kr−3-free, the proof is almost identical to that in Case 1 (with only the

change of replacing (I1, I2) by (I ′
1, I ′

2)). Now, suppose that R[I ′
2] contains a copy of

Kr−3 on the vertices {z′
1, . . . , z′

r−3} ⊆ I ′
2. Since G is H -free, the following claim is

an immediate consequence of Lemma 5.2.

Claim 5.5 N ({z′
1, . . . , z′

r−3}) ∩ I ′
1 = ∅.

Proof Suppose for contradiction that there exists y′ ∈ I ′
1 such that {y′, z′

1, . . . , z′
r−3}

forms a copy of Kr−2 in R. Let Y , Y ′, Z1, Z ′
1, . . . , Zr−3, Z ′

r−3 be the clusters of V (G)

corresponding to the vertices y, y′, z1, z′
1, . . . , zr−3, z′

r−3 in R respectively, and let

X = X(I1, I2) ∩ (Y ′ ∪ Z ′
1 ∪ · · · ∪ Z ′

r−3) and X ′ = X(I1, I2) \ X .

It is routine to verify by definition that the two sets {X , Y , Z1, . . . , Zr−3} and
{X ′, Y ′, Z ′

1, . . . , Z ′
r−3} both satisfy the assumptions of Lemma 5.2. Since G is H -free,

it follows from Lemma 5.2 that max{χ(G[X ]), χ(G[X ′])} ≤ C3, which contradicts
the assumption that χ(G[X(I1, I2)]) ≥ C

4k > 2C3. ��
Then, using essentially the same argument as in Subcase 2.1, with I ′

2 in place of
I2, one can show that the conclusion of Subcase 2.1 also holds in this case. ��

6 Fractional Chromatic Threshold

In this section, we aim to prove Theorem 1.4. First, consider the case when M(H)

contains no forest. As in Construction 2.2, let G = G ′ ∨ Kr−2[|G ′|], where G ′ is a
(C, |H | + 1)-Erdős graph. Then, G is an H -free graph with δ(G) = r−2

r−1 · |G| and
χ f (G) ≥ C , which implies that δχ f (H) ≥ r−2

r−1 . On the other hand, δχ f (H) is trivially
upper bounded by the Turán density of H and so by Erdős–Stone Theorem [10], we
have δχ f (H) ≤ r−2

r−1 . Thus, we have the following proposition.

Proposition 6.1 Let H be a graph with χ(H) = r ≥ 3. If M(H) does not contain a
forest, then δχ f (H) = r−2

r−1 .
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Next, we turn to the case where M(H) contains a forest. Using Construction 2.5,
i.e., let G = G ′ ∨ Kr−3[|G ′|], where G ′ is a (C, |H | + 1)-Erdős graph, we obtain an
H -free graph G with δ(G) = r−3

r−2 · |G| and χ f (G) ≥ C , which gives the lower bound

δχ f (H) ≥ r−3
r−2 .

It remains to show the following theorem to obtain the corresponding upper bound.

Theorem 6.2 Let H be a graph with χ(H) = r ≥ 3 and suppose M(H) contains
a forest. Then for any n-vertex H-free graph G with δ(G) ≥ ( r−3

r−2 + ε
)
n, we have

χ f (G) = Oε,H (1).

Proof Suppose that H ⊆ F ∨Kr−2[t] for some forest F ∈ M(H). Let G be an H -free
graph with δ(G) ≥ ( r−3

r−2 + ε
)
n. We shall bound its fractional chromatic number.

If r ≥ 4, then for any vertex v ∈ V (G) we have

δ(G[N (v)])
d(v)

≥ d(v) − (n − d(v))

d(v)
≥

( r−3
r−2 + ε

)
n − ( 1

r−2 − ε
)
n

( r−3
r−2 + ε

)
n

>
r − 4

r − 3
+ ε.

ByErdős–Simonovits supersaturation theorem [12], there exist at leastαn(r−2)t copies
of Kr−2[t] in G[N (v)] for some constant α = α(ε). Note that the statement is also
true for r = 3.

