
ZETA ZEROS IN A NARROW VERTICAL BOX

D. A. GOLDSTON1,∗ and A. I. SURIAJAYA1,2,†

1Department of Mathematics and Statistics, San José State University, San Jose, CA 95192-0103,
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Abstract. In 1973 Montgomery proved, assuming the Riemann Hypothe-
sis (RH), that asymptotically at least 2/3 of zeros of the Riemann zeta-function
are simple zeros. In a previous note [9] we showed how RH can be replaced with
a general estimate for a double sum over zeros, and this allows one to then ob-
tain results on zeros that are both simple and on the critical line. Here we give
a simple proof based on a direct generalization of Montgomery’s proof that on
assuming all the zeros are in a narrow vertical box between height T and 2T of
width b/ log T and centered on the critical line, then, if b = b(T ) → 0 as T → ∞,
we have asymptotically at least 2/3 of the zeros are simple and on the critical
line.

1. Introduction

In 1973 Montgomery [13] proved, assuming the Riemann Hypothesis
(RH), that at least 2/3 of the zeros of the Riemann zeta-function are simple.
Prior to this, it was not known either unconditionally or on RH that there
were even infinitely many simple zeros. Within a few years of this result,
Levinson [11,12] proved unconditionally that at least 34.74% of the zeros are
on the critical line and Heath-Brown [10] showed that those zeros are also
simple. The current best unconditional result [15] in 2020 proved that at
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least 41.7% of the zeros of ζ(s) are on the critical line, and at least 40.7%
of the zeros are on the critical line and simple. In [3, Theorem 1] we proved
with Baluyot and Turnage-Butterbaugh the following conditional result.

Theorem 1.1 (Baluyot, Goldston, Suriajaya, Turnage-Butterbaugh).
Assuming all of the zeros ρ = β + iγ of ζ(s) with T < γ ≤ 2T lie in the re-

gion

(1.1)

Bb =
{

s = σ+ it :
∣

∣

∣
σ− 1

2

∣

∣

∣
<

b

2 log T
, T < t ≤ 2T, b=b(T ) → 0 as T → ∞

}

.

Then for the zeros of ζ(s) with T < γ ≤ 2T , we have asymptotically that at

least 2/3 are simple and on the critical line.

To obtain this result, the proof used a specially designed “Tsang kernel”
[17]. With more work and computation, in [3, Theorem 2] we proved that in
place of b = b(T ) → 0 in Theorem 1.1 we can take b = 0.3185, and further
that with b = 0.001 at least 67.25% of the zeros are simple and on the critical
line.

In this note we give a simpler proof of Theorem 1.1 avoiding the Tsang
kernel and following closely Montgomery’s proof using just the Fejér kernel
and no computation. Everything needed in this proof can be found in [16],
[13], and [7]. Thus, if RH had been replaced by the assumption (1.1) in
Theorem 1.1, then, within a few years of when Montgomery obtained his re-
sults there never was any fundamental obstacle to using the pair correlation
method to conditionally detect critical as well as simple zeros; see [9].

2. Convention for counting zeros with multiplicity

Analytic functions have their zeros counted by the argument princi-
ple, which counts zeros with their multiplicity. Thus a zero ρ = β + iγ
with multiplicity mρ is counted as mρ zeros. To handle this situation,
we replace the “set” of zeta-zeros Z = {ρ : ζ(ρ) = 0} with the multiset
Z = {ρ : ζ(ρ) = 0, ρ has mρ copies}. We now make the convention that
zeros are taken from the multiset Z . Thus, letting N(T ) denote the num-
ber of zeros in the critical strip with 0 < γ ≤ T counted with multiplicity,
we have

(2.1) N(T ) =
∣

∣{ρ ∈ Z : 0 < γ ≤ T}
∣

∣ =
∑

ρ∈Z
0<γ≤T

1.
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3. Counting zeros in the critical strip

In 1905 von Mangoldt proved that, for T ≥ 3,

(3.1) N(T ) =
∑

ρ∈Z
0<γ≤T

1 =
T

2π
log

T

2π
− T

2π
+O(logT ),

and we have the useful special cases

(3.2) N(T ) ∼ T

2π
log T as T → ∞, and N(T + 1)−N(T ) = O(logT ).

Using the second estimate in (3.2), or directly as in [4, Lemma, Ch. 15], we
have

(3.3)
∑

ρ∈Z

1

1 + (t− γ)2
≪ log(|t|+ 2).

As an example we will need later, we obtain for w(u) = 4/(4+u2) from (6.1),

∑

ρ,ρ′∈Z
0<γ,γ′≤T

w(γ − γ′) ≪
∑

ρ∈Z
0<γ≤T

∑

ρ′∈Z

1

1 + (γ − γ′)2
(3.4)

≪
∑

ρ∈Z
0<γ≤T

log γ ≤ N(T ) log T ≪ T log2 T.

