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Abstract Tensor product function (TPF) approximations have been widely adopted in solving high-
dimensional problems, such as partial differential equations and eigenvalue problems, achieving desirable
accuracy with computational overhead that scales linearly with problem dimensions. However, recent studies
have underscored the extraordinarily high computational cost of TPFs on quantum many-body problems, even
for systems with as few as three particles. A key distinction in these problems is the antisymmetry requirement
on the unknown functions. In this paper, we rigorously establish that the minimum number of involved terms
for a class of TPFs to be exactly antisymmetric increases exponentially with the problem dimension. This
class encompasses both traditionally discretized TPFs and the recent ones parameterized by neural networks.
Our proof exploits the link between the antisymmetric TPFs in this class and the corresponding antisymmetric
tensors and focuses on the canonical polyadic rank of the latter. As a result, our findings reveal that low-rank

TPFs are fundamentally unsuitable for high-dimensional problems where antisymmetry is essential.
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1 Introduction

High-dimensional partial differential equations (PDEs) and eigenvalue problems frequently arise in
scientific and engineering applications. In solving these problems, traditional numerical methods, such
as finite difference and finite element methods, suffer from the curse of dimensionality, in that both
the storage and computational costs grow exponentially with the problem dimension. For example,
discretizing an N-dimensional domain with merely two grid points per dimension can result in a dense
tensor of size 2V, requiring over 1 ZB of memory for direct storage in double precision when N > 70.
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To circumvent the curse of dimensionality, tensor product functions (TPFs) have been proposed to
approximate the original high-dimensional ones [1,5,19]. For a function f defined on a Cartesian product

N
domain X =18, with Q; C R? (j =1,...,N), its TPF approximation is of the form

N

p
f(’l"h...,TN) ~ Zlﬁil(’r‘l) ""(/JZ'N(’I"N), Vr = (Tl,...,’I“N) S >< Qj,
=1

Jj=1

where p € N is called the separation rank in the literature [5,6] (see Remark 2.4 for a rigorous definition)
and v;; is a function defined on Q; (i = 1,...,p and j = 1,...,N). Combined with the traditional
discretization methods for {1;;}, the TPF approximation requires a computational cost growing linearly
with respect to N. The foundation of TPFs can be traced back to the work of Schmidt [47] on the case
of N =2 and d = 1 with ¢;; € £?(£2;), known as the Schmidt decomposition. Up to this point, this
construction has been developed to handle higher-dimensional settings and function spaces with more
favorable properties [4-6,12,17,18,20,21,40,42].

In recent years, neural networks have gained significant attention for their powerful approximation
capabilities (see [11] and the references therein for a comprehensive review) and have provided mesh-free
solutions for PDEs (see, e.g., [9, 13,29, 35, 38,46, 48, 49, 56, 58]). Particularly in the high-dimensional
regime, Wang et al. [54] introduced the tensor neural networks (TNNs) by utilizing neural networks to
construct 1;; in the TPF approximation, effectively eliminating the need for high-dimensional integrals
(see Subsection 2.1 for an illustration). TNN approximations have demonstrated high accuracy across
various problems [27,33,36,51-54]; for example, with a separation rank of p < 30, they achieved errors
of O(10~7) for a 20000-dimensional Schrodinger equation with coupled quantum harmonic oscillator
potential [27].

However, recent studies have highlighted the limitations of TNN approximations in addressing the
electronic Schrédinger equation in quantum mechanics [34]. This problem differs from the aforementioned
applications of TNN approximations in requiring the additional antisymmetry constraint on the unknown
functions. Mathematically, an antisymmetric function f defined on QY (Q C R?) satisfies

f(‘yij(rla""r]\f))sz(rlv'“,rN)’ VZ#j, (11)

where Z;; : QN — QN swaps the i-th and j-th coordinates while keeping all the others unchanged. In the
electronic Schrodinger equation, the electronic wave function describes the behavior of electrons, whose
antisymmetry is grounded in the fundamental Pauli exclusion principle for fermions [44]. Liao et al.
[34] and Zhou et al. [60] approximated the electronic wave function with TNNs, handled the Coulomb
interaction with Legendre polynomial expansions or sum of Gaussians decompositions, and optimized
the neural network parameters through a variational principle. To achieve the desired accuracy even on
systems with as few as three electrons, they had to employ TNNs with p = 50 and undergo extraordinarily
lengthy optimization processes.