For each copy T of Kr−2[t] in G, G[N (T )] must be F-free since G is H -free. By
Fact 2.15, G[N (T )] is |F |-colorable, as F is a forest. Thus, N (T ) can be partitioned
into s disjoint independent sets, where s = χ(G[N (T )]) ≤ |F | ≤ |H |. Label these
independent sets as T (1), T (2), . . . , T (s). Then, for any vertex v and a copy T ′ of
Kr−2[t] in G[N (v)], we assign to v the color (T ′, i) where the independent set T ′(i)
containing v. Since G contains at most n(r−2)t copies of Kr−2[t] and each copy of
Kr−2[t] defines atmost |H | independent sets in its neighborhood, every vertex receives
at least αn(r−2)t colors from a palette of size at most a := |H |n(r−2)t .

Let b = αn(r−2)t . Now we construct an a : b-coloring of V (G). For each vertex v,
arbitrarily select b colors among those assigned to it. We now show that this is a valid
b-fold coloring of G. Indeed, a color is assigned to both vertices u and v if and only
if there exists a copy T of Kr−2[t] and 1 ≤ i ≤ |H | such that V (T ) ⊆ N (u) ∩ N (v)

and u, v ∈ T (i), which implies that u and v are non-adjacent. Thus

χ f (G) ≤ a

b
≤ |H |n(r−2)t

αn(r−2)t
= Oε,H (1),

as desired. ��

7 Bounded-VC Chromatic Threshold

In this section, we prove Theorem 1.5. Given a set system F ⊆ 2V , the Vapnik–
Chervonenkis dimension (VC-dimension for short) of F , denoted by VC(F), is the
largest integer d such that there exists a subset X ⊆ V with |X | = d satisfying the
following condition: for every subset Y ⊆ X , there exists F ∈ F with F ∩ X = Y .
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Fig. 2 The shift graph Sh25

In this case, we say that X is shattered by F . We define the VC-dimension of a graph
G, denoted by VC(G), to be the VC-dimension of the set system induced by the
neighborhoods of its vertices, that is, VC(G) := VC(F), where F = {N (v) : v ∈
V (G)}.

7.1 Proof of the Lower Bound

To prove the lower bound δVCχ (Kr ) ≥ r−3
r−2 , we aim to show that for any integerC , there

exists an infinite sequence of n-vertex Kr -free graphs Gn with VC(Gn) = 2, δ(Gn) ≥
r−3
r−2n, and χ(Gn) ≥ C . For this purpose, we will employ a classical construction due
to Erdős and Hajnal [9].

Definition 7.1 (Shift graph) For positive integers m > k ≥ 2, the shift graph Shk
m

defined on the vertex set V (Shk
m) = {(x1, . . . , xk) : 1 ≤ x1 < · · · < xk ≤ m} is a

graph in which two vertices x = (x1, . . . , xk) and y = (y1, . . . , yk) are adjacent if
and only if xi = yi+1 for all i ∈ [k − 1].

In [9], Erdős and Hajnal showed that the shift graph Sh2m is K3-free and has chro-
matic number (1+ o(1)) log2 m. We now demonstrate that the VC-dimension of Sh2m
equals 2.

Proposition 7.2 VC(Sh2m) = 2.

Proof As depicted in Fig. 2, the 2-set {(2, 4), (3, 4)} is shattered which establishes the
lower bound. To prove the upper bound VC(Sh2m) ≤ 2, suppose, for contradiction,
that there exists a subset {(i1, i2), ( j1, j2), (k1, k2)} ⊆ V (Sh2m) which is shattered by
the neighborhoods of vertices in Sh2m . Then, there exists (x1, x2) ∈ V (Sh2m) such
that all of (i1, i2), ( j1, j2), (k1, k2) are neighbors of (x1, x2). By definition, every
neighbor of (x1, x2) must be of the form either (a, x1) for some 1 ≤ a < x1 or
(x2, b) for some x2 < b ≤ m. By the pigeonhole principle, at least two of the vertices
(i1, i2), ( j1, j2), (k1, k2) must share a common coordinate structure, say without loss
of generality, (i1, i2) = (a, x1) and ( j1, j2) = (a′, x1) with distinct a, a′ < x1. To
derive the desired contradiction, it suffices to show that there is novertex that is adjacent
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to both (i1, i2) and (k1, k2), but not to ( j1, j2). Indeed, if (k1, k2) = (x2, b), then (a, x1)
and (x2, b) have a unique common neighbor (x1, x2), which is also adjacent to (a′, x1).
If (k1, k2) = (a′′, x1) for some a′′ < x1, then the common neighbor of (a, x1) and
(a′′, x1) is of the form (x1, c) for some x1 < c, which is also adjacent to (a′, x1). ��

We now present the construction that establishes the lower bound.

