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Abstract

In this paper, we examine parametric set-valued equilibrium problems. We begin by
introducing a quasiconvexity property for set-valued maps and exploring its relation-
ship with existing concepts. Next, we analyze the semicontinuity and continuity of
approximate solution maps for these problems, without assuming the solid condition of
the ordered cone and the compact values of the objective map. Finally, we demonstrate
an application of the main results to set optimization problems involving a possibly
less order relation.
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1 Introduction

Optimization theory is one of the rapidly developing and promising fields of Math-
ematics, with numerous practical applications across nearly all aspects of life and
society (Mordukhovich 2018; Goeleven 2017; Kinderlehrer and Stampacchia 2000).
Vector optimization theory, in particular, has found numerous applications in decision-
making problems in physics, medicine, economics, engineering, transportation, and
chemistry (Geering 2007; Lenhart and Workman 2007; Bigi et al. 2019). Furthermore,
many practical situations have led to the development of generalized models of vec-
tor optimization problems. One of the extended directions in this area is the study of
set-valued equilibrium problems (Kassay and Raddulescu 2018) and set optimization
problems (Khan et al. 2015).

Many important and interesting results have been achieved in various topics related
to these problems, including existence conditions (TN 2022; Alleche and Radulescu
2017; Herndndez and Rodriguez-Marin 2007), optimality conditions (Tung 2022;
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Herndndez and Rodriguez-Marin 2007; Alonso and Rodriguez-Marin 2009), stability
(Xu and Li 2014, 2016; Li et al. 2016), solution methods (Shehu et al. 2023; Zhao
et al. 2025) and well-posedness (Gutiérrez et al. 2012; Khoshkhabar-amiranloo and
Khorram 2015). The semicontinuity of the solution maps to parametric equilibrium
problems and parametric set optimization problems has been extensively studied by
the authors. For the parametric equilibrium problems, we start with the paper (Anh
et al. 2020a), sufficient conditions for the Hausdorff continuity of approximate solu-
tions in two models associated with weakly set-valued equilibrium problems were
examined, with linear scalarization techniques for sets and the concavity of the objec-
tive maps being utilized. In a separate study (Anh et al. 2021), the authors investigated
the Hausdorff continuity of solution maps of two models related to strongly set-valued
equilibrium problems by applying relaxed concavity conditions. In Anh et al. (2024),
based on the scalarization method, along with generalized concavity of set-valued
maps, the authors achieved the Hausdorff continuity of the approximate solution maps
to set-valued equilibrium problems. For the parametric set optimization problems, Xu
and Li (2014) investigated upper semicontinuity, lower semicontinuity, and the closed-
ness of the solution maps based on the upper order relation using constraint conditions
named upper-property, converse upper-property, and the continuity of the set-valued
objective map. Subsequently, Xu and Li (2016) weakened and modified the assump-
tions in Xu and Li (2014), introducing a level map and removing the upper-property.
Then, Han and Huang (2017) used the strictly convexity of objective maps to study the
semicontinuity of the solution maps to the set optimization problem. Recently, in Anh
et al. (2020b), using scalarization methods and cone convexity (or concavity) assump-
tions, the authors achieve the Hausdorff continuity of the ideal solution maps to set
optimization problems. In Han and Yu (2022), the authors used the oriented distance
function to obtain the upper and lower semicontinuity of approximate weak minimal
solution maps to parametric set optimization problems. Very recently, the authors in
Anbh et al. (2024) have used new nonlinear scalarization functions to study sufficient
conditions for the Hausdorff continuity of approximate solution maps to parametric
set optimization problems involving set less order relations.

The compactness assumption on the values of set-valued objective maps constitutes
an important condition in the study of the semicontinuity of solution maps (Han
and Yu 2022; Anh et al. 2024; Xu and Li 2016). Nevertheless, this assumption also
restricts the applicability of the corresponding results. Thus, it becomes necessary to
replace the compactness assumption with an alternative condition or a weaker form
of compactness. Fortunately, recent works (Durea and Florea 2024a, b) have explored
the possibility of obtaining a sequential characterization of the compactness of a set
with respect to a cone. In Durea and Florea (2024a), the authors have investigate the
potential for obtaining a sequential characterization of the compactness of a set relative
to a cone. Building on this foundation, they consider several set-valued equilibrium
problems and employ the previously established notion of generalized compactness to
analyze the existence of solutions to these problems. In Durea and Florea (2024b), the
authors study optimality conditions for a special kind of solution to set optimization
problems, with the most important one being the sequential compactness with respect
to a cone.
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Inspired by the observations mentioned above, this article aims to explore sufficient
conditions for the semicontinuity of approximate solution maps to set-valued equi-
librium problems, without assuming the solid condition of the ordered cone and the
compact values of the objective map. Subsequently, we investigate the continuity of
ideally approximate solution maps to set optimization problems.