4. Montgomery’s simple zero method without RH

In [3] and also [9, Theorems 2 and 3] we proved by elementary reasoning
the following extension of Montgomery’s RH simple zero argument. Part
(iii) below is due to Soundararajan (in private communication). The result
also holds with the same proof if the range 0 < γ, γ′ ≤ T is replaced with
T < γ, γ′ ≤ 2T .

Theorem 4.1. Suppose there exists a constant C ≥ 1 such that, as
T → ∞,

(4.1)
∑

ρ,ρ′∈Z
0<γ,γ′≤T

γ=γ′

1 ≤
(

C+ o(1)
) T

2π
log T.

Then asymptotically,

Analysis Mathematica



4 D. A. GOLDSTON and A. I. SURIAJAYA

(i) the proportion of zeros of ζ(s) which are simple and on the critical
line is ≥ 2−C,

(ii) the average of the proportions of simple zeros and of critical zeros of
ζ(s) is ≥ (3−C)/2,

(iii) the proportion of zeros of ζ(s) which are either simple or critical or
both is ≥ (4−C)/3.

5. Unconditional bound for close pairs of zeros

Lemma 5.1. For 0 ≤ h ≤ T , we have

(5.1)
∑

ρ,ρ′∈Z
0<γ,γ′≤T
|γ′−γ|≤h

1 ≪
(

1 + h log T
)

T log T.

In particular, if h = 0, then there exists a constant C ≥ 1 for which

(5.2)
∑

ρ,ρ′∈Z
0<γ,γ′≤T

γ=γ′

1 ≤
(

C+ o(1)
) T

2π
log T.

This lemma and its proof may be found in [8, Lemma 9]. This was proved
earlier in [7, Sect. 1]2 using a result of Fujii [5] following work of Selberg [16]
who discovered the method for obtaining these results unconditionally. We
remark here that in [7, Sect. 1], Gallagher and Mueller assumed RH, thus
their version of (5.1) is obtained by adding their estimates for N∗(T ) and
N(T,U) on the fifth and sixth lines from the bottom in p. 209 of [7, Sect. 1].
Note however that their proof there does not require RH. Notice that (5.2)
shows that unconditionally one can obtain a constantC for which (4.1) holds,
although the value by this unconditional method is much larger than 2. An-
other application of this method for conditionally obtaining critical zeros
can be found in [6].

6. Montgomery’s theorem with and without RH

In [13], Montgomery introduced the subject of pair correlation of zeros
of the Riemann zeta-function through analyses of the function

(6.1) F (α, T ) :=
∑

ρ,ρ′∈Z
0<γ,γ′≤T

T iα(γ−γ′)w(γ − γ′), where w(u) :=
4

4 + u2
,

2Gallagher and Mueller attribute this to Montgomery’s unpublished manuscript “Gaps Be-
tween Primes” [14].
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with α real and T ≥ 3. Montgomery also assumed RH holds for F (α, T ),
but we will not do that here. Thus the sum in F (α, T ) runs over zeros
ρ = β + iγ and ρ′ = β′ + iγ′, but the weight does not depend on β or β′ at
all, and instead depends on γ − γ′. We next define

(6.2) F(α, T ) :=
∑

ρ,ρ′∈Z
0<γ,γ′≤T

Tα(ρ−ρ′)W (ρ− ρ′), where W (u) :=
4

4− u2
.

Note here that if we assume RH so that β = β′ = 1/2, we have F(α, T ) =
F (α, T ). We now state both the unconditional and RH versions of Mont-
gomery’s theorem.

Montgomery Theorem (MT). For α real and T ≥ 3, we have F(α,T )
is real, F(α, T ) ≥ 0, F(α, T ) = F(−α, T ), and, uniformly for 0 ≤ α ≤ 1 as
T → ∞,

(6.3) F(α, T ) =
(

(1 + o(1))T−2α log T + α+ o(1)
) T

2π
log T.

We also have F (α,T ) is real, F (α,T ) ≥ 0, F (α,T ) = F (−α,T ), and assum-
ing RH,

(6.4) F (α, T ) = ((1 + o(1))T−2α log T + α+ o(1))
T

2π
log T,

uniformly for 0 ≤ α ≤ 1 as T → ∞. The theorem also holds if we replace
0 < γ, γ′ ≤ T with T < γ, γ′ ≤ 2T in F(α, T ) and F (α, T ).