Construction 7.3 Given m ≥ 2 and r ≥ 4, for sufficiently large n, let G ′ be the
vertex-disjoint union of Sh2m and n

r−2 − (m
2

)
isolated vertices. Then let G = G ′ ∨

Kr−3[|G ′|].
Since G ′ is K3-free, G is Kr -free. Moreover, it is not hard to see that any shattered

subset of vertices in G intersects at most one vertex part. Thus, we have VC(G) =
VC(Sh2m) = 2. To conclude,G is a Kr -free graphwith δ(G) ≥ r−3

r−2 ·n andVC(G) = 2,
and χ(G) grows arbitrarily large as m tends to infinity.

7.2 Proof of the Upper Bound

The upper bound follows from the theorem below.

Theorem 7.4 Let c > 0, and let G be an n-vertex Kr -free graph with minimum degree( r−3
r−2 + c

)
n and VC-dimension d. Then χ(G) ≤ ( 16d

c · log( d
c )

)r−2
.

To prove Theorem7.4, wewill make use of the celebrated ε-net theorem ofHaussler
and Welzl [16]. We will need some definitions before introducing this result.

A transversal of a set system F ⊆ 2X is a subset T ⊆ X that intersects every set
in F . The transversal number of F , denoted by τ(F), is the smallest size among all
transversals of F . A fractional transversal of F is a weight function ω : X → [0, 1]
defined on the ground set X such that, for every set A ∈ F , we have ω(A) :=∑

a∈A ω(a) ≥ 1. The fractional transversal number of F , denoted by τ ∗(F), is
defined as the minimum of ω(X) = ∑

x∈X ω(x) over all fractional transversals ω of
F .

By definitions, τ ∗(F) ≤ τ(F). However, the gap between them could be arbitrarily
large. Haussler and Welzl [16] proved the following lemma, showing that the gap can
be bounded if F has bounded VC-dimension.

Lemma 7.5 ([16]) Every set system F with V C-dimension d satisfies τ(F) ≤
16dτ ∗(F) log (dτ ∗(F)) .

Proof of Theorem 7.4 By assumption, the set system F = {N (v) : v ∈ G} has VC-
dimension d. Since every set in F contains at least cn elements of V (G), it follows
that τ ∗(F) ≤ 1

c as demonstrated by the constant fractional transversal ω ≡ 1
cn .

Therefore, by Lemma 7.5 we can find a transversal T ⊆ V (G) for F with size
|T | = τ(F) ≤ 16d

c · log( d
c ).

We prove Theorem 7.4 by induction on r . Observe that by the definition of transver-
sal, V (G) = ⋃

v∈T N (v) and so χ(G) ≤ ∑
v∈T χ(G[N (v)]). For the base case

r = 3, when G is K3-free, N (v) is an independent set for each v ∈ T . Thus
χ(G) ≤ |T | ≤ 16d

c · log( d
c ). Now, assume that Theorem 7.4 holds for every integer

3 ≤ r ′ < r .
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Claim 7.6 For every vertex v ∈ V (G), χ(G[N (v)]) ≤ ( 16d
c · log( d

c )
)r−3.

Proof Let v ∈ V (G) and define G ′ := G[N (v)], then |G ′| = d(v) ≥ ( r−3
r−2 + c

)
n.