The rest of the paper is structured as follows: Sect. 2 reviews essential concepts
and their properties that will be necessary for the subsequent discussions. Section 3
outlines sufficient conditions for the semicontinuity of solution maps to parametric set-
valued equilibrium problems. In Sect. 4, we concentrate on the continuity of solution
maps to set optimization problems.

2 Preliminaries

In this paper, let X, Y and W be normed spaces. Let C C Y be a nontrivial, pointed,
closed, convex cone with possibly empty interior. B stands for the unit ball in both X and
Y. Let Ry, Ry be the set of all nonnegative and positive real numbers, respectively.
The family of all nonempty subsets of Y is denoted by P(Y). Let 2 be a nonempty
convex subset of X, A be a nonempty subset of W. We consider the following para-
metric set-valued equilibrium problem.
(SEP): Find x € K ()) such that

FG, y,MNC#WP Vye KQ), (1

where FF : Q@ x @ x A =% Y and K : A == Q are set-valued maps with nonempty
values.

We now recall an approximate solution concept introduced in Anh et al. (2021),
under the assumption that the cone C has a nonempty interior, i.e., intC # . For
(e,2) € Ry x A and e € intC, the g-approximate solution set with respect to e of
(SEP) is defined by

{xe KA) | (F(x,y,A\)+ee)NC#@ Vy e KM},
or equivalently,
{(xe KAL) |0e€ F(x,y,A\)+¢ce—C Vye KON}
Obviously, the above concept depends on the choice of a vector e in the interior of

the ordering cone. From this observation, we introduce the e-solutions to (SEP) as
follows:

Definition 1 Let (¢,1) € Ry x A. A vector x € K(A) is said to be g-solution to
(SEP), written as x € Sol (SEP)(e, A) if

0e Fx,y,\)+eBy —C Vye K1),

where By =B NC.
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Remark 1 (a) Itisevident that the set Sol (SEP)(e, 1) does not depend on the choice
of a vector e from the interior of the ordering cone. Moreover, we do not require
the cone to have an empty interior.

(b) Let S be the unit sphere and Sy := S N C. Then, we have

8B+—C=8§+—C.

Indeed, we only present for eB, —C C eS; —C, as the reverse inclusion is trivial.
We first prove that By C Sy — C. For any b € B, there exists ¥’ € (b +C) N S.
This means that, b’ € Sy andb € ¥ — C C S; — C, and hence By C Sy — C. Since
C is a cone, for all ¢ > 0, we have ¢eB, C &S} — C. By the convexity of C, one has
eBL —C CeSy —C.

From Remark 1(b), we can equivalently represent the solution map Sol (SEP) as
follows.

Sol; (SEP)(e, 1) :={x €e K(A) |0 € F(x,y,A)+eSy —C Vye K}
Remark 2 1t is clear that, for each vector (¢, 1) € Ry x A,
Sol4+(SEP)(0, &) C Sol(SEP)(e, 1).

We now recall some concepts used in what follows. Let Q be a set-valued map
from X to Y with nonempty values on X and xp € X.

Definition 2 (See (Gopfert et al. 2003, Definitions 2.5.1 and 2.5.16)) Q is said to be

(a) upper semicontinuous (usc) at xg € X if for any neighborhood V of Q(xg), there
exists some neighborhood U of x¢ such that Q) C V;
(b) lower semicontinuous (Isc) at xo € X if for any open subset V of Y with Q(xp) N
V # (, there exists some neighborhood U of xg such that
Ox)NV £GP Vx el
(c) continuous at xo € X if it is both usc and Isc at xq;
(d) C-upper semicontinuous (C-usc) at xo € X, if for any for any neighborhood N of
Q(xp), there is a neighborhood U/ of x( such that
Qx) CN+C Vx el;

(e) C-lower semicontinuous (C-lsc) at xg € X, if for any open subset A/ of Y with
Q(x0) NN # @ there is a neighborhood U/ of x( such that

Q)N —C) #0 Vxell;

(f) C-continuous at xy € X, if it is both C-usc and C-Isc at x.
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Lemma 1 (See (Hu and Papageorgiou 1997, p. 37))

(a) Q islsc at xq if for all x, — xo and yy € Q(xp), then there exists y, € Q(xy)
such that y, — yo.
(d) Q islsc at xg if for all x,, — xo, then one has Q(xg) C liminf Q(x,), where

liminf Q(xn) := {yo € Y | Hyn} with yo € Q(xn), {yn} = yo}.