The challenge can stem from the representation of antisymmetry. We first note that TPFs are not
inherently antisymmetric. For example, if we set ;1 = ;0 = -+ = Y;n for each 7, the resulting
function is symmetric. However, antisymmetry can be crucial for applications of interest. In quantum
mechanics, the antisymmetry of the wave function ensures that identical fermions cannot occupy the
same quantum state. Adopting antisymmetric ansitze thus guarantees the physical meaningfulness
of results, as already observed in 1930 [15,50]. We also perform numerical comparisons between
TPFs and their antisymmetrization. Figure 1 reveals that applying antisymmetrization improves
both accuracy and optimization efficiency. Detailed experimental settings are provided in Appendix
A. Consequently, existing studies on representing antisymmetric wave functions usually rely on
determinant-based constructions, such as Slater-type wave functions [14,15,30,32,45,50,59], pairwise wave
functions [22,23,43], Pfaffian wave functions [2,3,16], explicit antisymmetrization [37] and some implicit
constructions [8,57]. Within the framework of TPF approximation, these constructions correspond to
separation ranks on the order of N!, rendering the computational advantages from the separability of
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Figure 1 (Color online) Numerical comparison of the TNN approximations with and without explicit antisymmetrization
on the one-dimensional systems of Li (a) and HeH* (b)

TPFs inapplicable. Together, these findings motivate us to investigate the representation complexity
of TPFs for antisymmetry, which refers to the minimum number of TPF terms required to represent
antisymmetric functions.

Contributions. In this work, we examine a class of TPFs in which the functions {);;} reside in finite-
dimensional spaces. This class covers both TPFs discretized using traditional methods and the TNNs
with any fixed network architecture. By linking the antisymmetric TPFs in this class to the associated
antisymmetric tensors and analyzing the canonical polyadic (CP) rank of the latter, we establish an
exponential lower bound of order 2V / VN for the minimum number of terms required in the antisymmetric
TPF representations. Our findings reveal that low-rank TPFs are fundamentally unsuitable for high-
dimensional problems with the antisymmetry constraint, including the electronic Schrédinger equation
in quantum mechanics.

Organization. The rest of this paper is organized as follows. In Section 2, we introduce fundamental
concepts related to TPFs, TNNs and antisymmetric functions and tensors. In Section 3, we present our
main theoretical results on the antisymmetric TPFs and their application to the antisymmetric TNNs
with fixed network architectures. Finally, in Section 4, we discuss the implications of these findings for
relevant applications. The experimental settings are presented in Appendix A.

Notations. Throughout this paper, scalars, vectors and tensors are denoted by lowercase letters (e.g.,
x), bold lowercase letters (e.g., ) and uppercase bold letters (e.g., X)), respectively. Operators are
represented by uppercase script letters (e.g., «7). We use subscripts to indicate components or blocks of
vectors and matrices. For example, x; denotes the i-th component of @, and r; denotes the i-th block of
r. For an N-order tensor X, the entry indexed by (k1,...,kn) is written as X (k1,...,ky). The support
of X is denoted by supp(X) := {(k1,...,kn) : X (k1,...,kn) # 0}.

We use B() for the Banach space of functions defined on the domain Q. The Cartesian products of

sets are denoted by either exponents (e.g., Q) or multiplication symbols (e.g., Q1 x Q5 and X j-vzlﬁj).
We use the notation ® or ) to represent tensor products of vectors (e.g., €1 ® x2 and ®§V:1 x;), vector
spaces (e.g., CK1 @ CK2 and ®§V:1 CKi), functions (e.g., ¥ ® 1y and ®;V:l ;) and function spaces
(e.g., B(Q1) ® B(€2) and ®§V:1 B(£);)). Note that the tensor product of two functions is defined as
(1 ® o) (r1,72) = 1(r1)th2(ra) for any r; and ry. The tensor product of function spaces can be
obtained in an analogous way (see Definition 2.1). The notation (IA(,) represents the binomial coefficient,
defined as (g) = K!/(NY(K — N)!). We define the permutation group over {1,...,N} as Sy. The
notation sgn(w) gives the sign of the permutation 7. We use O(+) to denote quantities that are of the
same asymptotic order.
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2 Preliminaries

This section presents the concepts and tools necessary for our main results. We begin by detailing
the structures of TPFs, including TNNs, which provide the core frameworks for approximating high-
dimensional functions. Following this, we introduce the mathematical properties of antisymmetric
functions and tensors. For the broadest generality and compatibility with real applications, all functions
in this paper are assumed to be complex-valued and defined on real spaces spaces.

2.1 Tensor product function and tensor neural network

We begin by defining TPFs over general Banach spaces.

Definition 2.1 (TPF). Let B(Q;) be a Banach space of functions defined on Q; CR? (j =1,..., N).
The space of TPFs on {B(£2;)}Y, is defined as

Jj=

N N p N
(_Xl)B(Qj) = {f € B< j>:<1 Qj> f = (R) vij, where p € N, 15 € B(Qj),Vi,j}, (2.1)
J:

i=1 j=1

and each function f € ®5V:1 B(€;) is called a TPF (on {B(;) ;\le)

Remark 2.2. The notation ®§V:1 B(©;) sometimes stands for the closure of the right-hand side of
(2.1) [19, Subsection 4.2.1], ensuring completeness. Since we focus on functions with explicit tensor
product structures, we omit the closure and, with a slight abuse of notation, still define the resulting
space by ®;v=1 B(€;).