Since G is Kr -free, it follows that G ′ is Kr−1-free. Thus, for every vertex w ∈ V (G ′),
we have

dG ′(w) ≥ dG(w) − (n − |G ′|) ≥
(r − 3

r − 2
+ c

)
n − n + |G ′| ≥

(r − 4

r − 3
+ c′)|G ′|,

where c′ = c(r−2)2

(r−3)(c(r−2)+r−3) > c > 0. Since VC(G ′) ≤ VC(G) ≤ d, by the

induction hypothesis, we obtain χ(G ′) ≤ ( 16d
c · log( d

c )
)r−3. ��

Recall that χ(G) ≤ ∑
v∈T χ(G[N (v)]). Thus, by Claim 7.6, we have

χ(G) ≤ |T | ·
(
16d

c
· log

(d

c

))r−3

≤
(
16d

c
· log

(d

c

))r−2

,

as desired. ��

A Appendix: Proof of Lemma 5.2

To embed near-acyclic graphs, we instead embed so-called Zykov graphs which are
universal graphs for near-acyclic graphs. Let K (v, X) denote the set of pairs {vx : x ∈
X}.
Definition A.1 (Modified Zykov graphs [1]) Let T1, . . . , T� be disjoint trees, where Tj

has bipartition A0
j ∪ A1

j , j ∈ [�]. The graph Z�(T1, . . . , T�) is constructed as follows:

V (Z�(T1, . . . , T�)) :=
( ⋃

j∈[�]
A0

j ∪ A1
j

)
∪ {uI : I ⊆ [�]}

with edge set

E(Z�(T1, . . . , T�)) :=
�⋃

j=1

(
E

(
Tj

) ∪
⋃

j∈I⊆[�]
K (uI , A0

j ) ∪
⋃

j /∈I⊆[�]
K (uI , A1

j )

)
.

For each r ≥ 3 and t ∈ N, the modified Zykov graph Zr ,t
� (T1, . . . , T�) is the graph

obtained from Z�(T1, . . . , T�) by performing the following two operations:

(a) Add vertices W = {w1, . . . , wr−3}, and all edges with an endpoint in W .
(b) Blow up each vertex uI with I ⊆ [�] to a set SI of size t and each vertex w j in

W to a set S′
j of size t .

Finally, we shall write Zr ,t
� for the modified Zykov graph obtained when each tree

Ti , i ∈ [�], is a single edge; that is, Zr ,t
� = Zr ,t

� (e1, . . . , e�).
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Observation A.2 ([1]) Let χ(H) = r . Then H is r -near-acyclic if and only if there
exist trees T1, . . . , T� and t ∈ N such that H is a subgraph of Zr ,t

� (T1, . . . , T�).

Let � be an integer. For each I ⊆ [�], let u(I ) = {u1, . . . , u�} ∈ {0, 1}� with ui = 1
for i ∈ I andui = 0 for i /∈ I . For convenience, for any u(I ) = {u1, . . . , u�} ∈ {0, 1}�,
let Au(I ) = ⋃�

i=1 Aui
i .

We restate Lemma 5.2 with more details as follows.

Lemma A.3 Let �, t be two positive integers, and T = T1 ∪ T2 ∪ · · · ∪ T� be a forest,
where V (Ti ) = A0

i ∪ A1
i for i ∈ [�]. For any β > 0, there exist a constant C and

sufficiently large integer n such that the following holds: Let G be an n-vertex graph
and X , Y , Z1, . . . , Zr−3 be pairwise disjoint subsets of V (G), with χ(G[X ]) ≥ C and
|Y | = |Z j | for each j ∈ [r −3]. Suppose that (Y , Z j ) and (Zi , Z j ) are (ε, d)-regular
for each i �= j , and that

|N (x) ∩ Y | ≥ β|Y | and |N (x) ∩ Z j | ≥
(1
2

+ β
)
|Z j |

for every x ∈ X and j ∈ [r − 3]. Then Zr ,t
� (T1, . . . , T�) can be embedded into G in

the following way: there exist a copy of T in G[X ], disjoint subsets SI of size t for
I ⊆ [�], and S′

j of size t for j ∈ [r − 3] such that

• for each I ⊆ [�], SI ⊆ N (Au(I )) ∩ Y ;
• for each j ∈ [r − 3], S′

j ⊆ N (T ) ∩ Z j , and S′
j is completely adjacent to each S′

j ′
with j �= j ′ and also to each SI with I ⊆ [�].
Given a graph G, a set Y ⊆ V (G), and integers �, t ∈ N, define Gr ,t

� (Y ) to be the
collection of functions

S : 2[�] ∪ [r − 3] →
(

Y

t

)
.