The proof of this theorem is in [2], and the proof that we can replace
0 < γ,γ′ ≤ T with T < γ,γ′ ≤ 2T in F(α,T ) and F (α,T ) is in [3]. The proof
of the unconditional version for F(α,T ) in (6.3) is the same as Montgomery’s
original 1973 proof with minor modifications to account for taking the zeros
to be ρ = β + iγ. The RH version for F (α, T ) is thus just a special case of
the unconditional result.

7. Unconditional Fejér kernel sum over zero differences
without RH

Montgomery used the Fejér kernel to obtain his simple zero result by
proving on RH the second part of the following lemma. More recently, Aryan
[1] obtained a form of the unconditional part of this lemma.

Lemma 7.1 (Aryan). We have

(7.1)
∑

ρ,ρ′∈Z
0<γ,γ′≤T

(

sin(12 i(ρ− ρ′) log T )
1
2 i(ρ− ρ′) log T

)2

W (ρ− ρ′) =
(4

3
+ o(1)

) T

2π
log T.
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If we assume RH, then ρ− ρ′ = i(γ − γ′) and we obtain

(7.2)
∑

ρ,ρ′∈Z
0<γ,γ′≤T

(

sin(12(γ − γ′) log T )
1
2(γ − γ′) log T

)2

w(γ − γ′) =
(4

3
+ o(1)

) T

2π
log T.

In (7.2) we can remove the weight w(γ − γ′) if we wish. In both results, we
can also replace 0 < γ, γ′ ≤ T with T < γ, γ′ ≤ 2T .

Proof of Lemma 7.1. For a complex number z, we have
∫ 1

−1
ezα(1−|α|) dα =

∫ 1

0
(ezα+e−zα)(1− α) dα = 2

∫ 1

0
cosh(zα)(1−α) dα

= 2
(cosh z − 1

z2

)

=

(

sinh 1
2z

1
2z

)2

=

(

sin 1
2 iz

1
2 iz

)2

.

Thus, using (6.2) we have with z = (ρ− ρ′) log T that
∫ 1

−1
F(α, T )(1−|α|) dα =

∑

ρ,ρ′∈Z
0<γ,γ′≤T

(
∫ 1

−1
eα(ρ−ρ′) log T (1−|α|) dα

)

W (ρ−ρ′)

=
∑

ρ,ρ′∈Z
0<γ,γ′≤T

(

sin 1
2 i(ρ− ρ′) log T

1
2 i(ρ− ρ′) log T

)2

W (ρ− ρ′).

Since F(α, T ) is even in α, by (6.3) we have as T → ∞,
∫ 1

−1
F(α, T )(1− |α|) dα = 2

∫ 1

0
F(α, T )(1− α) dα

= 2

(
∫ 1

0
(
(

1 + o(1)
)

T−2α log T + α+ o(1))(1− α) dα

)

T

2π
log T

=
(

T−2α
(

α− 1 +
1

2 log T

)
∣

∣

∣

1

0
+

1

3

)

(

1 + o(1)
) T

2π
log T

=
(4

3
+ o(1)

) T

2π
log T,

and combining this with the previous equation proves (7.1).
To remove the weight w(γ − γ′), note that w(u) = 1− 1

4u
2w(u), and

therefore

∑

ρ,ρ′∈Z
0<γ,γ′≤T

(

sin(12(γ − γ′) logT )
1
2(γ − γ′) log T

)2

w(γ − γ′)
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=
∑

ρ,ρ′∈Z
0<γ,γ′≤T

(

sin(12(γ − γ′) logT )
1
2(γ − γ′) log T

)2

+O

(

F (0, T )

log2 T

)

.

By (6.4), F (0, T ) ≪ T log2 T , and thus the error term above is O(T ) =
o(T log T ). (While (6.4) assumes RH, by (3.4) this estimate holds uncondi-
tionally.)

Using T < γ, γ′ ≤ 2T in MT, we see Lemma 7.1 also holds for this range
as well. �

8. Proof of Theorem 1.1

We first obtain the following bound on the Fejér kernel due to Selberg
[16].

Lemma 8.1 (Selberg). With z = x+ iy, where x and y are real and y ≥ 0,

(8.1)

∣

∣

∣

∣

(sin(x+ iy)

x+ iy

)2
−

(sin x

x

)2
∣

∣

∣

∣

≪ ye2y

1 + x2 + y2
.

Proof. This is Selberg’s proof [16, pp. 139–140]. We are bounding the
change in the Fejér kernel as we move up vertically from the real axis at
z = x to z = x+ iy. Thus

∣

∣

∣

∣

(sin(x+ iy)

x+ iy

)2
−
(sinx

x

)2
∣

∣

∣

∣

=

∣

∣

∣

∣

∫ y

0

d

dt

(

(sin(x+ it)

x+ it

)2
)

dt

∣

∣

∣

∣

= 2

∣

∣

∣

∣

∫ y

0

sin(x+ it)

x+ it

(

(x+ it) cos(x+ it) − sin(x+ it)

(x+ it)2

)

dt

∣

∣

∣

∣

≤ 2

∫ y

0

∣

∣

∣

∣

sin(x+ it)

x+ it

∣

∣

∣

∣

∣

∣

∣

∣

(x+ it) cos(x+ it)− sin(x+ it)

(x+ it)2

∣

∣

∣

∣

dt.