Unless stated, we assume that € = --- = Qy = €, and we write ®" B(Q) := ®;V:1 B(€;). Since for
any separable Hilbert space B(Q2), ®" B(Q) is dense in B(QY) for any compact Q C R? [55, Theorem
3.12], TPFs can in principle approximate any function in B(2") to arbitrary accuracy.

To facilitate our analysis, we define the rank of a TPF.

Definition 2.3 (TPF rank). The TPF rank of a function f € ®N B(€2), denoted by rankgq)(f), is
defined as

p N
rankp(o)(f) := min {p eEN:f= Z@q{)ij,where )i € B(Q),Vi,j},
i=1 j=1
or in other words, as the minimum number of terms for the TPF representation of f.
Remark 2.4. The definitions of the TPF rank and separation rank [4-6,17] differ fundamentally.
The separation rank of a function is typically used in the context of approximation [4-6,17]. Given

a tolerance € > 0, the separation rank of a function f is defined as any p € N such that there exist
vi; € B(Q) (i=1,...,pand j =1,...,N) satistying

p N
Hf—z@)%

i=1 j=1

<e.
B(QN)

The optimal (or minimal) separation rank of f then refers to its minimum separation rank for the given
tolerance.

In contrast, the TPF rank is defined specifically for TPFs, capturing the minimal number of terms
required for an exact TPF representation. We emphasize that the exact representation of antisymmetry
is meaningful in applications of interest. For example, the antisymmetry of the wave function in
quantum mechanics guarantees the physical correctness of results [15,50]. Intuitively, it is also natural
to approximate antisymmetric functions with candidates in the same class.

The TNN can be viewed as a special case of TPF with d = 1 and {v;;} parameterized by neural

networks [54]. Each input r; € Q@ C R is independently processed through a fully connected subnetwork
that outputs a p-dimensional vector:

the j-th fully connected subnetwork

T (Y1 (rj;05), - pi(r:0;)) ",
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where 0; represents the parameters of the j-th subnetwork. Let 6 collect the parameters from N
subnetworks. The TNN function fg is then defined as

for=>_ Q) vij(56;). (2.2)

i=1 j=1

Figure 2 illustrates the architecture of the TNN.

In the context of quantum mechanics, to approximate the electronic wave function of an isolated, non-
relativistic, time-independent and spinless N-electron system in  C R%, the TNN wave function ansatz
follows a similar structure. Each electronic coordinate is represented by a d-dimensional vector r; =
(rj1,.. .,rjd)T € R?, with each one-dimensional coordinate processed by an independent subnetwork,
resulting in a total of dN independent subnetworks [34]. The TNN wave function ansatz for this system

18 p N 4
fg(T) = ZH (Hwijk(Tjk;ejk)), Vr e QN’ (23)

j=1 “k=1

where 0 collects the parameters of dIN subnetworks.
2.2 Antisymmetric functions

Given a domain Q C R?, the antisymmetric function f defined on Q¥ changes sign when any two inputs
are exchanged, as defined in (1.1). Equivalently,

flry,...,rn) =sgn(m) f(rr1y, - Tr(vy), V7 €SN, reQV, (2.4)

where Sy is the permutation group on {1,..., N}, and sgn(w) is the sign of permutation w. The set of
all antisymmetric functions in ®" B(Q) is denoted by

A(éB(Q)) = {f € é)B(Q) . f satisfies (2.4)}.

Input Hidden Layers Output Layer Product Layer Output

Figure 2 (Color online) Architecture of the TNN
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The antisymmetrizer (also known as the antisymmetrizing operator) [39] on Q¥ denoted by <7, is a
linear operator that antisymmetrizes functions. For any f defined on Q¥ the action of &7 on f is defined
as )

Afl(r1, ..., rN) = N Z sgn(7m) f(rrys - Ta(ny), VT E Q. (2.5)

TeESN

For a function f € @ B(Q), it belongs to A(Q" B(Q)) if and only if f = /[f]. When ®" B(Q) is a
Hilbert space, the antisymmetrizer o acts as the orthogonal projection operator onto A(®N B(Q)).
Remark 2.5. We revisit the TPF in (2.1). When p = 1, it reduces to the Hartree product [24], an early
wave function ansatz in the quantum mechanics literature that lacks antisymmetry. When p = N! with
Yi1 = sign(m) Y, (1) and ¥y = ¥, ;) for 1 < j < N, where m; € Sy for i = 1,..., N!, the TPF becomes
the Slater determinant [15,50], a well-known wave function ansatz or ingredient in various Hartree-
Fock-based approximations for electronic structure calculations [25, Chapter 5]. If antisymmetrized as
defined in (2.5), the TPF becomes a sum of p Slater determinants, whose expansion contains at most
pN! terms, and thus the TPF rank should satisfy 1 < rankg)(#/[f]) < pN!. Note that this seemingly
daunting exponential rank does not necessarily imply an unacceptably high computational cost; the Slater
determinant can be implemented in polynomial time due to its algebraic structure.