We say that S = (SI : I ⊆ [�], S′
1, . . . , S′

r−3) ∈ Gr ,t
� (Y ) is proper if these sets

are pairwise disjoint. We shall write Fr ,t
� (Y ) for the collection of proper functions

in Gr ,t
� (Y ). For any S ∈ Fr ,t

� (Y ), it is natural to think of S as a family {SI : I ⊆
[�]} ∪ {S′

j : j ∈ [r − 3]} of disjoint subsets of Y of size t .

For an ordered pair (x, y) of vertices of G, a function S ∈ Fr ,t
� (Y ), and i ∈ [�], we

write (x, y) →i S, if the following conditions hold:

• S′
j ⊆ N (x, y) for every j ∈ [r − 3];

• ⋃
I :i∈I SI ⊆ N (x) and

⋃
I :i /∈I SI ⊆ N (y).

For an edge e = xy ∈ E(G), wewrite e →i S if either (x, y) →i S or (y, x) →i S.
When edges e1, . . . , e� are given, we write e j to denote the j-tuple (e1, . . . , e j ) for
each j ∈ [�] ∪ {0}, with e0 representing the empty tuple. We define

e� → S ⇔ ei →i S for each i ∈ [�].

Note that the graph Zr ,t
� consists of a set of pairwise disjoint edges e1, . . . , e� and

a function S ∈ Fr ,t
� (Y ) such that e� → S.
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Recall that for any subset X ⊆ V (G), E(X) denotes the edge set of the subgraph
G[X ]. If D ⊆ E(G), then δ(D) (d̄(D)) represents the minimum degree (average
degree, respectively) of the graph induced by D, that is the graph with vertex set⋃

e∈D e and edge set D.
In the following definition, the sets D(e j ) should be interpreted as forming a hier-

archical structure (or tree) of graphs. Specifically, each edge of D(e j ) is associated
with a distinct graph D(e j+1). This hierarchy satisfies the following key properties:

(a) each graph D(e j ) has large minimum degree, and
(b) for a positive proportion of the sets S ∈ Fr ,t

� (Y ), we have e� → S.

Definition A.4 ((C, α)-rich in copies of Zr ,t
� ) Let X and Y be disjoint vertex sets in a

graph G, let C ∈ N and α > 0, and let s := 2�t . We say that (X , Y ) is (C, α)-rich in
copies of Zr ,t

� if

∃D = D(e0) ⊆ E(X) s.t.

∀e1 ∈ D, ∃D(e1) ⊆ E(X) s.t.

...

∀e�−1 ∈ D(e�−2), ∃D(e�−1) ⊆ E(X) s.t. ∀e� ∈ D(e�−1)

the following properties hold:

(a) δ(D), δ(D(e1)), . . . , δ(D(e�−1)) > C , and
(b) |{S ∈ Fr ,t

� (Y ) : e� → S}| ≥ α|Y |s .
Definition A.5 (Good function, (C, α)-dense, [1]) A function S ∈ Fr ,t

� (Y ) is
(�, t, C, α)-good for a tuple eq and (X , Y ) if there exist sets

Eq+1, . . . , E� ⊆ E(X), with d̄(E j ) ≥ 2−�αC for each q + 1 ≤ j ≤ �,

such that for every eq+1 ∈ Eq+1, . . . , e� ∈ E�, we have e� → S.

When the constants (�, t, C, α) and the sets (X , Y ) are clear from the context,
we shall omit them. We shall abbreviate “(�, t, C, α)-good for e0 and (X , Y )” to
“(�, t, C, α)-good for (X , Y )”.

The pair (X , Y ) is (C, α)-dense in copies of Zr ,t
� if there exist at least 2−�α|Y |s

families S ∈ Fr ,t
� (Y ) which are (�, t, C, α)-good for (X , Y ).

Proposition A.6 ([1]) For every �, t ∈ N and β > 0, there exists α > 0 such that, for
every C ∈ N, there exists C ′ ∈ N such that the following holds. Let G be a graph
and let X and Y be disjoint subsets of V (G), such that |N (x) ∩ Y | ≥ β|Y | for every
x ∈ X.

Then either χ(G[X ]) ≤ C ′, or (X , Y ) is (C, α)-rich in copies of Z3,t
� .