Lemma 2 (See (Hu and Papageorgiou 1997, p. 41)) If Q(xo) is compact, then Q is
usc at xq if and only if for any sequence {x,} converging to xo and y, € Q(xy), there
is a subsequence {y,,} converging to some yy € Q(xo).

Definition 3 (See (Durea and Florea 2024a, Definition 2.4)). A set D € P(Y) is called
C-sequentially compact if for any sequence {d,,} C D, there is a sequence {c,} C C
such that the sequence {d,, — ¢, } has a convergent subsequence towards an element of
D.

Remark 3 (See (Durea and Florea 2024a, Theorem 2.7)) If D is C-compact, then D is C-
sequentially compact. Conversely, it follows from (Durea and Florea 2024a, Theorem
2.11) that if D is C-sequentially compact and separable, then D is C-compact.

Lemma 3 (See (Han 2025, Theorem 3.1)) If Q is C-usc with C-sequentially compact
values at xo € X, then for any sequence {x,} C X converging to xo and for any
Vn € Q (xp), there exist ¢, € C and yy € Q (xg) such that the sequence {y, — c,} has
a subsequence { Y — an} converging to Yp.

Lemma 4 (See(Han 2025, Theorem3.2))If Q isC-Isc at xo € X, then for any sequence
{xn} C X converging to xo and for any yo € Q (xo), there exists y, € Q (x,) and
cn € C such that the sequence {y, + c,} converges to yy.

Definition 4 (See (Kuroiwa et al. 1997, Definition 3.2)) Let 2 be a nonempty convex
subset of X. Q is said to be C-convex on  if for any x|, xo € Q and ¢ € [0, 1],

1Q(x2) + (1 =1)Q(x1) C Qtxa + (1 —H)x1) +C.

Motivated by Anh et al. (2024), we propose generalized concepts related to Defi-
nition 4.

Definition 5 Let 2 and I" be nonempty convex subsets of X and R, respectively. For

any (x1,r1), (x2,1m) € Q x I', we set (xs, 1) := t(x2,r2) + (1 — t)(x1, 1) for all
t €]0, 1[. The map Q is said to be (C, I')-quasiconvex on 2 if

[0 € (Q(x1) + 7By —C) N (Q(x2) + r2(intBy) — )]
— [0 € Q) + r(intBy) — C].

The relationship of C-convexity and (C, I')-quasiconvexity is presented in the fol-
lowing result.
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Lemma5 Let Q be a nonempty convex subset of X. If the map Q is (—C)-convex on
Q, then it is (C, I')-quasiconvex on S2 for any nonempty convex subset I' of R .

Proof For all (x1,r1), (x2,1r2) €  x I', we assume that
[0 € (Q(x1) +riBy —C) N (Q(x2) + ra2(intBy) — O],
or equivalently
(Q(x1) +rBL) NC # P and (Q(x2) + r2(intBy)) NC # 4.
Letz; € Q(x1), b1 € B4, by € int By and z5 € Q(x3) such that
z1+riby e Cand zp +rby €C.
By the (—C)-convexity of Q, for any ¢ €]0, 1[, there exist z; € Q(txy + (1 — t)x1)

and ¢ € C such that
z=t+0-0z1 +c.

Consequently,

z+ (L =0)riby +traby = (1 —1)(z1 + r1b1) +1(z2 +r2b2) +C € C.
This leads to

[Q(tx2 + (1= 0)x1) + (2 + (1 = 0)yry) (it BN C # B Vr €10, 11,

that is,
0e QUtxa+ (1 —tx)+(@ro+ (1 —t)rp) (intBy) —C.

Therefore, Q is (C, I')-quasiconvex on 2. O

The following example illustrates that the converse statement of Lemma 5 are not
true.

Example1 LetX = Q = R, Y = R2, C = [0, +00[x{0} and B = {(u, v) € R? |
u®? 4+ v2 < 1}. Then, B, = [0, 1] x {0}. A map Q : X =2 Y is defined by

{—2} x [-2,0], if x =0,

Q@) = [—3—x2 —2] x[0,2], ifx #0.