2.3 Antisymmetric tensors

The space of N-order (K7i,..., Ky)-dimensional tensors, denoted by ®;V:1 C¥%i, is defined as

N
Qi =ct ... eC.
j=1
In the special case where K1 = --- = Ky = K, we define this space as ®N CX. Since the TPF rank is

highly relevant to the CP rank of a tensor (as will be shown later), we provide the formal definition of
the latter as follows.

Definition 2.6 (CP rank [26]). The CP rank of a tensor X € ®;v:1 CKi, denoted by ranke,(X), is
defined as

P
ranke, (X) :—min{pEN:X_Zmﬂ@)---@azm,a}ije(CKf,lgigp,lgjgN}.
i=1

In analogy to the antisymmetric function, an antisymmetric tensor changes sign with the exchange of
any two indices. Following this, we define the closed subspace of ®N C¥ of all antisymmetric tensors as

N N
A(@(CK> = {X S ®(CK : X (k1,. .. kN) :sgn(ﬂ)X(kjﬂ(l),...,kW(N)),VWESN}.

The unique orthogonal projection operator onto A(®N CK), with a slight abuse of notation, is also
denoted by «7: For any N-order tensor X,

1
JZ{[)(]('141177]{:1\7) = ﬁ Z Sgn(ﬂ-)X(kﬂ'(l)a"'ak‘n'(N))'

TESN

If a tensor X is of a tensor product form X = Y""_ @;; ®--@x;x, then its projection onto A(@N CK)
can be directly calculated by

1 P
A X] = N Z ngn(ﬂ)mm(l) Q- @ T (N)-

TeSy i=1

The following proposition gathers some key properties of antisymmetric tensors.
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Proposition 2.7 (See [19, Subsection 3.5.1]).  Let X € A(Q" CK).
o If there exist i # j such that k; = kj, then X (ki,...,kn) = 0.
o If AQ" CK) + {0}, then K > N.

o If K > N, then
N K
dimA(@CK> - (N>

To write out the basis of A(®N CK), we introduce the multi-index set
A::{k:(kl,...,kN):1<k1<-~-</<:N<K}. (26)

Notice that |A] = (ﬁ), and the entries of an antisymmetric tensor X indexed by the multi-indices in A are
independent. For each k = (k1,...,ky) € A, we define the corresponding basis tensor Ep, € A(®" CK)
as

Ey = Z sgn(m)eg, ) ® @ ek n, (2.7)
TESN

where e; € C¥ is the j-th standard unit vector in CX. By the definition of Ej, we have

1, if {¢1,...,€n} is an even permutation of {ki,...,kn},
Ep(l1,...,0n) = =1, if {¢1,...,¢x} is an odd permutation of {ki,...,kn}, (2.8)
0, otherwise.

Let ¢ := X (k1,...,ky) for any k € A. The expansion of X € A(®" CX) in the basis {Ex}ren is

X =) B (2.9)

When K = N, the multi-index set A contains only one element, and thus there is only one basis tensor,
denoted by
E = Z sgn(m)er1) @ -+ @ ex(n)- (2.10)

TESN

This tensor is also known as the determinant tensor [10].

3 Main results

We state and rigorously prove our main theoretical results in this section. In particular, we focus on the
finite-dimensional ®N B(€2) and establish an exponential lower bound on the TPF rank of any nonzero
antisymmetric function therein. This result is further applied to antisymmetric TNNs.

3.1 Representation complexity of antisymmetric tensor product functions in finite-
dimensional spaces

We consider the situation B(2) = Fk (), where Fg () is a K-dimensional space spanned by the linearly
independent basis functions {¢;}5_ | defined on €, i.e.,

Fr(Q) :=span{p1,...,px}

Remark 3.1. It should be remarked that the finite-dimensional setting described above aligns with
common practice. Typically, the functions {¢;;} in TPFs are first parameterized using a set of basis
functions, followed by the implementation of a finite-dimensional discretized version [1]. Moreover, the
results established in this finite-dimensional setting are also applicable to the TNNs parameterized by
neural networks, as we demonstrate in the next subsection.

Before giving the main results, we provide the following lemma on the linear independence of TPFs.
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Lemma 3.2. For any 1 < ky,...,kny < K, let the function @y (k = (k1,...,kn)) be defined as
Dy = ®§V:1 ©k;. Then {®n r}r are linearly independent.