Lemma A.7 ([1]) If (X , Y ) is (C, α)-rich in copies of Zr ,t
� , then (X , Y ) is (C, α)-dense

in copies of Zr ,t
� .
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Combining Proposition A.6 and Lemma A.7, we can substitute the condition
“(X , Y ) is (C∗, α)-dense in copies of Z3,t∗

�∗ ” of [1, Proposition 36] with “|N (x)∩Y | ≥
β|Y | for every x ∈ X”. We will use the proof of [1, Proposition 36] to prove Lemma
A.3, omitting the repetitive parts.

Proof of LemmaA.3 Let G be a graph, and let X , Y and Z1, . . . , Zr−3 be disjoint
subsets of V (G), with χ(G[X ]) ≥ C and |Y | = |Z j | for each j ∈ [r − 3]. Let
Z := Z1 ∪ · · · ∪ Zr−3. Suppose that (Y , Z j ) and (Zi , Z j ) are (ε, d)-regular for each
i �= j , and that

|N (x) ∩ Y | ≥ β|Y | and |N (x) ∩ Z j | ≥
(1
2

+ β
)
|Z j |

for every x ∈ X and j ∈ [r − 3].
According to [1, Lemma 37 and Claim 39], there exist a copy Q of Kr−3[t] with

t vertices in Z j for each j ∈ [r − 3] and a function S ∈ Fr ,t
� (Y ∪ Z) such that the

following hold.

• The sets S j , j ∈ [r − 3], are the parts of Q;
• for each I ⊆ [�], SI ⊆ N (Q) ∩ Y with |SI | = t ;
• there exist sets E1, . . . , E� ⊆ E(X), with d̄(Ei ) ≥ 8|T | for each 1 ≤ i ≤ �, such
that for every e1 ∈ E1, . . . , e� ∈ E�, we have e� → S;

• S j is completely adjacent to each S j ′ with j �= j ′, to each SI , and to each edge
e ∈ ⋃

i∈[�] Ei .

Now we can embed Zr ,t
� (T1, . . . , T�) via hierarchical selection. For each i ∈ [�]

and each edge e ∈ Ei , let e = xy be such that (x, y) →i S, and orient the edge e
from x to y. For each i ∈ [�], by choosing a maximal bipartite subgraph of Ei , and
then removing at most half the edges, we can find a set E ′

i ⊆ Ei such that,

(a) E ′
i is bipartite, with bipartition A0

i ∪ A1
i ,

(b) every edge e ∈ E ′
i is oriented from A0

i to A1
i , and

(c) d̄(E ′
i ) ≥ 2|T |.

Thus, by Fact 2.14, there exists, for each i ∈ [�], a copy T ′
i of Ti in the induced

subgraph
E ′

i − (V (T ′
1) ∪ · · · ∪ V (T ′

i−1)),

since removing a vertex can only decrease the average degree by at most two. Hence,
by the definition of S ∈ Fr ,t

� (Y ∪ Z), these trees together with SI for each I ⊆ [�]
and S j for each j ∈ [r − 3], form a copy of Zr ,t

� (T1, . . . , T�) in G, so we are done. ��
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2. Andrásfai, B., Erdős, P., Sós, V.T.: On the connection between chromatic number, maximal clique and
minimal degree of a graph. Discrete Math. 8(3), 205–218 (1974)

3. Balogh, J., Clemen, F.C., Lavrov, M., Lidický, B., Pfender, F.: Making Kr+1-free graphs r -partite.
Comb. Probab. Comput. 30(4), 609–618 (2021)

4. Bourneuf, R., Charbit, P., Thomassé, S.: A dense neighborhood lemma: Applications of partial concept
classes to domination and chromatic number. arXiv:2504.02992v2 (2025)

5. Brandt, S.: On the structure of dense triangle-free graphs. Comb. Probab. Comput. 8(3), 237–245
(1999)

6. Chen, C.C., Jin, G.P., Koh, K.M.: Triangle-free graphs with large degree. Comb. Probab. Comput. 6(4),
381–396 (1997)

7. Ebsen, O., Schacht,M.: Homomorphism thresholds for odd cycles. Combinatorica 40(1), 39–62 (2020)
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