For t ≥ 0, we have that
∣

∣

∣

∣

sin(x+ it)

x+ it

∣

∣

∣

∣

and

∣

∣

∣

∣

(x+ it) cos(x+ it)− sin(x+ it)

(x+ it)2

∣

∣

∣

∣

≪ etmin
{

1,
1

|x+ it|
}

≪ et√
1 + x2 + t2

,

and therefore the bound above is
∣

∣

∣

∣

(sin(x+ iy)

x+ iy

)2
−
(sinx

x

)2
∣

∣

∣

∣

≪
∫ y

0

e2t

1 + x2 + t2
dt ≪ ye2y

1 + x2 + y2
. �
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Proof of Theorem 1.1. Applying Lemma 7.1 with the range T <
γ, γ′ ≤ 2T , we have by the assumption in Theorem 1.1 that

Kb(T ) :=
∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T

(

sin(12 i(ρ− ρ′) log T )
1
2 i(ρ− ρ′) log T

)2

W (ρ− ρ′)(8.2)

=
(4

3
+ o(1)

) T

2π
log T.

Since W (z) = 1 + z2

4−z2 , we have

Kb(T ) =
∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T

(

sin(12 i(ρ− ρ′) log T )
1
2 i(ρ− ρ′) log T

)2

+
∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T

(

sin(12 i(ρ− ρ′) log T )
1
2 i log T

)2 1

4− (ρ− ρ′)2
.

We note that

|4 − (ρ− ρ′)2| ≥ Re(4− (ρ− ρ′)2) ≥ 3 + (γ − γ′)2,

and with ρ, ρ′ ∈ Bb, we have |β − β′| < b/ log T , where b → 0 as T → ∞.
Therefore, the second sum above is, using (3.4),

≪ eb

log2 T

∑

ρ,ρ′∈Z
0<γ,γ′≤2T

w(γ − γ′) ≪ ebT = o(T log T ).

Next, by Lemma 8.1 with x = −1
2(γ − γ′) log T and y = 1

2(β − β′) logT ,
and assuming β ≥ β′, we have

(

sin(12i(ρ− ρ′) log T )
1
2 i(ρ− ρ′) log T

)2

=

(

sin(
(

− 1
2(γ − γ′) + i

2(β − β′)
)

log T)
(

−1
2(γ − γ′) + i

2(β − β′)
)

log T

)2

=

(

sin(12(γ − γ′) log T )
1
2 (γ − γ′) log T

)2

+ O

(

(|β − β′| log T )T |β−β′|

1 +
(

(β − β′)2 + (γ − γ′)2
)

log2 T

)

.
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Hence

Kb(T ) =
∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T

(

sin(12(γ − γ′) log T )
1
2(γ − γ′) log T

)2

+O

(

∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T

T |β−β′||β − β′| log T
1 +

(

(β − β′)2 + (γ − γ′)2
)

log2 T

)

.

The error term here is by Lemma 5.1,

≪ beb
∑

ρ,ρ′∈Z
0<γ,γ′≤2T
|γ−γ′|≤ 1

log T

1

1 +
(

(γ − γ′) log T
)2

+ beb
∞
∑

k=1

∑

ρ,ρ′∈Z
0<γ,γ′≤2T

2k−1

log T
<|γ−γ′|≤ 2k

log T

1

1 +
(

(γ − γ′) log T
)2

≪ beb
∞
∑

k=1

1

22k

∑

ρ,ρ′∈Z
0<γ,γ′≤2T

|γ−γ′|≤ 2k

log T

1 ≪ beb
∞
∑

k=1

2kT log T

22k
≪ bebT log T = o(T log T ),

since b → 0 as T → ∞. By (8.2) we conclude that under the assumptions of
Theorem 1.1 we have

∑

ρ,ρ′∈Z
T<γ,γ′≤2T

γ=γ′

1 =
∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T
γ=γ′

1 ≤
∑

ρ,ρ′∈Z
ρ∈Bb, ρ

′∈Bb

T<γ,γ′≤2T

(

sin(12(γ − γ′) log T )
1
2(γ − γ′) log T

)2

= Kb(T ) + o(T log T ) =
(4

3
+ o(1)

) T

2π
log T.

Thus C = 4/3 holds in Theorem 4.1 and (i) of Theorem 4.1 immediately
implies Theorem 1.1. �
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