We show that Q is (C, R4 )-quasiconvex on 2. Indeed, let x;, x, € Qand r,r, €
R such that

0e Q(x1))+rBy —Cand0 € Q(x2) + ra(intBy) —C,
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then we have r| > 2 and r, > 2. Consequently,
0e Q(xy) +r/(intBL) —C Vr €]0, 1],

where (x;, ;) == t(x2,r2) + (1 = 1)(x1, r1).
However, Q is not —C-convex on 2. To see this, let x; = —1, xp = l and 7 = %,
we have

1 1 1 1
5Q(—1)+§Q(1) =[—4, -2]x[0,2] € {-2}x[-2,0]-C = Q (Exl + Exz)—C.

3 Semicontinuity of solution maps to parametric set-valued
equilibrium problems

To our knowledge, studies on the continuity and semicontinuity of solution maps to
(SEP) have typically employed assumptions related to convexity and compactness,
and required the ordering cone to have a nonempty interior, see e.g, Anh et al. (2021),
Ansari et al. (2024) and the references therein. Motivated by these studies, we will
investigate (semi)continuity for Sol; (SEP)(:, -) without requiring the ordering cone
to have a nonempty interior, while also using weaker assumptions than those in Anh
et al. (2021) and Ansari et al. (2024).

Since the existence of solutions for equilibrium problems has been extensively
investigated (Eslamizadeh and Naraghirad 2020; Jafari et al. 2017; Alleche and
Rédulescu 2017; Durea 2007; Durea and Florea 2024a), we assume in this paper that
all types of solution sets for the reference problems are nonempty. We now present
the lower semicontinuity of Sol (SEP)(-, -).

Theorem 1 Assume that
(1) K is continuous with convex and compact values on A,
(ii) F is (=C)-lower semicontinuous on K (A) x K(A) x A;
(iii) fora € A, y € K(A), F(-, y, ) is (C, Ry4)-quasiconvex on K (1).

Then, Sol (SEP)(-, -) is lower semicontinuous on R4y x A.

Proof Let S : R4+ x A =3 Q be defined by
S, ) ={xe KX |0e F(x,y,A) +e(intBy) —C Vy e K()},

foralle > 0 and A € A. Let (g9, Ag) € Ry x A be arbitrary. We now show that
S is lower semicontinuous at (gqg, Ag). If S is not Isc at (&g, Ag), then we can find
xo € S(eo, Ao) and a sequence {(&,,, An)} C R4y X A converging to (g9, Ag) such that
forallx, € S(en, An), {x,} doesnotconverge to xq. Thanks to the lower semicontinuity
of K at Ao and Lemma 1(a), we can find x,, € K(},) satisfying X, — xo. By the
above contradiction assumption, there is a subsequence {Xx,, } of {X,} such that for all
N, Xp, & S(€ny, Any), 1.€., there exists y,, € K(Ay,),

0 ¢ F(xngs Ynp> Any) + 6, (int By ) — C.
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Consequently,
Zn & —&n (intBy) +C Vzu € F(Xng, g, Ang)- ®))
Since K is upper semicontinuous with compact values at Ag and y,, € K(A,,),
by Lemma 2, we assume that the sequence {y,,} converges to yo € K(Ao) (take a
subsequence if necessary). In view of xg € S(gg, Ao), we have
0 € F(xg, yo, A0) + eo(intBy) —
Then, we can find some zg € F(xg, Yo, Ao) such that
70 € —eo(intBy) + C.
By (ii) and Lemma 4, there exist Z,, € F(Xu;, Yu;» An,) and ¢y, € (—C) such that
{znk + an} — 20-
Suppose that Z,, + ¢, € —&p, (intB;) + C, then we have
Zn, € —Cnp — &, (intBy) +C.
It follows from —c,, € C that
Zn, € C —&n, (intBy) +C C —gy (intB4) + C,
which contradicts (2). Thus, Z,, +cn, ¢ —én, (int B4)+C which together withe,,, > 0

implies that

IO g By 4C.