Proof. ~ We prove by mathematical induction on N. For the case of NV = 1, the conclusion holds trivially

since {px} | are already linearly independent. Now, assume that the conclusion holds for the case of

N =m —1, i.e., the functions {®,,_1 r}, are linearly independent. Consider the case of N = m.
Suppose that there exist constants {cx, ..k, } such that

m

K K
2 2 kit Q0

ki1=1 km=1 j=1

By rearranging terms, we obtain

K K m—1
>y (®a)e (3 ansen) -0
ki=1  kpm_1=1 " j=1 km=1
Therefore, for any @ = (x1,..., %) € O™, we have

EK: f: (Z% . wm)"i:[

k1=1 km_1=1 km=1

By induction, we conclude that Zka:l Chy oo b Pl () = 0, V1 < Ky, ... ko1 < K, @, € Q. Since
{‘Pk}szl are linearly independent, it follows that cg, .k, =0 for any 1 < ki,...,k, < K, which implies
that the conclusion also holds for the case of N = m. The proof is complete. O

For any f € ®N Fr(Q), we can identify its TPF rank as the CP rank of an N-order tensor, as
established by the following theorem.

Theorem 3.3.  For any f € @ Fx(Q), there exists a tensor X € ®" CX such that
rank r, (o) (f) = ranke,(X).

Proof.  Let p := rankz, (o)(f). Then there exist functions {1;;} C Fx () such that f can be written
in the form f=>" | ®;V=1 ;;. Expanding each ;; in terms of the basis functions in Fx (€2), we obtain
K
Yij = Z CijkPk>

k=1

where {c;;x} C C are the expansion coefficients. Thus, the TPF f satisfies

p N K N
= Z H Zc”kgpk ;) Z Z H Cijk; Pk, (T5)

i=1 j=1k=1 i=1 1<k, kn <K j=1
p N
SR SN 0371 L) ERCIRRANEY )
1<k, kn <K N i=1 j=1
for any r € Q.
Define a tensor X € @~ CX by X (ky,..., ky) := - H;\Ll Cijry» and let @i = (cij1, ..., CijK) | €
CKfor1 <i<pand1l<j<N. Then
P
XZZ:Eﬂ@"'@SCiN. (3.2)

Therefore, the CP rank of X is at most p, and it follows that rankz, ()(f) = p > ranke,(X).
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On the other hand, let 7 := rank.,(X), and define the CP decomposition of X as

T
X:Ziﬂ@“'@im’

where ;; = (Cij1,...,Cijx) € CK for 1 <i<pand1<j<N. Similar to (3.1), we have
r N K
=2 TID ciwen(ry).
i=1j=1k=1

Let ;Zl-j = lele Cijkpr; we can write f = >0, ®;V=1 1/;1‘3‘, implying that r = rank.,(X) > rankr, (o) (f),
which completes the proof. O

We then concentrate on antisymmetric TPFs.
Corollary 3.4.  Assume that K > N and f € AQ" Fx(Q)\{0}. Then the TPF rank of f satisfies

rank > min rankg, (X).
Fre@)(f) xeA o2 (o) p(X)

Proof.  Assume f has the expansion as in (3.1), and define the corresponding tensor X as in (3.2).
Applying the antisymmetrizer to f, we obtain

p N K

r) = % Z sgn(T ZH CijkPk(Tr(j))

" reSy 1j=1k=1
(let # =77" and £ = 7(j), and thus j = 7(¢))

p N K
N1 Z sgn(m ZHZCm(e kPk(Te)

TeESN 1=1¢=1k=1
1
N Z sgn(m) Z (ZHC“"(J )‘Plcl 1) Py (TN)
TeSN 1<ky,...,kn<K =1 j=1

= X (]\1]| > san(r (ZH%W ))wkl(ﬁ)~-sﬁm(rw)

1gk1,...,kN<K " meSNn i=1j=1
(let 7=n"" and £ = 7(5), and thus j = 7(¢))

_ oy (;'ngn (chwkf(,)))@kl(m--sok,vmv)

1<k, .. kn<K " reSy i=1¢=1

- Z <]\1f' Z sgn(7) X (kr1y, - - - kT(N))) Pry (T1) iy (TV) (3:3)

1<k, ....kn <K " T€SN

for any r € QN. Since f is antisymmetric, we have f = </[f]. Noticing that {¢;}X | are linearly
independent, we conclude after comparing (3.1) and (3.3) and using Lemma 3.2 that the tensor X
satisfies

1
X(kl,...,k‘N):ﬁ SgD(T)X(kT(1)7...,k‘T(N)), Vlgkl,...,k’]\]gK,
.TZGSN (3.4)

ﬂkl,...7l{3N, s.t. X(k/’l,,kN)#O

Thus, (3.4) implies that X € A(®" CX) and X # 0. By Theorem 3.3, it follows that

WV

min ranke, (YY),

rank :rank X
Fr@) (f) en(X) YcA(®N CK)\{0}

which completes the proof. O
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Remark 3.5. The condition K > N is necessary to avoid the trivial case. If K < N, by the basic
property of antisymmetric tensors (see Proposition 2.7), it must hold that f = 0.

This corollary establishes that the TPF rank of any f € A(®" Fx(2))\{0} is not smaller than the
lowest CP rank of nonzero tensors in A(®N CK). To estimate this lowest CP rank, we turn to analyze
the CP ranks of the basis tensors {Epg}reca, as suggested by (2.9). For this purpose, we introduce an
existing lower bound of ranke,(FE), where E is the determinant tensor in (2.10).

Lemma 3.6 (Sce [10]).  Let E € AQ" CN) be the determinant tensor defined in (2.10). Then

(L%) < ranke, (E) < N!- (2) -

2

The antisymmetric basis tensors {Eg}gea defined in (2.7) generalize the determinant tensor E to
higher dimensions. We now demonstrate that their CP ranks are identical.
Theorem 3.7.  Assume that K > N. Let A be the multi-index set defined in (2.6). For any multi-index
k € A, rank.,(Eg) = rank., (E).
Proof.  Let k:= (ki,...,kn), p :=ranke,(F) and pg := ranke,(Fy). By the definition of the CP rank,
there exist vectors a;; € CN,j=1,...,N,i=1,...,p, such that E = Zle a1 ®- - Qa;n. We extend
each a;; to C¥ by adding zero entries and define the resulting vector by a;; € CX, which satisfies that
the ¢-th entry of a;; is the k,-th entry in @,;. Based on {a;;}, we define

P N
By = ZEL“@"'@&Z‘NE@CK. (35)
i=1

In the following, we discuss the value of By (¢1,...,¢y) with 1 < ¢1,...,¢y < K and finally conclude
that Bk = Ek.

Case I.  There exists an ¢; ¢ {k1,...,kn}. By the definition of &;;, we have B (l1,...,¢n) = 0.
Case II. Forany je{l,...,N}, {; €{ki,.... kn}.

o If there exist j # m such that {; = {,,, by the definitions of a;; and E, By ({1,...,¢n) = 0.

o If ¢; # £, for any j # m, then there exists a permutation 7 € Sy such that ¢; = kg for
j=1,...,N. We thus have Bg(¢1,...,{n) = E(n(1),...,7(N)). By the definition of E, if 7 is even,
By (lq,...,0n) = 1; otherwise, By (¢1,...,¢n) = —1.

By the above two cases and the definition of Ej in (2.8), we have Ej = Bj. From (3.5) and the
definition of the CP rank, pg < p.

Conversely, there exist vectors Bij €eCK, j=1,...,N,i=1,...,p, such that

Pk
Ekzzbi1®"'®biN~
i—1

Let b;; € C™ be the restriction of Bij to the entries indexed by k, i.e., the /-th entry of b;; is the k,-th
entry of b;; (¢ =1,...,N). Similar arguments then yield

Pr
E:Zbﬂ@“'@bim
i=1

implying p < pg. Therefore, p = pg as desired. O

With the above theorem, we obtain the following inequalities for the CP rank of any nonzero
antisymmetric tensor.

Corollary 3.8.  Assume that K > N. Let X € A(Q" CK)\{0}. Then

(§)) <m0 < (1) (2) 3



Wang Y Y et al. Sci China Math 11

Proof. By using the expansion of the antisymmetric tensor X in (2.9), the definition of the CP rank,
Lemma 3.6 and Theorem 3.7, we obtain

K 5\ L5]
ranke, (X) < |A] - rank.,(Eg) < N!- ( ) . () .
N 6
Now, consider the other side. Choose uw := (k1,...,kn) € A that satisfies ¢, := X (k1,...,kn) # 0.
Define the truncated tensor X of X by

X(fl,...,gN)7 if&E{kl,...,kN}forléigN,

0, otherwise.

X(ly,...,0n) ;:{

It is straightforward to verify from (2.8) that

supp(X) = supp(E,,) and supp(E. ) Nsupp(Ey) =0, Vu',u’" e A, o #u".

Therefore, from the expansion in (2.9), we see that X = cyE,. Let p := rank.,(X). The CP
decomposition of X then takes the form

P
X:Zmu@“'@wm,
i=1

where x;; € CKfori=1,...,pand j =1,..., N. By using similar arguments as in the proof of Theorem
3.7, we have that

P
X:Zjﬂ@'“@jiNy
i=1

where &;; € CK shares the (ki, ..., ky)-th entry with x;; while letting others be zero. By the definition
of the CP rank, Lemma 3.6, and Theorem 3.7, it follows that

p = ranke, (X) > ranke, (X) = ranke, (E,) > (LJZXJ)
2

The proof is complete. O

Notice that the minimum CP rank of any antisymmetric tensor depends only on N. Thus, after taking
the minimum over A(®" CX¥)\{0}, the lower bound remains unchanged. Combining Corollaries 3.4 and
3.8 and applying the Stirling approximation N! = O(v/27N(N/e)"V), we obtain the following result.