Eny

Zny

Since (—intBy) + C is open and {—} converges to é—g, we obtain

«© ¢ (—intBy) 4+ C, orequivalently zo ¢ —eo(int B4) + C.
€0

This contradicts the fact that zg € —eo(int B) 4+ C, and hence S is Isc at (g9, Ag).
We next claim that

Sol(SEP)(eo, A0) C clS(go, Ao), 3)
where “cl” is the closure. For X € Soly (SEP)(eg, Lo) and x; € S(gg, Ag), one has
0 € (F(x,y,40) +eBy —C) N (F(x1,y,A0) + eo(intBy) —C) Vy € K(%o).
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Since F (-, y, Ag) is (C, Ry )-quasiconvex on K (1), for any ¢ €]0, 1[, one has
0e F(tx1 + (1 —)x, y, A0) + eo(intB) — C.

Thus, x; := tx1+(1—1)x belongs to S(ep, Ag). Because x; — x whent — 0, we have
x € clS(eg, Xo), and hence (3) follows. By Lemma 1(b), the lower semicontinuity of
S at (g9, Ao) leads to

S(go, o) C liminf S(g,, Ay),

for all (e, X)) — (&0, o). Combining this with (3), we have
Sol4+(SEP)(eo, A0) C clS(gp, o) C clliminf S(ey, Ap). “)
In view of (Aubin and Frankowska 1990, Definition 1.4.6), one has
clliminf S(e,, A,,) = liminf S(e,, Ay).
This together with (4) implies that
Sol4+(SEP)(eg, A¢) C liminf Sol+(SEP)(ey, Ay),

as S(ey, Ay) C SolL(SEP)(g,, Ay,). Consequently, Sol(SEP)(-, -) is Isc at (g9, 1o).
Since (&g, Ag) is an arbitrary element in R, x A, the proof is complete. O

Passing the upper semicontinuity of the solution map Sol(SEP)(., -), we have the
following result.

Theorem 2 Assume that

(1) K is continuous with compact values on A;
(ii) F is (—=C)-usc with (—C)-sequentially compact values on K (A) x K(A) x A.

Then, Sol+(SEP)(-, -) is upper semicontinuous on R4 x A.

Proof Suppose that Soly(SEP) is not upper semicontinuous at some (&g, Ag) €
R+ x A. Then, we can find a neighborhood N of Sol (SEP) (g, Ao) and a sequence
{(en, An)} C Ry x A converging to (g, Ag) such that

Sol (SEP) (e, An) & N.
Equivalently, there is x, € Sol; (SEP)(g,, A,) \ N for all n. Since K is upper semi-
continuous with compact values at Ag and x,, € K(},), by Lemma 2, we can assume
that the sequence {x,} converges to xo € K(Xg). If xo ¢ Sol;(SEP)(eg, Ag), then
there is yg € K (1) such that
z ¢ —eoBy +C Vz e F(xo, yo, o). ©)
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In view of the lower semicontinuity of K and Lemma 1(a), we can find some sequence
{y,} with y, € K(A,) converging to yg. Since x,, € Sol(SEP)(e,, A,), there exists
Zn € F(xpn, yn, An) such that

n € —&,B4 +C. (6)

From z, € F(xy, Yu, Ay) and (ii), by Lemma 3, there are the sequence {c,} C (—C)
and zo € F(xo, ¥, Ao) such that the sequence {z, — ¢, } has a subsequence {z,, —cy, }
converging to zo. Thanks to (6) and ¢, € (—=C), we get

Zny — Cn
Zn, — Cn, € —&n, B4+ + C, and consequently % e B, +C,
ny

as &y, > 0 for all ny. Since (=B + C) is a closed set, we get zg € —goBy +C, a
contradiction as (5) holds. Hence,

x0 € Sol(SEP)(eq, A9) C N,

which is impossible as x,, ¢ N for all n. Therefore, the map Sol; (SEP)(:, -) is upper
semicontinuous on R4 x A. O

To facilitate comparison with existing results, we combine Theorems 1 and 2 to
obtain the following result.

Theorem 3 Assume that

(1) K is continuous with compact values on A;
(ii) F is (=C)-continuous with (—C)-sequentially compact values on K(A) X
K(A) x A.
(iii) fora € A, y € K(A), F(-, y,A) is (C, Ry4)-quasiconvex on K (1).

Then, Sol(SEP)(., -) is continuous on R4 x A.