Corollary 3.9.  Assume that K > N and f € AQ" Fx(Q)\{0}. Then the TPF rank of f satisfies

2N
rank s, o () > @( m)‘

Corollary 3.9 demonstrates that the TPF rank of any antisymmetric TPF in a finite-dimensional space

grows at least exponentially with the dimension. Moreover, this exponential lower bound is independent
of the basis size K > N. This independence originates from the intrinsic structure of the determinant
tensor in (2.10). For K < N, Proposition 2.7 implies that the only antisymmetric TPF is the trivial one
f=0.
Remark 3.10. Huang et al. [28] took the so-called backflow ansitze—a generalized Slater
determinant—as the basis function and showed that, in the worst case, approximating a nonzero
antisymmetric polynomial may require exponentially many determinants. In comparison, we take the
TPF as the basis function and adopt a best-case perspective. We establish that even the minimum
number of terms in representing a nonzero antisymmetric function grows exponentially with the problem
dimension.
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3.2 Representation complexity of antisymmetric tensor neural networks

Consider the TNN defined in (2.3). We begin with the cases where each subnetwork has only one hidden
layer with a width of m € N. In this case, each univariate function takes the form

m
Gijn(rie; Ojk) = Y dijie - o(Wikerse + bjke) + Ciji (3.6)
(=1
where 0, collects {aijre}ie, {Ciji}tis {wjrete, {bjrete € C, and o(-) is an activation function. We aim to
analyze the TPF rank of antisymmetric TNNs.
To apply the theoretical results in the previous subsection, we proceed to formulate the TNNs into
TPFs in finite-dimensional spaces. To this end, for any i € {1,...,p} and j € {1,..., N}, define

d
Gij(ry;0;) = [ dun(rin: O5), Yy = (rjnse )T €9,
k=1
where 0; := (0;1,...,0;4)". Recalling the definition of v;; in (3.6), one can thus verify that v;;(-;6;) €
Fnm1(Q) = span{@; 7,6}, where

Gr7.0(F) = [[ o(wine,fi + bike,), VP =(F1,...,7) €Q
kel

fort € {1,...,N},Z C{1,...,d} and £ = ({))rer with each ¢, € {1,...,m}. Note that when Z = {), the
function is defined to be identically equal to 1. Consequently, the TNN fo € ®N Fn.m1(Q). Although
the functions {(; 7 ¢} are not necessarily linearly independent, the space F N,m,1(€2) is finite-dimensional
for fixed parameters.

Using Corollary 3.9, we obtain the following bound for any antisymmetric TNN with one hidden layer
and a width of m.

Corollary 3.11.  For a non-zero antisymmetric TNN with one hidden layer, a width of m, and any
activation function, for any network parameters, its TPF rank p satisfies

p= 002N /VN).

Proof.  From the discussions above, the TNN fg with any fixed set of network parameters always belongs
to the finite-dimensional function space Fn m,,1(€2). By Corollary 3.9, for any fixed network parameters,
we have

p =002 /VN).

Since varying the parameters only alters the basis functions without changing the intrinsic finite
dimensionality, this lower bound holds uniformly for all network parameters. O

Notice that the above result is applicable under any fixed network architecture. The only modification
required is to adjust the finite-dimensional space.

Corollary 3.12.  For a non-zero antisymmetric TNN with any fixed finite depths and widths and any
activation function, for any network parameters, its TPF rank p satisfies

p =062V /VN).

Remark 3.13. During the training process, the TNN transfers among different finite-dimensional
function spaces. Corollary 3.12 states that only when p > ©(2" /v/N) can it possibly reach a space that
contains a nonzero antisymmetric function.

Remark 3.14.  According to our theoretical results, for a three-electron system (i.e., N = 3), the TPF
rank of the electronic wave function in finite-dimensional spaces is at least (‘Z’) = 3. On the other hand,
Ilten and Teitler [31] demonstrated that the CP rank of the third-order determinant tensor is exactly five.
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These indicate that a TPF rank of p = 5 is sufficient to represent antisymmetry in finite-dimensional
spaces. Notably, this does not contradict the experimental results in [34], where a rank of p = 50
was employed in TNNs. Our results establish a theoretical condition required to ensure the existence
of nonzero antisymmetric solutions in finite-dimensional spaces, whereas the TNNs in [34] are specific
members within the associated spaces.

4 Conclusion and discussions

Recent studies reveal that the TPF approximations (specifically, the TNNs) can incur extraordinarily high
computational costs to achieve desirable accuracy on quantum many-body problems, even for systems
with as few as three electrons. This stands in sharp contrast to their success on other high-dimensional
applications. Preliminary numerical results point to their representation complexity in representing
antisymmetry, a fundamental property that the electronic wave function should always satisfy. In this
paper, we rigorously establish an exponential lower bound on the TPF rank for the antisymmetric TPF's
in finite-dimensional spaces. In other words, the minimum number of involved terms for the TPFs in
finite-dimensional spaces to ensure antisymmetry increases exponentially with the problem dimension.
Notably, this finite-dimensional setting is compatible with the traditional discretization methods and
also includes the TNNs (the TPFs parameterized by neural networks) as special cases. In our proof, we
mainly leverage the connection between the antisymmetric TPFs and antisymmetric tensors and dig into
the CP rank of the latter.

Our theoretical results offer new insights and perspectives for applications with antisymmetry
requirements. First, low-rank TPFs, while favorable due to the separability of integrals, cannot
be antisymmetric in high-dimensional settings. For example, in the case of N = 20, representing
antisymmetry requires a rank of at least 1.8 x 10°, making such representations impractical. However, this
does not necessarily imply an unacceptably high computational cost in implementations, especially when
certain algebraic structures are available. In contrast, our findings partly explain why determinant-based
constructions have become the standard choice in modern practice, and some work has investigated the
rank with Slater determinants as basis functions [28]. Alternatively, one can resort to approximations
based on other tensor formats, such as tensor train formats [41], whose capability to represent
antisymmetry have not been studied. Second, quantitatively investigating the impact of errors in
representing antisymmetry on relevant applications would be valuable. As an analogy, the principal
component analysis in statistics essentially approximates a covariance matrix with a low-rank one, while
retaining most of the critical information. Understanding the trade-off between computational efficiency
and accuracy in antisymmetry representation can guide further developments.
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Appendix A Experimental settings

For the one-dimensional system, we consider the Hamiltonian with soft-Coulomb interaction [59]:

| X N M 7 1
A= =3 A,, — —— 4 —_—
2; ;; \/1+(7‘i—R[)2 1<i<zj<N‘/1+(Ti_Tj)2

where {rl} v, and {RI} 1=, represent electron and nucleus positions, respectively, and Z; is the charge
of the I-th nucleus.

We consider a spinless system. For the non-antisymmetric TNN wave function fg defined in (2.2), the
loss function is chosen as in [34]:

TNN gy . S0, fo) (fo, fo o Tij)
L) ~(fo., fo) +61<§<N (fo. fo)

where (-, -) is the inner product in £2, and 3 > 0 is the penalty parameter.
For the antisymmetrized TNN wave function, we apply the antisymmetrizer < defined in (2.5) to fo,
yielding
1 L N
o™i (ry,...,rN) = N Z ngn(w) H Vij (175 05)-
" meSy i=1 j=1

The corresponding loss function is

< anti f%pfant1>

Lanti 0) =
( ) <f3nt1,fgnt1>
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Table A1l Neural network and optimization parameters

Parameter Value
Hidden layers L=2
Hidden dimension m = 20
Neural network o )
Activation function o(z) = tanh(z)
Initialization Default in JAX
Optimizer Adam
Initial learning rate 1o = 1.00 x 103
Optimization Learning rate decay N = 0.7Lk/3000] Mo
Iterations 50000
Penalty parameter B =200
Ground-State Energy in Li with L=4 m =40, Exponential Decay Step-size Ground-State Energy in Li with L=4 m =40, Inverse time Step-size
-1.50 -1.50
@ —— Antisymmetrized TNN p=4 () —— Antisymmetrized TNN p=4
- - TNN p=4 - TNN p=4
- -2.00 —_ —-2.00
3 3
© 225 © 225
> >
9—250 E\—zso
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Figure A1l (Color online) Comparison of TNN approximations with and without antisymmetrization for the one-
dimensional Li system using L = 4 and m = 40, under the exponential decay learning rate schedule (a) and the inverse
time schedule (b)

Our experiments are conducted on one-dimensional Lithium (Li) and Helium hydride ion (HeH™"). For
Li, the nucleus is positioned at 0.0. For HeH™, the nuclei are located at 0.0 (He) and 1.463 (H*). Since the
loss functions only involve one- and two-dimensional integrals, we compute them using Gauss-Legendre
quadrature. The integration interval is truncated to [—10,10], divided uniformly into 30 subintervals,
with 30 quadrature points applied in each subinterval.

The neural network architecture and optimization settings are detailed in Table A1, closely following
[34]. All experiments were implemented in JAX [7] on an Ubuntu 20.04.1 operating system and trained
on GPUs (8 x NVIDIA GeForce RTX 4090) with CUDA 12.0. Results for p = 4 are shown in Figure 1.

The numerical experiments aim to show that the lack of antisymmetry can substantially degrade
accuracy and efficiency. Such a deficiency cannot be resolved easily by tuning hyperparameters. This
argument is supported by additional experiments using either more complicated neural networks (L = 4,
m = 40) or different learning rate schedules (n, = 19/(1 + ak) and a = 1 x 1073) (see Figure A1). The
obtained results are qualitatively consistent with those in Figure 1.