Remark 4 Most studies on the (semi)continuity of approximate solution maps to set-
valued equilibrium problems stipulate that the ordered cone must have a nonempty
interior (Anh et al. 2021; Han and Huang 2016). Recently, the authors of Anh et al.
(2024) have achieved an improved version of the results in Anh et al. (2021) without
the requirement of a nonempty interior for the ordered cone. However, in Anh et al.
(2024), the image space is required to be a reflexive Banach space. In (Anh et al.
2021, Theorem 3.2), the continuity with compact values of the objective map is key
assumptions, while our results given as in Theorem 3, explore sufficient conditions
for the continuity of approximate solution maps to set-valued equilibrium problems
without this requirement. Therefore, our results improve (Anh et al. 2021, Theorem
3.2).

As mentioned in Remark 4, the compact values of the objective map is one of the
essential assumptions used in previous studies when investigating sufficient conditions
for the continuity of the solution maps to equilibrium problems. In the following
example, we have relaxed this property but still achieve the result as in Theorem 3.
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Example2 Let X =W =R, Y =R?, C =R, B = {u € R? | |lufl < 1}, where

”u”OO = maX{|M1|, |M2|} fOru = (ulv MZ)» A = [27 4] 3 K()") = [2’ )"] and
F(x,y,0) = (y —x,y> —x*) =R},

We only focus on verifying the (C, R4 )-quasiconvexity of F', as the other assumptions
are straightforward.

ForeachA € A,y € K(A), (x1,r1), (x2,12) € QxT,weset (x;, 1) :=t(x2,72)+
(1 —t)(xy,ry) forall r €]0, 1[. Assume that

0€ F(xt,y,A\)+rBy —Cand0 € F(x2,y,A) +rpintB; —C, 7)

we show that
0€e F(x;, y,A) +rpintBy —C. (8)

By the definition of F and (7), we have
0 (y=x1, y2—x)—R2 47 1B, —R% and 0 € (y—x2, y>—x3)—R2 +r3 int B, —R>..
Hence,
(x1 — y,xl2 — y2) erB; — R%r and (xp — y,x% — y2) erintB, — Ri,
or equivalently,

2 2

X1—y=<n Xp—y<nr
) and )
Xy —y =rn X5 =y <nr.

Then,
{(1 —x1— (A =0)y <=0 {mz ity <tr
and

(I-0xf—A—-0y* <A —0r tx3 —ty? < tr,

which implies that

Xy —y<r
x,z—y2<(1—t)x]2+tx§—y2<r,.

Thus,
(xy — y,xt2 - yz) erintBy — Ri,

i.e., (8) follows.
It follows from direct computation that

Sol, (SEP)(s, 1) = [—\/e 2,V + kz] .

However, the resultin (Anh et al. 2021, Theorems 3.2) is not applicable as the compact
values of F is violated.
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4 Application to set optimization problems

Let P(Y), 2, A, and K be defined as in Sect. 2. We consider parametric set optimiza-
tion problems defined by for A € A,

(SOP) min Q(x,X) subjectto x € K(A),

where O : 2 x A =2 Y is nonempty set-valued map with (—C)-convex values.
In Jahn and Ha (2011), the authors introduce several order relations on the sets, one
of which, the possibly less order relation is presented as follows.

Definition 6 (See (Jahn and Ha 2011, Definition 3.4)) Let A, B € P(Y) be arbitrarily
chosen sets. Then, the possibly less order relation <), is defined by

A<,B:o (@acA IbeB:ac<h).

It follows from (Jahn and Ha 2011, Proposition 3.3) that for arbitrary sets A, B €
P(Y), we have
A<, B&0eB-A-C.

Motivated by the works (Han 2019; Anh et al. 2020b), we propose the concept of
an ideally approximate solution to parametric set optimization problem.

Definition7 Let A € A and ¢ > 0. An element x of K (1) is called an ideally approx-
imate solution to (SOP), written as x € Sol+(SOP)(g, 1) if

0€ Q1) — Q@ A +eBy —C Vye K.

The focus of this section is primarily on examining the continuity of ideally approx-
imate solution maps to parametric set optimization problems.

Definition 8 (See (Setoetal. 2018, Definition 3.2)) Let 2 be a nonempty convex subset
of X. A set-valued map G : X =2 Y is said to be C-quasiconvex on S if for any convex
subset A of Y, x1,xp € Qand ¢ €]0, 1],

0etGx)+ (1 —-0)G(x)+A+C
implies
0eG(—tx1+1tx)+A+C.
Lemma 6 (See Seto et al. 2018) Every C-convex map is C-quasiconvex.

Next, we formulate sufficient conditions for the continuity of solution map
Sol+(SOP) (-, -).

Corollary 1 Assume that

(1) K is continuous with convex and compact values on A,
(ii) Q is (£C)-continuous with (£C)-sequentially compact values on K (A) X A;
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(iii) for A € A, Q(:, A) is C-quasiconvex on K ()).
Then, Sol (SOP)(-, -) is continuous on Ry x A.
Proof For each (x,y, 1) € Q x Q x A, we set
F(-xv yv)") = Q(y’ )") - Q(-xv)")
Thus, Sol4(SOP)(e, ) = Sol4(SEP)(e, 1), and so we only check the validity of
Assumption (ii) and (iii) of Theorem 3.
o F is (C, Ryy)-quasiconvex in the first argument on K(A): For any y € K(}),
(x1,71), (x2, ) € K(A) x R4y and ¢ €]0, 1] with
0€e (F(xt,y,A)+rBy —C)N(F(x2,y,A) + ra(intB;) —C),
we have
0€ (@A) — 001, 4) +rBy —C)N(Q(y, A) — Q(x2,A) + r2(intB1) = C).
Consequently,

0e 0y, A)— (1 =001, A) —tQ(x2,A) + (1 —t)rBy + tro(intBy) — C,
that is,

0e (=001, A) +1Q(x2,4) — Q(y, ) — (I —t)ri B4 — tra(int By ) + C.
Combining this with (1 —#)r| By +tro(intBy) C (tr2 + (1 —¢)r)(int B ), we have

0e(—0)0(x1,A) +1Q(x2, 1) — Q(y,A) — (tra + (1 — )r)(int B4) + C.
Since Q(-, 1) is C-quasiconvex on K (1),

0€ (1 —Nxy +1tx2,4) — Q(y, ) — (tra + (1 — )r)(int By) + C.
Equivalently,
0e Ftxo+ (1 —t)x1, y, X))+ (tro + (1 — t)r)(int B4 ) — C.

o F is (—C)-continuous with (—C)-sequentially compact values on K (A) x K (A) X
A: Ttis clear that if Q is (£C)-continuous on K (A) x A, then F is (—C)-continuous
on K(A) x K(A) x A.

For the sequential compactness of F,let {z,} C F(x,y,A) = Q(y,A) — Q(x, A).
Then, we can find {u,} C Q(y, A) and {v,} C Q(x, A) such that

Zn = Up — U, Vn.
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Since Q(y, 1) is (—C)-sequentially compact, there exists ¢, € (—C) such that the
sequence {u, — c,} has a subsequence converging to an element uy € Q(y, A). On
the other hand, the set Q(x, A) is C-sequentially compact, there is d,, € C such that
{v, —d, } has a subsequence converging to vgp € Q(x, A). Thus, the sequence {u,, —c, —
v, +d, } has a subsequence converging toug—vg € Q(y, A)— Q(x, A), or equivalently
{zn — (cy — dy)} has a subsequence converging to ug — vg with ¢;, — d, € (=C). It
means that F'(x, y, A) is (—C)-sequentially compact. O

We present the following example to showcase the application of Corollary 1.
Example3 Let X =Q=Y=R,C=Ry A=1[0,1], KA) =[1,2],B=[-1,1]
and

O(x, ) = [xz,x2+k].

We only check the C-quasiconvexity of Q because the other are trivial. For each
reR,t €]0, 1], let x1, xo € R such that for any convex A C R,

0€tQx)+1-0Q0(x1)+A+C.

We show that
0e Q(txa+(1 —0x))+A+C. )

Indeed, by definition of Q and (9), one has
0e[td+—nd.ed+ia+ - +n]+4+c,
or equivalently
0c [(txz + (1 =x)?, (x4 (1= Dxp)? + x] TA+C

This means that
0e Q(tx+(1 —0x1)+A+C.

By some direct computation, we get

SR vy i, SV Sy
301+(sop)(a,,\)=[x, tVATRATE 2' + H']

Remark 5 In (Anh et al. 2020b, Theorem 5.1), the authors investigated the Hausdorff
continuity of ideally approximate solution mappings to (SOP) under the framework of
upper and lower type set less order relations, relying on the convexity and compactness
of the objective maps. In Corollary 1, these assumptions have been further relaxed to
quasiconvexity and cone-sequential compactness. Consequently, by employing tech-
niques similar to those used in the proof of Corollary 1, we establish a new result that
refines and extends (Anh et al. 2020b, Theorem 5.1).
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